Computer Algebra
Independent Integration Tests

Summer 2023 edition

4-Trig-functions/4.6-Cosecant /129-4.6.1.2-d-csc-"n-a+b-csc-"m

[Nasser M. Abbasil

September 5, 2023 Compiled on September 5, 2023 at 2:23pm


mailto:nma@12000.org

Contents

1 Introduction
2 detailed summary tables of results
3 Listing of integrals

4 Appendix

HEE o



CHAPTER 1

INTRODUCTION

1.1 Listing of CAS systems tested . . . . . . . ... .. .. ... .. .........
1.2 Results . . . . . . . e
1.3 Time and leaf size Performance . . . . . .. ... ... .. ... .. ......
1.4 Performance based on number of rules Rubiused . ... ... ... ... ...
1.5 Performance based on number of steps Rubiused . . . . .. ... ... ... ..
1.6 Solved integrals histogram based on leaf size of result . . . . . . ... ... ..
1.7 Solved integrals histogram based on CPU timewused . . . . . . .. ... .. ..
1.8 Leafsize vs. CPU timeused . . . . . . .. ... ... ... ... ... . .....
1.9 list of integrals with no known antiderivative . . . . . . . . . . ... ... ...
1.10 List of integrals solved by CAS but has no known antiderivative . . . . . . . .
1.11 list of integrals solved by CAS but failed verification . . . .. ... ... ...
1.12 Timing . . . . . . . o e e e e e e
1.13 Verification . . . . . . . . . . . e
1.14 Important notes about some of theresults . . . . . . ... ... ... . ....
1.15 Design of the test system . . . . . . ... ... ... ... L.



This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
59 ]. This is test number [ 129 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 13.3.1 (August 16, 2023) on windows 10.
2. Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
3. Maple 2023.1 (July, 12, 2023) on windows 10.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

5. FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

6. Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
7. Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (59 ) | 0.00 (0)
Mathematica | 89.83 (53 ) | 10.17 (6 )
Maple | 69.49 (41) |30.51 (18)
Fricas 69.49 (41 ) | 30.51 (18)
Giac 67.80 (40 ) | 32.20 (19)
Mupad | 55.93 (33) | 44.07 (26)
Maxima | 42.37 (25) | 57.63 (34)
Sympy 5.08 (3) |94.92 (56)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 94.915 0.000 0.000 5.085
Mathematica 55.932 16.949 11.864 15.254
Giac 45.763 16.949 0.000 37.288
Maple 44.068 15.254 5.085 35.593
Fricas 25.424 38.983 0.000 35.593
Maxima, 15.254 22.034 0.000 62.712
Mupad 0.000 50.847 0.000 49.153
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 6 100.00 0.00 0.00

Fricas 18 100.00 0.00 0.00

Maple 18 100.00 0.00 0.00

Giac 19 94.74 0.00 5.26

Mupad 26 0.00 100.00 0.00

Maxima, 34 61.76 0.00 38.24

Sympy 56 94.64 5.36 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.16

Fricas 0.27

Giac 0.31

Maxima 0.46

Maple 0.70
Mathematica 2.96

Sympy 8.74

Mupad 19.44

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 17.00 0.98 19.00 1.00
Mathematica | 96.36 1.35 76.00 1.17
Maxima 112.28 2.38 95.00 1.85
Rubi 113.98 1.00 69.00 1.00
Giac 127.35 2.04 88.50 1.58
Maple 141.07 2.01 73.00 1.23
Fricas 253.59 3.42 181.00 3.05
Mupad 744.76 5.87 89.00 1.81

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

(5758159}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
PROGRAM

[ Python script to run sympy + grading ]—’@—’
> Generate Program that
l Matlab script for Mupad/SymboIictoolbox’—> sQL generates the

database 1 Latex reports

and analysis
using input
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grading
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| SageMath
Maxima, Fricas +

script to test

High level overview of the CAS
independent integration test
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . . e
Mma . . . . . e e e e 22]
Maple . . . . . e e e 23]
Fricas . . . . . . . e 23]
Maxima . . . . . . . o e e e e e e e e e e e e e
GIac . . . e e 23
Mupad . . . . . . e e 24
SYMDY . .« o o e e e e e e 24
Rubi
A grade {[1}[2,3,4}5[6[7,8} 9} 10
[28,[29} 30}, B1}[32} 33, B4} [35} 136}, B7} [38} 139} 40} AT} A2} 43}, 4} 45}, 46}, 7} (48} 9} 50} 5T} 524 [53}
[64,55}56] }
B grade {}
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {27010 11213, 14 5 167 5 25 20 50 ) 2 5,0 1 12 s 1
6,7, 45 0, £ 51153 )

B grade { [1}[3} 4[5} [19)[20,[36}[37, 38,52 }
C grade {[21}[22[23 24,25 [26[27 }

F normal fail {[33][34}[35][54][65[56] }
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { [1,23[4,5}[7}8}[9}[10} 36} 37} 38} 39} [0} [T} |42} 43} 44} 45} 465, 47} 48} [49} |50} 52} 53] }
B grade { [[3,[4/I5)[16, 17 18/9,20,51 )

C grade {61112}

F normal fail {21,223 24252627 28} 29} 30} 31} 32} 33} 34} 35}, 54,55, 56] }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[5B/1E/0(016/3 M550 M5 )
B grade { 125,12, 3,4 57 519,20} 557, 35, 59,0, ) 219, 50,51 )
C grade { }

F normal fail { (1) 2328, 2520 7 25,29, 50) 51,52, 535 55 54,6360 }
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade { BB BIOEEIEEELE )
B grade {[Z2BNBEOMLEBEE)

C grade { }

F normal fail { 615} 20} 21, 22} 25 20 25,26, 27 5529, B0, 51} 5233, B, 55 545,66 )
F(-1) timedout fail { }

F(-2) exception fail { (50, 10} 1,2 5, 5, )7 A8, 9, 50} 1 }

Giac

A gre;de { R[5, 61 7} 8} 19 (10} (LT} 12437 39} 40} 41} |42} 43} 44} 45 46, 47, 48} (49, 50} 52} 53

B grade { [13}[14,[15}[16,[17,[18}[20}[36} 38} 51| }

C grade { }

F normal fail { 21} 2328 25,26,27 25 25 B0, 31,32, 53, P4, 553 536550 }
F(-1) timedout fail { }

F(-2) exception fail {[19}
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Mupad
A grade { }

B gr}@@lﬂ@l@@@t
51,5253

C grade { }
F normal fail { }

F(-1) timedout fail { [13}[14[15}[16}[17}[18} 19} 20} [21} 22} [23} 24} [25} [26} 27 [28} [29} [30} 31} [32}
[83134,35,54,55,56] }

F(-2) exception fail { }

Sympy

A grade { }
B grade { }
C grade { }

F normal fail {[1}[2}[3}/4}[5}(6}[7,8 9} [10} 1 1} 12} 13} 14} [15} 16} 17} 18} 19} [20} [22} 23, 25} 26 27
@@@@@@@@@@@@@@@@@@@@@

F(-1) timedout fail {[21,[24[47}
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 113 68 120 168 0 96 89
N.S. 1 1.00 2.05 1.24 2.18 3.05 0.00 1.75 1.62
time (sec) N/A 0.085 1.095 0.482 0.229  0.255 0.000 0.267 17.689

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 44 83 54 97 134 0 73 69
N.S. 1 1.00 1.89 1.23 2.20 3.05 0.00 1.66 1.57
time (sec) N/A 0.082 0.481 0409 0.223 0.243 0.000 0.272 19.437

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 63 36 68 91 0 53 49
N.S. 1 1.00 2.33 1.33 2.52 3.37 0.00 1.96 1.81

time (sec) N/A 0.112 0.290 0.350 0.221 0.243 0.000 0.270 18.414
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 44 21 31 53 0 24 23
N.S. 1 1.00 2.20 1.05 1.55 2.65 0.00 1.20 1.15
time (sec) N/A 0.068 0.143 0.195 0241 0.248 0.000 0.274 18.045
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 26 14 16 22 0 13 13
N.S. 1 1.00 2.17 1.17 1.33 1.83 0.00 1.08 1.08
time (sec) N/A 0.024 0.089 0.122 0.227  0.230 0.000 0.269 17.550
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 47 29 50 54 0 32 27
N.S. 1 1.00 1.68 1.04 1.79 1.93 0.00 1.14 0.96
time (sec) N/A 0.017 0.261 0.284 0.309 0.241 0.000 0.275 18.400
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 32 20 78 35 0 44 46
N.S. 1 1.00 1.28 0.80 3.12 1.40 0.00 1.76 1.84
time (sec) N/A 0.055 0.190 0.335 0.317  0.240 0.000 0.265 18.344
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 42 29 128 53 0 56 59
N.S. 1 1.00 1.05 0.72 3.20 1.32 0.00 1.40 1.48
time (sec) N/A 0.074 0.252 0.398 0.337  0.255 0.000 0.272 18.303
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 53 49 33 180 70 0 67 78
N.S. 1 1.00 0.92 0.62 3.40 1.32 0.00 1.26 1.47
time (sec) N/A 0.084 0.323 0.462 0.355  0.255 0.000 0.268 19.655
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 66 57 45 230 81 0 91 93
N.S. 1 1.00 0.86 0.68 3.48 1.23 0.00 1.38 1.41
time (sec) N/A 0.097 0.385 0.593 0.326  0.243 0.000 0.288 18.678
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 57 108 54 142 124 0 60 52
N.S. 1 1.00 1.89 0.95 2.49 2.18 0.00 1.05 0.91
time (sec) N/A 0.081 0.602 0.449 0.345 0.252 0.000 0.282 18.078
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 88 123 7 228 181 0 86 78
N.S. 1 1.00  1.40 0.88 2.59 2.06 0.00 0.98 0.89
time (sec) N/A 0.132 1.052 0.576 0.321 0.248 0.000 0.291 19.655
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 80 275 417 318 0 250 0
N.S. 1 1.00 1.23 4.23 6.42 4.89 0.00 3.85 0.00
time (sec) N/A 0.119 2.229 0.876 0.348 0.268 0.000 0.462 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 44 44 69 245 200 212 0 195 0
N.S. 1 1.00 1.57 5.57 4.55 4.82 0.00 4.43 0.00
time (sec) N/A 0.036 0.130 0.552 0.330  0.259 0.000 0.424 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 32 166 148 120 0 353 0
N.S. 1 1.00 1.23 6.38 5.69 4.62 0.00 13.58  0.00
time (sec) N/A 0.019 0.085 1.065 0.323 0.256 0.000 0.482 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 62 54 185 83 219 0 205 0
N.S. 1 1.00 0.87 2.98 1.34 3.53 0.00 3.31 0.00
time (sec) N/A 0.075 0.179 0.532 0.333  0.263 0.000 0.430 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 81 81 129 642 150 427 0 243 0
N.S. 1 1.00 1.59 7.93 1.85 5.27 0.00 3.00 0.00
time (sec) N/A 0.130 0.495 0.539 0.329 0.278 0.000 0.356  0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 100 100 139 1104 0 546 0 286 0
N.S. 1 1.00 139 11.04 0.00 5.46 0.00 2.86 0.00
time (sec) N/A 0.196 0.596  0.589 0.000  0.273 0.000 0.360 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 37 108 98 0 283 0 0 0
N.S. 1 1.00 2.92 2.65 0.00 7.65 0.00 0.00 0.00
time (sec) N/A 0.073 0.887 2.512 0.000  0.275 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 101 127 0 296 0 101 0
N.S. 1 1.00 2.66 3.34 0.00 7.79 0.00 2.66 0.00
time (sec) N/A 0.088 3.136 2.749 0.000 0.261 0.000 0.661 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 254 254 102 0 0 0 0 0 0
N.S. 1 1.00  0.40 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.349 8.587  0.000 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 213 213 46 0 0 0 0 0 0
N.S. 1 1.00 0.22 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.185 3.078 0.000 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 254 254 110 0 0 0 0 0 0
N.S. 1 1.00 0.43 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.196 3.380 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 514 514 120 0 0 0 0 0 0
N.S. 1 1.00 0.23 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.385 21.349 0.000 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 470 470 109 0 0 0 0 0 0
N.S. 1 1.00 0.23 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.328 15.581 0.000 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 508 508 46 0 0 0 0 0 0
N.S. 1 1.00  0.09 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.389 15.297 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 552 552 72 0 0 0 0 0 0
N.S. 1 1.00 0.13 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.419 15.881 0.000 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 48 48 48 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.077 1.180 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 69 73 0 0 0 0 0 0
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.095 2.903 0.000 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 156 156 178 0 0 0 0 0 0
N.S. 1 1.00 1.14 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.241 5.541  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 109 109 126 0 0 0 0 0 0
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.124 0.970 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 74 74 60 0 0 0 0 0 0
N.S. 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.068 0.384 0.000 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.073 0.000 0.000 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 83 83 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.110 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.121 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 107 107 568 112 125 217 0 205 314
N.S. 1 1.00 5.31 1.05 1.17 2.03 0.00 1.92 2.93
time (sec) N/A 0.133 12.920 1.200 0.221 0.252  0.000 0.290 18.003
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 73 152 85 95 155 0 134 234
N.S. 1 1.00 2.08 1.16 1.30 2.12 0.00 1.84 3.21
time (sec) N/A 0.053 3.441 0.717 0.228 0.246 0.000 0.286 18.594
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 76 42 43 7 0 74 105
N.S. 1 1.00 2.24 1.24 1.26 2.26 0.00 2.18 3.09
time (sec) N/A 0.033 0.709 0.649 0.223  0.247 0.000 0.278 18.673
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 125 156 0 607 0 194 588
N.S. 1 1.00 1.12 1.39 0.00 5.42 0.00 1.73 5.25
time (sec) N/A 0.441 2.097 0.750 0.000 0.350 0.000 0.282 19.022
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 84 144 112 0 524 0 141 515
N.S. 1 1.00 1.7 1.33 0.00 6.24 0.00 1.68 6.13
time (sec) N/A 0.277 0.718 0.568 0.000  0.359 0.000 0.275 17.917
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 62 106 7 0 308 0 98 135
N.S. 1 1.00 1.71 1.24 0.00 4.97 0.00 1.58 2.18
time (sec) N/A 0.168 0.367  0.467 0.000 0.300 0.000 0.288 18.108
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 53 62 53 0 245 0 63 129
N.S. 1 1.00 1.17 1.00 0.00 4.62 0.00 1.19 2.43
time (sec) N/A 0.124 0.143 0350 0.000 0294 0.000 0.284 18.291
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 40 39 0 154 0 48 36
N.S. 1 1.00 1.00 0.98 0.00 3.85 0.00 1.20 0.90
time (sec) N/A 0.070 0.033 0.181 0.000 0.267 0.000 0.282 18.126
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 57 59 68 0 238 0 7 184
N.S. 1 1.00 1.04 1.19 0.00 4.18 0.00 1.35 3.23
time (sec) N/A 0.064 0.206 0.349 0.000 0.265 0.000 0.274 18.592
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 61 56 73 0 235 0 7 766
N.S. 1 1.00 0.92 1.20 0.00 3.85 0.00 1.26 12.56
time (sec) N/A 0.109 0.272 0.463 0.000 0.278 0.000 0.274 18.997
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 82 78 112 0 285 0 112 1147
N.S. 1 1.00 0.95 1.37 0.00 3.48 0.00 1.37  13.99
time (sec) N/A 0.289 0.362 0.543 0.000 0.265 0.000 0.268 20.241
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 98 145 0 329 0 149 1218
N.S. 1 1.00 0.89 1.32 0.00 2.99 0.00 1.35  11.07
time (sec) N/A 0.436 0.791 0.721 0.000 0.264 0.000 0.272 19.017
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 144 129 234 0 410 0 252 1639
N.S. 1 1.00  0.90 1.62 0.00 2.85 0.00 1.75  11.38
time (sec) N/A 0.636 1.452 0.981 0.000 0.284 0.000 0.276 19.318
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 108 139 168 0 493 0 158 2677
N.S. 1 1.00 1.29 1.56 0.00 4.56 0.00 1.46  24.79
time (sec) N/A 0.183 0.650 0.550 0.000 0.275 0.000 0.268 22.691
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 170 170 216 314 0 933 0 297 5917
N.S. 1 1.00 1.27 1.85 0.00 5.49 0.00 1.75  34.81
time (sec) N/A 0.343 1.971 1.050 0.000 0.300 0.000 0.286 27.173
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 239 239 279 545 0 1554 0 535 8167
N.S. 1 1.00 1.17 2.28 0.00 6.50 0.00 2.24 34.17
time (sec) N/A 0.591 5.557  2.092 0.000 0.342 0.000 0.297 31.996
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 66 34 49 33 0 49 39
N.S. 1 1.00 2.13 1.10 1.58 1.06 0.00 1.58 1.26
time (sec) N/A 0.036 0.157  0.559 0.325 0.254 0.000 0.265 19.319
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 67 41 71 52 0 45 27
N.S. 1 1.00 0.99 0.60 1.04 0.76 0.00 0.66 0.40
time (sec) N/A 0.048 0.147 0.313 0.315 0.250 0.000 0.272 18.570
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 274 274 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.422 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 220 220 0 0 0 0 0 0 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.261 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 104 104 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.085 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 16
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.33
time (sec) N/A 0.012 3.158 0.613 1.236 0.256  0.495 0.324 18.725
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 19 21 23
N.S. 1 1.00 1.11 1.00 1.11 1.11 1.00 1.11 1.21
time (sec) N/A 0.038 8.296 0.677 1.655 0.259 4.478 0.396 18.431
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 23 26 20 23 25
N.S. 1 1.00 1.10 1.00 1.10 1.24 0.95 1.10 1.19
time (sec) N/A 0.045 6.528 1.039 2105 0.255 21.256 0.396 19.495
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [39] had the largest

ratio of [.692300000000000026]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 6 5 1.00 13 0.385
2 A 6 6 1.00 13 0.462
3 A 4 4 1.00 13 0.308
ul A 3 3 1.00 13 0.231
5! A 1 1 1.00 11 0.091
6 A 2 2 1.00 12 0.167
7 A 4 4 1.00 11 0.364
3 A 5 5 1.00 13 0.385
9 A 6 5 1.00 13 0.385
10 A 7 ) 1.00 13 0.385
11 A 3 3 1.00 12 0.250
12 A 4 4 1.00 12 0.333
13 A ) 5 1.00 10 0.500
14 A 4 4 1.00 10 0.400
15 A 2 2 1.00 10 0.200
16 A ) 4 1.00 10 0.400
17 A 6 ) 1.00 10 0.500
18 A 7 6 1.00 10 0.600
19 A 2 2 1.00 25 0.080
20 A 2 2 1.00 28 0.071
21 A 4 4 1.00 25 0.160
22 A 3 3 1.00 25 0.120
23 A 4 4 1.00 25 0.160
24] A 6 6 1.00 25 0.240
Continued on next page




Table 2.1 — continued from previous page

39

number of

number of

normalized

#|ade| s | i | g | RO | e,
25| A 5 5 1.00 25 0.200
2| A 6 6 1.00 25 0.240
27| A 7 6 1.00 25 0.240
28 | A 2 2 1.00 23 0.087
29| A 3 3 1.00 24 0.125
30/ A 5 5 1.00 21 0.238
31| A 4 4 1.00 21 0.190
32| A 3 3 1.00 19 0.158
33| A 3 3 1.00 12 0.250
34| A 3 3 1.00 19 0.158
35| A 3 3 1.00 21 0.143
36| A 6 5 1.00 12 0.417
37| A 5 4 1.00 12 0.333
38| A 4 4 1.00 12 0.333
39| A 9 9 1.00 13 0.692
40| A 8 8 1.00 13 0.615
41| A 7 7 1.00 13 0.538
42| A 6 6 1.00 13 0.462
43| A 4 4 1.00 11 0.364
44| A 4 4 1.00 12 0.333
45| A 6 6 1.00 11 0.546
46| A 7 7 1.00 13 0.538
47| A 8 7 1.00 13 0.538
4| A 9 7 1.00 13 0.538
49| A 6 6 1.00 12 0.500
50| A 7 7 1.00 12 0.583
51| A 8 7 1.00 12 0.583
52| A 2 2 1.00 12 0.167
53| A 5 4 1.00 12 0.333
54| A 8 5 1.00 21 0.238
55| A 7 4 1.00 21 0.190
56| A 3 3 1.00 19 0.158
N/A 0 0 1.00 12 0.000
N/A 0 0 1.00 19 0.000
N/A 0 0 1.00 21 0.000
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3.1 [0 gy

a+a csc(z)
Optimal result . . . . . . . . . . . e 43|
Rubi [A] (verified) . . . . . . . . . 43
Mathematica [B] (verified) . . . . . . . . ... . 45
Maple [A] (verified) . . . . . . . . . . 45
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ....... 46
Sympy [F] . . o 6]
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 40
Giac [A] (verification not implemented) . . . . . . . ... ... L L. 4
Mupad [B] (verification not implemented) . . . . ... .. ... .. ... ....... 4

Optimal result

Integrand size = 13, antiderivative size = 55

/ csc®(z) dp — 3arctanh(cos(z)) 4cot(z) 4cot’(z)

a + acsc(x) 2a a 3a
3cot(z) cse(x)  cot(z) csc®(x)
+ +
2a a + acsc(z)

[Out] 3/2*arctanh(cos(x))/a-4*cot(x)/a-4/3*cot(x)~3/a+3/2*cot (x)*csc(x)/a+cot(x)*
csc(x)~3/(ataxcsc(x))

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5 number of rules _ 0.385, Rules used = {3903,

’ integrand size
3872, 3853, 3855, 3852}

/ csc®(x) dp — 3arctanh(cos(z)) 4 cot3(z) _ 4cot(z)

a + acsc(x) 2a 3a a
cot(z) csc®(z) 3 cot(z) cse(x)
acsc(z) +a 2a

[In] Int[Csc[x]"5/(a + a*Csc[x]),x]

[Out] (3*ArcTanh[Cos[x]])/(2*a) - (4*Cot[x])/a - (4*Cot[x]"3)/(3*a) + (3*Cot[x]*C
sclx])/(2*%a) + (Cot[x]*Csc[x]~3)/(a + a*Csc[x])

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
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d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3872

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
(d*Cscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3903

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[d~2xCot[e + f*x]*((d*Cscle + f*x])~(n - 2)/(fx(a +
bxCscl[e + f*x]))), x] - Dist[d~2/(axb), Int[(d*Cscle + f*x])~(n - 2)*(b*x(n
- 2) - ax(n - 1)*Cscle + f*x]), x]1, x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[
a~2 - b2, 0] & GtQ[n, 1]

Rubi steps
3 3 —
integral = cot(z) esc’(z) [ esc®(z)(3a — 4acse(z)) d
a + acsc(x) a?
_ cot(z)esc®(z) 3 [esc’(z)dz N 4 [ csc*(z) dz
~ a+acsc(r) a a
_ 3cot(x) csc(x) N cot(z) csc®(x) 3 [ csc(z)dz  4Subst (J (1 + 2?) dz,z, cot(z))
B 2a a + acsc(x) 2a a

3arctanh(cos(z)) 4cot(z) 4cotd(x) 3cot(z)csc(r)  cot(x)cscd(x)
2a a 3a 2a a + a csc(z)
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 113 vs. 2(55) = 110.

Time = 1.10 (sec) , antiderivative size = 113, normalized size of antiderivative = 2.05

/ csc®(z) p
a + acsc(z) v
—20cot (£) + 3csc? (%) + 361og (cos (£)) — 361log (sin (£)) — 3sec? (£) + 8esc®(z) sin* (£) + Cosz(lijiiié
24a

[In] Integrate[Csc[x]~5/(a + a*Csc[x]),x]

[Out] (-20%Cot[x/2] + 3*Csc[x/2]"2 + 36%Logl[Cos[x/2]] - 36*Logl[Sin[x/2]] - 3*Secl[
x/2]°2 + 8*Csc[x] ~3*Sin[x/2]"4 + (48*Sin[x/2])/(Cos[x/2] + Sin[x/2]) - (Csc
[x/2]"4*xSin[x])/2 + 20*Tan([x/2])/(24x*a)

Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.24

method result size
3
tan ( 3 ) z)\2 z 1 1 7 z 16
“22) _tan(2)%4+7tan(Z)— + - —121In(tan(2))—
d f 3 an(z) an(z) Stan(%)s tan(%)z tan(%) n( an(z)) tan(%)%—l
efault %a 68
in(4x . . 5sin(4x 5sin(x 16 2x 8 4z 5sin(2z
arallelrisch | — 3 ( (% —sm(2m)) In(csc(z) —cot(x)) +sin(3x) 4 25nldz) _ Bsin(z) _ 16cos(2x) | Scos(dr) _ 5 sin(2z) ) tan(z) -
p a(—3—cos(4x)+4 cos(2x))
; _ 9ie5iT 40 e8iT 24463 _24 64T 4 TieiT 439 €% —16 _ 3In(e”—1) | 3In(e’+1)
risch 3(e2iz—1)3 (i+¢i%)a 2a + 2a 9
tan(%) tan(%)z 3tan(%)3 Stan(%)ﬁ tan(%)7 tan(%)s 15tan(%)4 =
norman Y L Y R 4a + 4a T ise t T oug 4a _ 31n (tan(g)) 103
tan(%)* (tan(%)+1) 2a

[In] int(csc(x)~5/(ata*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/8/ax(1/3*tan(1/2*x)~3-tan(1/2*x) ~2+7*tan(1/2*x)-1/3/tan(1/2*x)"3+1/tan(1/
2xx)~2-7/tan(1/2*x)-12*1n(tan(1/2*x))-16/(tan(1/2*x)+1))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(49) = 98.

Time = 0.25 (sec) , antiderivative size = 168, normalized size of antiderivative = 3.05

/ csc®(z) i
a + a csc(z)
_ 32cos (z)* + 14 cos (z)* — 48 cos (z)? + 9 (cos (z)* — 2 cos () — (cos () + cos () — cos (x) — 1) sin (

[In] integrate(csc(x)~5/(a+a*csc(x)),x, algorithm="fricas")

[Out] 1/12%(32*cos(x)"4 + 14*cos(x)~3 - 48*cos(x)"2 + 9*(cos(x)"4 - 2*cos(x)"2 -
(cos(x)"3 + cos(x)”2 - cos(x) - 1)*sin(x) + 1)xlog(1l/2*cos(x) + 1/2) - 9*(c
0os(x)~4 - 2*cos(x)"2 - (cos(x)"3 + cos(x)”2 - cos(x) - 1)*sin(x) + 1)*log(-
1/2%cos(x) + 1/2) + 2x(16*cos(x)~3 + 9*cos(x)"2 - 15*cos(x) - 6)*sin(x) - 1
8%cos(x) + 12)/(axcos(x)"4 - 2*a*cos(x)”"2 - (axcos(x)"3 + a*cos(x)~2 - axco

s(x) - a)*sin(x) + a)

Sympy [F]

csc (x)
/ csc®(z) dp — | @i 0
a + acsc(z) a

[In] integrate(csc(x)**5/(ata*csc(x)),x)

[Out] Integral(csc(x)**5/(csc(x) + 1), x)/a

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 120 vs. 2(49) = 98.

Time = 0.23 (sec) , antiderivative size = 120, normalized size of antiderivative = 2.18

5 21sin(z) 3 sin(z)?2 sin(z)3
/ CSC (CL’) dz — cos(z)+1 (cos(z)+1)? (cos(z)+1)3
T =
a + acsc(z) 24a
2sin(z) 18 sin(z)? 69 sin(z)? . < sin(z) )
cos(z)+1 (cos(x)+1)2 (cos(z)+1)3 1 _ 3 log cos(z)+1
asin(z)? asin(z)* > 2a
24 <(cos(ac)+1)3 + (cos(z)+1)*

[In] integrate(csc(x)~5/(a+a*csc(x)),x, algorithm="maxima")

[Out] 1/24*(21*sin(x)/(cos(x) + 1) - 3*sin(x)~2/(cos(x) + 1)°2 + sin(x)~3/(cos(x)
+ 1)73)/a + 1/24x(2xsin(x)/(cos(x) + 1) - 18*sin(x)~2/(cos(x) + 1)72 - 69%
sin(x)~3/(cos(x) + 1)°3 - 1)/(a*sin(x)~3/(cos(x) + 1)°3 + a*sin(x)~4/(cos(x

) + 1)74) - 3/2*log(sin(x)/(cos(x) + 1))/a
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Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.75

/ csc?(x) o — _3log (|tan (3 2)]) N a®tan (%x)?’ —3a%tan (%x)Q + 21 a®tan (3 )

a+acsc(r) 2a 24 a3
2 66 tan (%x)3—21 tan (%x)2—|—3tan (%x) -1
- 1 + 3
a(tan (3z) +1) 24 atan (3 z)

[In] integrate(csc(x)~5/(a+a*csc(x)),x, algorithm="giac")

[Out] -3/2%log(abs(tan(1/2*x)))/a + 1/24x(a"2xtan(1/2*x)~3 - 3*a~2*tan(1/2*x)"2 +
21*%a"2%tan(1/2*x))/a~3 - 2/(a*(tan(1/2*x) + 1)) + 1/24x(66*tan(1/2%x)"3 -
21xtan(1/2*x) "2 + 3*tan(1/2*x) - 1)/(axtan(1/2*x)~3)

Mupad [B] (verification not implemented)

Time = 17.69 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.62

/ cscd(x) dp — 7tan(§) B 23tan(§)3 + 6tan(§)2 - — 2 + %

a + a csc(x) 8a 8atan (%)4+8atan (%)3
tan(%)2 tan(§)3 3 1n (tan(%))
T 8a ' 24a 2a

[In] int(1/(sin(x)"5*%(a + a/sin(x))),x)

[Out] (7*tan(x/2))/(8*a) - (6*%tan(x/2)"2 - (2*tan(x/2))/3 + 23*tan(x/2)"3 + 1/3)/
(8*xaxtan(x/2) "3 + 8*axtan(x/2)~4) - tan(x/2)"2/(8%a) + tan(x/2)"3/(24x*a) -
(8*log(tan(x/2)))/(2*a)
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3.2  [-=@ gy

a+a csc(z)
Optimal result . . . . . . . . . . . . e e 48]
Rubi [A] (verified) . . . . . . . .. 43
Mathematica [A] (verified) . . . . . . . . ... 50
Maple [A] (verified) . . . . . . . . . 50
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 50
Sympy [F] . . o o b1
Maxima [B] (verification not implemented) . . . . . . . ... ... L b1l
Giac [A] (verification not implemented) . . . . . . . ... ... L. b1l
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 52

Optimal result

Integrand size = 13, antiderivative size = 44

/ csct(x) dp — _ 3arctanh(cos(z)) n 2cot(z)  3cot(z) csc(z) + cot(x) csc?(z)
a + acsc(x) 2a a 2a a + acsc(x)

[Out] -3/2*arctanh(cos(x))/a+2*cot(x)/a-3/2*cot (x)*csc(x)/a+tcot (x)*csc(x) "2/ (ata*
csc(x))

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 469 Ryjles used = {3903,

' integrand size
3872, 3852, 8, 3853, 3855}

/ csct(z) dp — _ 3arctanh(cos(z)) 4 2cot(z) | cot(z)csc*(z)  3cot(x)csc(x)
a + acsc(z) 2a a acsc(z) + a 2a

[In] Int[Csc[x]~4/(a + a*Csc[x]),x]

[Out] (-3*ArcTanh[Cos[x]]1)/(2%a) + (2*Cot[x])/a - (3*Cot[x]*Csc[x])/(2*a) + (Cotl[
x]*Csc[x]~2)/(a + a*Csc[x])

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
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d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2xn]

Rule 3855

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3872

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
(d*Cscle + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3903

Int[(cscl(e_.) + (£_)*(x_)]*(@d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)]*(b_.) + (
a_)), x_Symbol] :> Simp[d~2xCot[e + f*x]*((d*Cscl[e + f*x])~(n - 2)/(fx(a +
bxCscl[e + f*x]))), x] - Dist[d~2/(axb), Int[(d*Cscle + f*x])~(n - 2)*(bx(n
- 2) - ax(n - 1)*Cscle + f*x]1), x]1, x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[
a2 - b~2, 0] && GtQ[n, 1]

Rubi steps
integral = cot(z) csc*(z) [ esc®(x)(2a — 3acse(z)) dz
a + acsc(x) a?
_ cot(z)esc®(x) 2 [esc(z)dz N 3 [esc®(z) dz
"~ a+acsc(x) a a
3cot(z) csc(z)  cot(z)csc®(xz) 3 [cesc(z)dx  2Subst( [ 1dz,z,cot(z))
=— + + +
2a a + acsc(x) 2a a

2a a 2a a + acsc(z)

3arctanh(cos(z)) 2cot(z) 3cot(x)csc(x) 4 cot(x) csc?(z)
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Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.89

/ csct(z) e

a + a csc(z)
4cot (£) — esc? (£) — 12log (cos (£)) + 12log (sin (2)) + sec? (2) —
- 8a

lﬁsin(%)
cos(£)+sin(Z)

— 4tan (%)

[In] Integrate[Csc[x]~4/(a + a*Csc[x]),x]

[Out] (4%Cot[x/2] - Csc[x/2]72 - 12*Log[Cos[x/2]] + 12xLog[Sin[x/2]] + Sec[x/2]72
- (16%Sin[x/2])/(Cos[x/2] + Sin[x/2]) - 4*Tan[x/2])/(8*a)

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.23

method result size
tan ( 3 ) ’ 2tan(Z 8 1 2 z
— o —2tan(F) 4+ —iy - oty téIn(tan(3))
default ren(5) 2 4?&“(7) ren() 54
parallelrisch (3 cos(2z)—3) In(csc(z)—cot (w))+62(;(zs_(:;:l—ciss§2ca(§)) +4tan(z)+3 cos(2z)—4sin(2z)—3 57
3tan(%)3 tan(%) 3tan(%)2 Btan(%)s tan(%)s z
a —_ 8a + 8a — 8a 8a 31n(ta’n(§))
norman ton(3) (on(3)+1 2 51
risch R 83

[In] int(csc(x)~4/(ata*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/4/ax(1/2xtan(1/2*x) "2-2*xtan(1/2*x)+8/(tan(1/2*x)+1)-1/2/tan(1/2*x) " 2+2/ta
n(1/2*x)+6x1n(tan(1/2%x)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 134 vs. 2(40) = 80.

Time = 0.24 (sec) , antiderivative size = 134, normalized size of antiderivative = 3.05

/ csct(x) I
a + acsc(z)
_ 8cos(z)’ +6 cos (z)” — 3 (cos (z)° + cos (z)* + (cos (z)* — 1) sin (z) — cos (z) — 1) log (% cos (z) + 3) +

4 (acos ()’ + acos



o1

[In] integrate(csc(x)~4/(at+a*csc(x)),x, algorithm="fricas")

[Out] 1/4*(8*cos(x)”3 + 6*cos(x)"2 - 3*(cos(x)"3 + cos(x)"2 + (cos(x)"2 - 1)*sin(
x) - cos(x) - 1)*log(1/2*cos(x) + 1/2) + 3*(cos(x)”"3 + cos(x)"2 + (cos(x)"2
- 1)*sin(x) - cos(x) - 1)*log(-1/2*cos(x) + 1/2) - 2*(4*cos(x)"2 + cos(x)
- 2)*sin(x) - 6*cos(x) - 4)/(a*cos(x)"3 + a*cos(x)~2 - a*cos(x) + (a*xcos(x)

~2 - a)*sin(x) - a)
Sympy [F]

csc? (x)
4 dx
/ csc*(x) do — J csc (z)+1

a + acsc(z) a

[In] integrate(csc(x)**4/(at+a*csc(x)),x)

[Out] Integral(csc(x)**4/(csc(x) + 1), x)/a

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(40) = 80.

Time = 0.22 (sec) , antiderivative size = 97, normalized size of antiderivative = 2.20

4sin(z) sin(z)? 3 sin(x) 20 sin(z)? . ( sin(z) )
/ CSC4(.'E) = cos(z)+1 (cos(z)+1)? + cos(z)+1 + (cos(z)+1)? 1 n 3 log cos(z)+1
a + acsc(x) 8a g (—asin(@)’ N asin(z)? 2a
(cos(z)+1)? (cos(z)+1)3

[In] integrate(csc(x)~4/(ata*csc(x)),x, algorithm="maxima")

[Out] -1/8%(4*sin(x)/(cos(x) + 1) - sin(x)~2/(cos(x) + 1)72)/a + 1/8%(3*sin(x)/(c
os(x) + 1) + 20*sin(x)"2/(cos(x) + 1)°2 - 1)/(a*sin(x)"2/(cos(x) + 1)°2 + a
*sin(x) "3/ (cos(x) + 1)73) + 3/2*log(sin(x)/(cos(x) + 1))/a

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.66

csct(x) 3log (|tan (1 z)|) atan (3 x)2 —4atan (3 z)
— 7’ dr= +
a + acsc(x) 2a 8 a?
2 18 tan(%m)2—4tan(%x)+1
+ 1 - 2
a(tan (5 .’L') + ].) S8 atan (% _1;)




52

[In] integrate(csc(x)~4/(a+a*csc(x)),x, algorithm="giac")

[Out] 3/2*log(abs(tan(1/2*x)))/a + 1/8*(a*tan(1/2*x)~2 - 4*xaxtan(1/2*x))/a~2 + 2/
(ax(tan(1/2*x) + 1)) - 1/8+(18*tan(1/2*x)"2 - 4*tan(1/2*x) + 1)/(axtan(1/2*

x)"2)

Mupad [B] (verification not implemented)

Time = 19.44 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.57

I U Dt T L)
2a

2 _
a + acsc(z) 4atan(§)3+—4atan(§)2 2a 8a

[In] int(1/(sin(x)"4*(a + a/sin(x))),x)
[Out] ((3*tan(x/2))/2 + 10*tan(x/2)"2 - 1/2)/(4*axtan(x/2)"2 + 4*axtan(x/2)°3) -
tan(x/2)/(2*a) + tan(x/2)~2/(8*a) + (3*log(tan(x/2)))/(2*a)
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3.3 [0 gy

a+a csc(z)
Optimal result . . . . . . . . . . . e H3l
Rubi [A] (verified) . . . . . . . . . 53
Mathematica [B] (verified) . . . . . . . . ... Y!
Maple [A] (verified) . . . . . . . . . . Y
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..... 5%
Sympy [F] . . o o 5%
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 56!
Giac [A] (verification not implemented) . . . . . ... ... .. L L. 50
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 56

Optimal result

Integrand size = 13, antiderivative size = 27

/ csc3(x) dp — arctanh(cos(z)) cot(z)  cot(z)
a + acsc(x) a a a + acsc(x)

[Out] arctanh(cos(x))/a-cot(x)/a-cot(x)/(at+axcsc(x))

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 358 Ryjjeg used = {3875,

’ integrand size
3874, 3855, 3879}

/ csc3(x) dr = arctanh(cos(z)) cot(z)  cot(z)

a + acsc(z) = a a acsc(z) +a
[In] Int[Csc[x]~3/(a + a*Csc[x]),x]

[Out] ArcTanh[Cos[x]]/a - Cot[x]/a - Cot[x]/(a + a*Csc[x])

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3874

Int[cscl(e_.) + (f_.)*(x_)]1"2/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscle + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, xl]
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Rule 3875

Int[cscl(e_.) + (£_.)*(x_)173/(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Simp[-Cot[e + f*x]/(b*f), x] - Dist[a/b, Int[Cscl[e + f*x]~2/(a + b*
Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3879

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + axCscle + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ[a~2 - b~2, 0]

Rubi steps
2
integral = —M — / M dx

a a + acsc(z)

_ _cot(z) _ [ ese(z) dz +/ csc(z) I
a a a + acsc(z)

_ arctanh(cos(z)) cot(z)  cot(z)

N a a a + acsc(x)

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 63 vs. 2(27) = 54.

Time = 0.29 (sec) , antiderivative size = 63, normalized size of antiderivative = 2.33

/ csc () . —cot (£) + 2log (cos (%)) — 2log (sin (%)) + % + tan ()
a+acsc(@) 2a

[In] Integrate[Csc[x]~3/(a + a*Csc[x]),x]

[Out] (-Cot[x/2] + 2xLogl[Cos[x/2]] - 2*Log[Sin[x/2]] + (4%Sin[x/2])/(Cos[x/2] + S
in[x/2]) + Tan[x/2])/(2%a)

Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.33
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method result size
tan(2)——A2A————1 __2In(tan(2
default Y ton(g) 1 2:n(%) ) 36
parallelrisch (—2 cos(2z)+2) ln(csc(m)—cot2(zg)_—iigé_lct::;(2wz));3) cos(2z)+4sin(z) tan(z)+3 50
3tan(%)2 tan %) tan(%)4 z
S — - — . i ),
norman ton ()" (an(3)+1) o >
e2iz_ iei:c n eiw_ n eix
risch —epe). _ mlers) | it 66

[In] int(csc(x)~3/(ata*csc(x)),x,method=_RETURNVERBOSE)
[Out] 1/2/ax(tan(1/2*x)-4/(tan(1/2*x)+1)-1/tan(1/2*x)-2*1n(tan(1/2*x)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(27) = 54.

Time = 0.24 (sec) , antiderivative size = 91, normalized size of antiderivative = 3.37

/ csc3(z) i

a + acsc(x)
_4cos (z)? + (cos (z)* — (cos (z) + 1) sin (z) — 1) log (} cos (z) + 1) — (cos (z)* — (cos (z) + 1) sin (z) —
2 (acos (z)* — (acos (z) + a)sin (z) — a

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/2%(4*cos(x)”2 + (cos(x)”2 - (cos(x) + 1)*sin(x) - 1)*log(1l/2*cos(x) + 1/2
) = (cos(x)"2 - (cos(x) + 1)*sin(x) - 1)*log(-1/2*cos(x) + 1/2) + 2*(2*cos(
x) + 1)*sin(x) + 2xcos(x) - 2)/(axcos(x)"2 - (a*cos(x) + a)*sin(x) - a)

Sympy [F]

dx =
a + acsc(x) a

3
/ csc3(z) J c:zc(zgﬁ dz

[In] integrate(csc(x)*#*3/(ata*csc(x)),x)

[Out] Integral(csc(x)**3/(csc(x) + 1), x)/a
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 68 vs. 2(27) = 54.

Time = 0.22 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.52

sin(x sin(z)
/ csc3(z) dp— — Cis(m)(Jr)l +1 B log <Cos(x)+1> N sin (x)
a+ acsc(z - asin(z) asin(z)? a 2a(cos (z) +1
@7 g (2ot 4 sy (cos (z) + 1)

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="maxima")

[Out] -1/2%(5*sin(x)/(cos(x) + 1) + 1)/(a*sin(x)/(cos(x) + 1) + axsin(x)~2/(cos(x
) + 1)72) - log(sin(x)/(cos(x) + 1))/a + 1/2*sin(x)/(a*(cos(x) + 1))
Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.96

/ csc¥() i _log (Jtan (3 2)|) N tan (3 z) N tan (2 2)* — 4 tan (Lz) — 1
a + acsc(z) a 2a 2 (tan (3 x)2+tan (32))a

[In] integrate(csc(x)~3/(a+a*csc(x)),x, algorithm="giac")
[Out] -log(abs(tan(1/2*x)))/a + 1/2*tan(1/2*x)/a + 1/2*%(tan(1/2*x)"2 - 4xtan(1/2%
x) - 1)/((tan(1/2*x)~2 + tan(1/2%x))*a)

Mupad [B] (verification not implemented)

Time = 18.41 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.81

/ csc3(z) o — tan(2) 5tan(%) +1 In (tan(3))

a + a csc(x) ’ 2a _2atan(§)2+2atan(§)

[In] int(1/(sin(x)"3*(a + a/sin(x))),x)
[Out] tan(x/2)/(2*%a) - (5%tan(x/2) + 1)/(2xaxtan(x/2) + 2%a*tan(x/2)72) - log(tan

(x/2))/a



o7

3.4 [0 gy

a+a csc(z)
Optimal result . . . . . . . . . . ¥
Rubi [A] (verified) . . . . . . . . . BT
Mathematica [B] (verified) . . . . . . . . ... . bY
Maple [A] (verified) . . . . . . . . . . bY
Fricas [B] (verification not implemented) . . . . . . .. ... .. ... .. ...... 59
Sympy [F] . . oo by
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. by
Giac [A] (verification not implemented) . . . . . . .. ... ... L Lo L. 60
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 60

Optimal result

Integrand size = 13, antiderivative size = 20

csc?(z) - _ arctanh(cos(z)) cot(x)
/a—l—acsc(x) d a + a + acsc(z)

[Out] -arctanh(cos(x))/at+cot(x)/(ata*csc(x))

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ 937 Ryjes ysed = {3874,

' integrand size
3855, 3879}

/ csc?(x) i — cot(z)  arctanh(cos(z))
a + acsc(x) acsc(z) +a a

[In] Int([Csc[x]"2/(a + a*Csc[x]),x]
[Out] -(ArcTanh[Cos[x]]/a) + Cot[x]/(a + a*xCsc[x])
Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3874

Int[cscl(e_.) + (f_.)*(x_)]1"2/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscle + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, xl]
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Rule 3879

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + axCsc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ[a~2 - b~2, 0]

Rubi steps
integral = Jesc(z)dz / csc(z) i
a a + acsc(x)
__ arctanh(cos(z)) cot(x)
B a a + acsc(z)

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 44 vs. 2(20) = 40.

Time = 0.14 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

QSin(%)

/ cscX(z) —log (cos (5)) +1log (sin (5)) — rzyrenrmy

a + acsc(x) a

[In] Integrate[Csc[x]~2/(a + a*Csc[x]),x]
[Out] (-Logl[Cos[x/2]] + Logl[Sin[x/2]] - (2#Sin[x/2])/(Cos[x/2] + Sin[x/2]))/a

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.05

method result size
z 2

default nent®) ): tan(f) 1 21

norman a(ta,n(zg)ﬂ) + ln(taz(%)) 24

parallelrisch 24 (t:?t(i)()%(; if;%%) 1) 27

risch G +e2m)a - ln(ejﬂ) + ln(ei:_l) 42

[In] int(csc(x)~2/(ata*csc(x)),x,method=_RETURNVERBOSE)
[Out] 1/a*x(In(tan(1/2*x))+2/(tan(1/2*x)+1))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 53 vs. 2(20) = 40.

Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.65

/ csc?(z) i —
a + a csc(z)
(cos (z) + sin (z) + 1) log (3 cos (z) + 1) — (cos (z) + sin (z) + 1) log (-1 cos (z) + 3) — 2 cos (z) +:
2 (acos(z) + asin (z) + a)

[In] integrate(csc(x)~2/(ata*csc(x)),x, algorithm="fricas")

[Out] -1/2%((cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos(x) + sin(x) + 1)*1
og(-1/2xcos(x) + 1/2) - 2xcos(x) + 2*sin(x) - 2)/(a*cos(x) + a*sin(x) + a)

Sympy [F]

a + acsc(x) a

csc? (x)
2 dx
/ csc?(x) d — il osc () +1

[In] integrate(csc(x)**2/(ataxcsc(x)),x)

[Out] Integral(csc(x)**2/(csc(x) + 1), x)/a

Maxima [A] (verification not implemented)

nomne

Time = 0.24 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.55

: log (i) 2
/ csc?(z) dp — (@)+1 N

a + acsc(x) a a+ C‘Zsszggi)l

[In] integrate(csc(x)~2/(at+a*csc(x)),x, algorithm="maxima")

[Out] log(sin(x)/(cos(x) + 1))/a + 2/(a + a*sin(x)/(cos(x) + 1))
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

[\

csc?(z) _ log (Jtan (52)])
/—d:v— +a(tan(%w)+1)

a + a csc(z) a

[In] integrate(csc(x)~2/(ata*xcsc(x)),x, algorithm="giac")

[Out] log(abs(tan(1/2*x)))/a + 2/(a*x(tan(1/2*x) + 1))

Mupad [B] (verification not implemented)

Time = 18.04 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

csc?(x) . 2 In (tan(%))
/a+aCSC(:v)d a (tan (%) +1) + a

[In] int(1/(sin(x)"2x(a + a/sin(x))),x)
[Out] 2/(a*(tan(x/2) + 1)) + log(tan(x/2))/a
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3.5 | _osola) g

a+a csc(x)
Optimal result . . . . . . . . .. 611
Rubi [A] (verified) . . . . . . . . 611
Mathematica [B] (verified) . . . . . . . . ... L L 62
Maple [A] (verified) . . . . . . . .. 62
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 62
Sympy [F] . . o o 63
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 63
Giac [A] (verification not implemented) . . . . . . . .. ... ... 63
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 63

Optimal result
Integrand size = 11, antiderivative size = 12

a + acsc(x) a + acsc(z)

/ csc(z) dp = — cot(z)

[Out] -cot(x)/(ata*csc(x))

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.091, Rules used = {3879}
integrand size

/ csc(z) dr — — cot(x)

a + acsc(x) acsc(z) +a
[In] Int[Csc[x]/(a + a*Csc[x]),x]
[Out] -(Cot[x]/(a + axCsc[x]))

Rule 3879

Int[cscl(e_.) + (f_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ [a~2 - b~2, 0]

Rubi steps
cot(z)

integral = ——————
Hesra a + acsc(z)
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 26 vs. 2(12) = 24.

Time = 0.09 (sec) , antiderivative size = 26, normalized size of antiderivative = 2.17

a+ acsc(z) a (cos (3) +sin (5))

/ (@) . 2sin(3)

[In] Integrate[Csc[x]/(a + a*Csc[x]),x]
[Out] (2*Sin[x/2])/(a*(Cos[x/2] + Sin[x/2]))

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

method result size
default — W 14
norman — W 14
parallelrisch | — W 14
risch — m 16

[In] int(csc(x)/(at+a*csc(x)),x,method= RETURNVERBOSE)
[Out] -2/a/(tan(1/2*x)+1)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.83

a + acsc(z) " acos(z) + asin (z) + a

/ csc(x) dp — %S (z) —sin(z) + 1

[In] integrate(csc(x)/(at+a*csc(x)),x, algorithm="fricas")

[Out] -(cos(x) - sin(x) + 1)/(a*cos(x) + axsin(x) + a)
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Sympy [F]

csc (z)
/ cse(z) dp — = @+ 0T

a + acsc(x) a

[In] integrate(csc(x)/(at+a*csc(x)),x)

[Out] Integral(csc(x)/(csc(x) + 1), x)/a

Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

/ csc(x) dp = — 2 -
ot acse() T o s

[In] integrate(csc(x)/(ata*csc(x)),x, algorithm="maxima")
[Out] -2/(a + a*sin(x)/(cos(x) + 1))

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

/ csc(z) dp — 2
a + a csc(x) a(tan (3 z) +1)

[In] integrate(csc(x)/(ata*csc(x)),x, algorithm="giac")

[Out] -2/(ax(tan(1/2%x) + 1))

Mupad [B] (verification not implemented)

Time = 17.55 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

/ cse(x) e 2
a + acsc(x) a (tan () +1)

[In] int(1/(sin(x)*(a + a/sin(x))),x)
[Out] -2/(a*x(tan(x/2) + 1))
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3.6 [—t—dx

a+a csc(c+dx)
Optimal result . . . . . . . . .. e 64
Rubi [A] (verified) . . . . . . . . . 64
Mathematica [A] (verified) . . . . . . . . ... L 65
Maple [C] (verified) . . . . . . . . . .. 65
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 66
Sympy [F] . . o 66
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 661
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L. 67
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 67

Optimal result

Integrand size = 12, antiderivative size = 28

/ 1 dr=2 cot(c + dx)
a+acsc(c+dz) ~  a d(a+acsc(c+dz))

[Out] x/a+cot(d*x+c)/d/(a+a*csc(d*x+c))

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.167, Rules used = {3862,
8}

a + acsc(c+ dz) v d(acsc(c+ dz) + a) T2

/ 1 d cot(c + dz) x

[In] Int[(a + a*Csc[c + d*x])~(-1),x]

[Out] x/a + Cot[c + d*x]/(d*(a + a*Csc[c + d*x]))
Rule 8

Int[a_, x_Symbol] :> Simp([a*x, x] /; FreeQ[a, x]

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c

+ d*x])*((a + b*Cscl[c + d*x])"n/(d*x(2*%n + 1))), x] + Dist[1/(a"2*%(2*n + 1))
, Int[(a + bxCsclc + d*x])~(n + 1)*(ax(2*n + 1) - bx(n + 1)*Csclc + d*x]),

x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Inte
gerQ[2*n]



65

Rubi steps
, cot(c + dzx) [adz
tegral =
Hegta d(a + acsc(c + dx)) a?
z cot(c + dzx)

a d(a+acsc(c+dr))
Mathematica [A] (verified)
Time = 0.26 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.68

_ 2sin (1 (ctdx))
/ 1 s c+ dz cos(%(c+dm))+sin(%(c+d$))

a + acsc(c+ dzx) ad

[In] Integrate[(a + a*Csc[c + d*x])~(-1),x]
[Out] (c + d*x - (2*Sin[(c + d*x)/2])/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(axd

)
Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.04

method result size
i 2
risch o T Ga(iei@ray 29
2arctan(tan(d””+ ;))4_#
derivativedivides — 2tan(4f+5)+2 37
2arctan(tan(dw+ ;))-}-#
default — 2tan(F+5)+2 37
tan( 924+ ¢ ) zd+dr—2tan( 92 +<
parallelrisch ( 2 2) ( 2 2> 48
da(tan(+5)+1)
rn(rs) 2un(%+5)
norman a a . da 52
tan (% +£)+1

[In] int(1/(ata*csc(d*x+c)) ,x,method=_RETURNVERBOSE)
[Out] x/a+2/d/a/(I+exp(I*(d*x+c)))
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.93

/ 1 _ dx+ (dr +1)cos (dzr + c) + (dr — 1)sin (dz +c) + 1

a + acsc(c + dz) dz = ad cos (dz + ¢) + adsin (dx + ¢) + ad

[In] integrate(1/(ata*csc(d*x+c)),x, algorithm="fricas")
[Out] (d*x + (d*x + 1)*cos(d*x + c) + (d*x - 1)*sin(d*x + c) + 1)/(axd*cos(d*x +

c) + axd*sin(d*x + c) + axd)

Sympy [F]

dz

do —
a + acsc(c + dz) v a

/ 1 | sceram

[In] integrate(1/(at+a*csc(d*x+c)),x)

[Out] Integral(l/(csc(c + d*x) + 1), x)/a

Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.79

in(dz+c)
2 (arCta’n(cossl?dzic)cﬁ-l) + 1 )

asin(dz+c)

/ ]. dw _ a +cos(da:+c)+1
a + acsc(c + drx) d

[In] integrate(1l/(at+a*csc(d*x+c)),x, algorithm="maxima")
[Out] 2*(arctan(sin(d*x + c)/(cos(d*x + ¢c) + 1))/a + 1/(a + axsin(d*x + c)/(cos(d
*xx + c) + 1)))/d
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.14

dx+c + 2

1 _a a(tan(%dz—i—% c)+1)
/a+acsc(c+dx) do = d

[In] integrate(1/(at+a*csc(d*x+c)),x, algorithm="giac")

[Out] ((d*x + c)/a + 2/(ax(tan(1/2*d*x + 1/2*c) + 1)))/d

Mupad [B] (verification not implemented)

Time = 18.40 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.96

1 T 2

/a—l—acsc(c-l—d:c) dz:a—i_ad (tan (£ +42) 4+ 1)

[In] int(1/(a + a/sin(c + d*x)),x)
[Out] x/a + 2/(a*xd*(tan(c/2 + (d*x)/2) + 1))



3.7 | _sin@@) _ g0,

a+a csc(z)

Optimal result . . . . . . . . . .
Rubi [A] (verified) . . . . . . ... .
Mathematica [A] (verified) . . . . . . . . ... L
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ... ....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . .. ... ..
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . ... ... ... ..

Optimal result

Integrand size = 11, antiderivative size = 25

/ sin(x) gp— % _ 2 cos(x) N

a + acsc(z) a

[Out] -x/a-2*cos(x)/a+cos(x)/(at+a*xcsc(x))

Rubi [A] (verified)

a + acsc(z)
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Time = 0.06 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4
3872, 2718, 8}

/ sin(zx) dp— % _ 2 cos(z) N

a + acsc(x) a

[In] Int[Sin[x]/(a + a*Csc[x]),x]

[Out] -(x/a) - (2*Cos[x])/a + Cos[x]/(a + ax*Csc[x])

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2718

number of rules
’ integrand size

acsc(z) +a

= 0.364, Rules used = {3904,

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ

({c, d}, x]

Rule 3872
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Int[(cscl(e_.) + (£_.)*(x_))1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
(d*Cscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])~n/(fx(a + bxCsc[e +
f*x]))), x] - Dist[1/a"2, Int[(d*Csc[e + f*x]) n*x(a*x(n - 1) - b*n*Cscl[e + f
*x]), x], x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[a~"2 - b~2, 0] && LtQ[n, O]

Rubi steps
integral = cos(z)  _ J(—=2a + acsc(z)) sin(z) dz
a+ acsc(z) a2
cos(z) J1ldz 4 2 [sin(z) dx
~ a+acsc(z) a a

T 2cos(z) N cos(x)

a a a + acsc(x)

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28

QSin(%)

/ SiIl(fL') dr — x + COS(.’L’) — W

a + acsc(x) a

[In] Integrate[Sin[x]/(a + a*Csc[x]),x]
[Out] -((x + Cos[x] - (2%Sin[x/2])/(Cos[x/2] + Sin[x/2]))/a)

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80
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method result size
parallelrisch — cos(:v)—m—2—;—ta,n(m)—sec(m) 20
- i — 2 —2arctan(tan(%))
default ten(§) 41 atan(5)” : 36
. x eiz efim 2
risch T % T W T e 43
_4_2tan(%> 2tan(%)2_£_ztan(%)_ztan(%) _ztan(%) 86
norman @ a
(1-+tan($)?) (tan(5)+1)

[In] int(sin(x)/(at+a*csc(x)),x,method=_RETURNVERBOSE)

[Out] (-cos(x)-x-2+tan(x)-sec(x))/a

Fricas [A] (verification not implemented)

nomne

Time = 0.24 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.40

/ sin(z) dp — (z + 2) cos () 4 cos (z)* + (z + cos (x) — 1) sin (z) + z + 1
a + acsc(x) acos(x)+ asin(z) +a

[In] integrate(sin(x)/(ata*csc(x)),x, algorithm="fricas")

[Out] -((x + 2)*cos(x) + cos(x)"2 + (x + cos(x) - 1)*sin(x) + x + 1)/(a*xcos(x) +
a*sin(x) + a)

Sympy [F]

dr =
a + acsc(x) a

/ Sil’l(.’l?) f csscn(lag)m—?-l d.'L'

[In] integrate(sin(x)/(a+a*csc(x)),x)

[Out] Integral(sin(x)/(csc(x) + 1), x)/a
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 78 vs. 2(25) = 50.

Time = 0.32 (sec) , antiderivative size = 78, normalized size of antiderivative = 3.12

. sin(z) sin(z)? sin(z)
/ Sll’l(l’) dr — — 2 <cos(m)+1 + (cos(z)+1)? + 2> _ 2 arctan (Cos(m)+1>
o asin(z) asin(z)? asin(z)®
ot aCSC(x) a+ cos(z)+1 + (cos(z)+1)2 + (cos(x)+1)3 4

[In] integrate(sin(x)/(at+a*csc(x)),x, algorithm="maxima")

[Out] -2*(sin(x)/(cos(x) + 1) + sin(x)"2/(cos(x) + 1)°2 + 2)/(a + a*sin(x)/(cos(x
) + 1) + a*sin(x)"2/(cos(x) + 1)72 + a*sin(x)~3/(cos(x) + 1)73) - 2*xarctan(

sin(x)/(cos(x) + 1))/a

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.76

2 (tan (% J;)2 + tan (% x) + 2>

/ﬂ e %
a+ acsc(z) a (tan (3 x)3 + tan (3 x)2 +tan (3 z) + 1)a

[In] integrate(sin(x)/(a+a*csc(x)),x, algorithm="giac")
[Out] -x/a - 2*(tan(1/2*x)~2 + tan(1/2*x) + 2)/((tan(1/2*x)"3 + tan(1/2*x)"2 + ta
n(1/2%x) + 1)*a)

Mupad [B] (verification not implemented)

Time = 18.34 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.84

/ sin(z) doe _E_ 2tan(Z)” + 2tan(Z) + 4
a + acsc(z) ¢ q (tan (%)2 + 1) (tan (%) +1)

[In] int(sin(x)/(a + a/sin(x)),x)
[Out] - x/a - (2*tan(x/2) + 2*%tan(x/2)"2 + 4)/(ax(tan(x/2)"2 + 1) *(tan(x/2) + 1))
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3.8  [-Sn@ gy

a+a csc(z)
Optimal result . . . . . . . . . . . . e e 721
Rubi [A] (verified) . . . . . . . .. 72
Mathematica [A] (verified) . . . . . . . . ... 73
Maple [A] (verified) . . . . . . . . (74
Fricas [A] (verification not implemented) . . . . . . . . ... .. ... ... ... ... 74
Sympy [F] . . o o (74
Maxima [B] (verification not implemented) . . . . . . ... ... ... . ... 751
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 75
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 75

Optimal result

Integrand size = 13, antiderivative size = 40

/ sin?(z) 3z 2cos(z) 3cos(z)sin(z) = cos(z)sin(z)
S g =Ty - +
a + acsc(x) 2a a 2a a + acsc(x)

[Out] 3/2*x/a+2*cos(x)/a-3/2*cos(x)*sin(x)/a+cos(x)*sin(x)/(a+a*xcsc(x))

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 395 Ry jj0q ysed = {3904,

' integrand size
3872, 2715, 8, 2718}

/ sin?(x) 3z  2cos(z) 3sin(x)cos(z) sin(z)cos(z)
" dp = 4 - +
a + acsc(x) 2a a 2a acsc(z) +a

[In] Int[Sin[x]"2/(a + a*Csc[x]),x]

[Out] (3*x)/(2*a) + (2*Cos[x])/a - (3*Cos[x]*Sin[x])/(2*a) + (Cos[x]*Sin[x])/(a +
a*Csc[x])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c +d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] &% GtQ[n, 1] && IntegerQ[2



*n]

Rule 2718

73

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ

({c, d}, x]

Rule 3872
Int[(cscl(e_.) + (f_

D*(x)1x(d_.))"(a_.)*(cscl(e_.) + (£_.)*(x_)]*x(b_.) +

(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
(d*Cscle + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3904
Int[(cscl(e_.) + (f_

Dx(x_)1x(d_.))"(m_)/(cscl(e_.) + (£_.)*(x_)]*(b_.) + (

a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])~n/(f*(a + bxCscl[e +
fxx]))), x] - Dist[1/a~2, Int[(d*Csc[e + f*x]) n*x(a*(n - 1) - b*n*Csc[e + f
*x]), x], x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[a~2 - b~2, 0] && LtQ[n, 0]

Rubi steps
integral =

Mathematica [A]

cos(z)sin(z)  [(—3a+ 2acsc(z))sin®(z) dz

a+ acsc(x a?
cos(z)sin(z) 2 [sin(z)dz N 3 [ sin?(z) dz
a + acsc(x) a a

2cos(z)  3cos(z)sin(z)  cos(z)sin(z) n 3[1ldzx

sin?(z)

a 2a a + a csc(z) 2a
3z  2cos(z) 3cos(z)sin(z)  cos(z)sin(z)
2a a 2a a + acsc(zx)
(verified)
Time = 0.25 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.05
—6x — 4 cos(z) + % + sin(2x)
dr — — cos(2)+sm(2)
B 4a

/

a + acsc(z)

[In] Integrate[Sin[x]~2/(a + a*Csc[x]),x]
[Out] -1/4*(-6xx - 4*Cos[x] + (8%Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin[2*x])/a



Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.72

74

(1+tan()?)” (tan(3) +1)

method result size
parallelrisch 62+8—sin(2z)+4 cos4(2‘)+4 sec(xz)—4 tan(z) 29
: 3z e® e 2 __ sin(2z)
risch 2a + 2a + 2a + (i+e'*)a 4a 52
3
) (tan(g) +tan(%)2_ tan(%) +1)
+3arctan(tan(Z))+ 16
(1+tan(%)2)2 (tan(3)) 8tan(%)+8
default 58
§_tan(%)5+2tan(%)4+tan(%)3+3tan(%)2+3l 3ztan(%)+31tan(%)2 3 3mtan(%)4+3ztan(%)5
norman a a a a a 2a 2a a 2a 133

[In] int(sin(x)~2/(ata*csc(x)),x,method=_RETURNVERBOSE)
[Out] 1/4%(6*x+8-sin(2*x)+4*cos(x)+4*sec(x)-4*xtan(x))/a

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.32

/ sin?(x) i

a + acsc(x)

_cos (2)® + 3 (x + 1) cos () + 2 cos (z)* — (cos (z)* — 3z — cos (z) + 2)sin (z) + 3z +2

2(acos (z) + asin(z) + a)

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/2*(cos(x)"3 + 3*%(x + 1)*cos(x) + 2*xcos(x)"2 - (cos(x)"2 - 3*x - cos(x) +

2)*sin(x) + 3*x + 2)/(a*cos(x) + a*sin(x) + a)

Sympy [F]

dr =

sin? (z
/ sin2 (.’E) f csc (x()-i—)l dz
a + acsc(x) a

[In] integrate(sin(x)**2/(a+a*csc(x)),x)

[Out] Integral(sin(x)**2/(csc(x) + 1), x)/a
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(36) = 72.

Time = 0.34 (sec) , antiderivative size = 128, normalized size of antiderivative = 3.20

sin(z) 5 sin(z)? + 3 sin(z)® + 3 sin(:v)‘l4 +4

Sil’l2(.’L') cos(z)+1 + (cos(z)+1)? (cos(z)+1)3 (cos(z)+1)
a+a CSC(.’I}) dz = a+ a sin(z) + 2asin(z)? + 2asin(z)? + asin(z)* + asin(z)®
cos(z)+1 (cos(z)+1)? (cos(z)+1)3 (cos(z)+1)* (cos(z)+1)°

sin(x)
3 arctan <Cos(x) +1>
a

+

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="maxima")

[Out] (sin(x)/(cos(x) + 1) + 5*xsin(x)~2/(cos(x) + 1)72 + 3*sin(x)~3/(cos(x) + 1)~
3 + 3*sin(x)"4/(cos(x) + 1)74 + 4)/(a + a*xsin(x)/(cos(x) + 1) + 2*a*sin(x)”
2/(cos(x) + 1)72 + 2*a*sin(x)~3/(cos(x) + 1)73 + ax*sin(x)~4/(cos(x) + 1)74

+ a*sin(x)~5/(cos(x) + 1)75) + 3*arctan(sin(x)/(cos(x) + 1))/a

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.40

N

2
w37 ) —tan(%x)+2

/ sin®(z) 3z tan(3z)’ +2 tan (4
a+acse(z) 2a (tan( ) > a(tan (3z) +1)

[In] integrate(sin(x)~2/(ata*xcsc(x)),x, algorithm="giac")
[Out] 3/2*x/a + (tan(1/2*x)"3 + 2*tan(1/2*x)"2 - tan(1/2*x) + 2)/((tan(1/2*x)"2 +
1)72xa) + 2/(ax(tan(1/2*x) + 1))

Mupad [B] (verification not implemented)

Time = 18.30 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.48

/ sin?(z) L 37 3tan(2)” + 3tan(Z)’ +5tan(§)2+tan(§)+4
a + acsc(x) 2a (tan( )2+1> (tan (2) +1)

[In] int(sin(x)~"2/(a + a/sin(x)),x)
[Out] (3*x)/(2*a) + (tan(x/2) + 5*tan(x/2)"2 + 3*tan(x/2)"3 + 3*tan(x/2)"4 + 4)/(
ax(tan(x/2)"2 + 1)~2x(tan(x/2) + 1))
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3.9 [-S@ gy

a+a csc(z)
Optimal result . . . . . . . . . . . . e e 7061
Rubi [A] (verified) . . . . . . . .. 76
Mathematica [A] (verified) . . . . . . . . . .. rdrd
Maple [A] (verified) . . . . . . . . . 78
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 78
Sympy [F] . . o o 78
Maxima [B] (verification not implemented) . . . . . . ... ... ... . ... 79
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 79
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ R0

Optimal result

Integrand size = 13, antiderivative size = 53

/ sin3(z) 3z 4cos(z) 4cos®(x) 3cos(z)sin(z) = cos(z)sin?(z)
S gy = 2T + + +
a + acsc(x) 2a a 3a 2a a + acsc(x)

[Out] -3/2*x/a-4*cos(x)/a+4/3*cos(x) " 3/a+3/2*cos(x)*sin(x)/a+cos(x)*sin(x) "2/ (ata
*csc(x))

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 395 Ryjes ysed = {3904,

' integrand size
3872, 2713, 2715, 8}

a + acsc(x) TT T 3a a 2a acsc(z) +a

/ sin3(x) p 3z N 4cos’(z)  4cos(x) N 3sin(z) cos(z) = sin*(x) cos(x)
[In] Int[Sin[x]~3/(a + a*Csc[x]),x]

[Out] (-3*x)/(2*a) - (4*Cos[x])/a + (4%Cos[x]~3)/(3*a) + (3*Cos[x]*Sin[x])/(2*a)

+ (Cos[x]*Sin[x]~2)/(a + a*Csc[x])
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(l - XAQ)A((n - 1)/2)3 X], X]s X, COS[C + d*X]], X] /; FreeQ[{C, d}’ X]



(s

& I6tQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])~(n - 1)/(d*n)), x] + Dist[b"2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3872

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist[b/d, Int[
(dxCscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])"n/(fx(a + b*Cscle +
f*x]))), x] - Dist[1/a"2, Int[(d*Csc[e + f*x]) n*(ax(n - 1) - b*n*Cscle + f
*x]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rubi steps
.2 _ .3
integral = cos(z)sin’*(z) [(—4a + 3acsc(z)) sin®(z) dz
a + acsc(x) a?

_ cos(z)sin’*(z) 3 [sin’(z)dw N 4 [ sin®(z) dz
~ a+acsc(z) a a
_ 3cos(z)sin(z) | cos(z)sin’(z) 3 [1ldr 4Subst (J (1 —2?) dz,z,cos(z))
B 2a a + acsc(x) 2a a

2a a 3a 2a a + acsc(x)

3z 4cos(z) 4 4 cos®(z) 4 3cos(z)sin(z)  cos(z)sin?(x)

Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.92

/ sin®(z) . —21 cos(x) + cos(3z) + 3 <—6x + % + sin(2x)>

a + acsc(zx) v 12a

[In] Integrate[Sin[x]~3/(a + a*Csc[x]),x]

[Out] (-21*Cos[x] + Cos[3*x] + 3*(-6%x + (8*Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin
[2*xx]))/(12*a)



Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.62

78

method result
parallelrisch —182—324-cos(3xz)—21 cos(z)+3 sin(2z)+12 tan(z) —12 sec(z)
12a
; _ 3z __ Te® _ Tet® 2 cos(3z) sin(2z)
risch 2a 8a 8a (i+e'®)a + 12a + 4a
€T 5 xT
2(tan(2§) +tan(%>4+4tan(%)2—tangf) +§)
- 2 - —3arctan(tan(2
dofault tan %)+1 1+¢an(%)2)3 ( (2))
erau 2
2 5 2 3 4
_Stan(%) Btan(%) _ﬂ_i_:}ztan(%)_gztan(%) _taan(%) _taan(%) _ 3ztan(%) 3ztan(%) 1
norman a a 2a  3a 2a 2a 2a 5 23(1 2a 2a
<1+tan(%) ) (tan(%

[In] int(sin(x)~3/(ata*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/12%(-18%x-32+cos(3*x)-21*cos(x)+3*sin(2*x)+12*%tan(x)-12*sec(x))/a

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.32

/a—ls—iz;c(s?(w)dx

_ 2cos (z)* — cos (z)° — 3 (3% + 5) cos () — 12 cos (z)* + (2 cos (z)* + 3 cos (z)* — 9z — 9 cos (z) + 6) sir

B 6 (acos (z) + asin (z) + a)

[In] integrate(sin(x)~3/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/6*(2*cos(x)"4 - cos(x)~3 - 3*(3*x + 5)*cos(x) - 12*cos(x)"2 + (2*cos(x)"3
+ 3*%cos(x)”"2 - 9xx - 9*cos(x) + 6)*sin(x) - 9*x - 6)/(a*cos(x) + a*sin(x)

+ a)

Sympy [F]

sin® (z
/ sin3 (CC) dx = f csc (:E()-i-)l dz
a + acsc(x) a

[In] integrate(sin(x)**3/(ata*csc(x)),x)

[Out] Integral(sin(x)*#*3/(csc(x) + 1), x)/a
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 180 vs. 2(47) = 94.

Time = 0.35 (sec) , antiderivative size = 180, normalized size of antiderivative = 3.40

/%dm=

7 sin(z) + 39 sin(z)? + 24 sin(z)? + 24 sin(x)* + Qsin(:c)s5 + 9 sin(z)® +16

. cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 (cos(z)+1)* (cos(z)+1) (cos(z)+1)°
asin(z) 3 asin(z)? 3asin(z)3 3asin(z)* 3asin(z)® asin(z)® asin(z)’ )
3 <a + cos(z)+1 + (cos(z)+1)? + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)° + (cos(z)+1)° + (cos(z)+1)7
3 arctan (c:;?ifj)Ll)
4

[In] integrate(sin(x)~3/(ata*csc(x)),x, algorithm="maxima")

[Out] -1/3*%(7*sin(x)/(cos(x) + 1) + 39*sin(x)"2/(cos(x) + 1)72 + 24*xsin(x)~3/(cos
(x) + 1)°3 + 24*xsin(x)~4/(cos(x) + 1)74 + 9*sin(x)~5/(cos(x) + 1)75 + 9*sin
(x)"6/(cos(x) + 1)°6 + 16)/(a + a*sin(x)/(cos(x) + 1) + 3*axsin(x)~2/(cos(x

) + 1)72 + 3*axsin(x)~3/(cos(x) + 1)73 + 3*axsin(x)~4/(cos(x) + 1)74 + 3x*ax
sin(x)~5/(cos(x) + 1)°5 + a*sin(x)"6/(cos(x) + 1)76 + a*sin(x)"7/(cos(x) +

1)°7) - 3*arctan(sin(x)/(cos(x) + 1))/a

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.26

/ sin®(x) dp — 3z 2

a + acsc(x) 2a  a(tan(3z) +1)
1)’ +6 tan (3 )+24tan(

2
3 (tan_ )

[In] integrate(sin(x)~3/(ataxcsc(x)),x, algorithm="giac")

[Out] -3/2*x/a - 2/(ax(tan(1/2*x) + 1)) - 1/3*(3xtan(1/2*x)~5 + 6*tan(1/2*x)"4 +
24xtan(1/2%x) "2 - 3xtan(1/2*x) + 10)/((tan(1/2%x)"2 + 1)~3%*a)

) — 3 tan (3 z) + 10




80

Mupad [B] (verification not implemented)

Time = 19.65 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.47

.3

/ sin®(x) i
a + acsc(z)

z\6 z\9 z\4 z\3 z\2 7tan(£) 16

3z 313811(5) +3tan(§) +8tan(§) +8tan(§) —|—13tan(§) + —2 4+ 7

2a a <tan (%)2 + 1)3 (tan (%) + 1)

[In] int(sin(x)~3/(a + a/sin(x)),x)
[Out] - (3*x)/(2*a) - ((7*tan(x/2))/3 + 13*tan(x/2)"2 + 8xtan(x/2)"3 + 8xtan(x/2)
~4 + 3*tan(x/2)°5 + 3*xtan(x/2)"6 + 16/3)/(a*x(tan(x/2)"2 + 1)~ 3x(tan(x/2) +

1))
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3.10 [-S0@ gy

a-+acsc(x)
Optimal result . . . . . . . . . . . e [Tl
Rubi [A] (verified) . . . . . . . . BTl
Mathematica [A] (verified) . . . . . . . . . ... ]R3
Maple [A] (verified) . . . . . . . . .. ]3]
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ..... R3
Sympy [F] . . o o 34
Maxima [B] (verification not implemented) . . . . . . . ... ... L. L. !
Giac [A] (verification not implemented) . . . . . ... ... .. Lo oL 85
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... ]5)

Optimal result

Integrand size = 13, antiderivative size = 66

/ sin(z) 15z  4cos(z) 4cos®(z) 15cos(z)sin(z)
S0 e =2 - -
a + acsc(x) 8a a 3a 8a

_ 5cos(z)sin’(z) | cos(z)sin’(z)

4a a + acsc(x)

[Out] 15/8*x/a+4*cos(x)/a-4/3*cos(x)"~3/a-15/8*cos(x)*sin(x)/a-5/4*cos(x)*sin(x)~3
/a+cos(x)*sin(x) "3/ (at+a*csc(x))

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 5 number of rules _ 0.385, Rules used = {3904,

’ integrand size
3872, 2715, 8, 2713}

/ sin?(x) i — 15z 4cos’(x) N 4cos(z)  5sind(z) cos(z)

a + acsc(x) 8a 3a a 4a
_ 15sin(z) cos(z) sin®(z) cos(z)
8a acsc(z) +a

[In] Int[Sin[x]~4/(a + a*Csc[x]),x]

[Out] (15*%x)/(8*a) + (4*Cos[x])/a - (4*Cos[x]~3)/(3*a) - (15%Cos[x]*Sin[x])/(8*a)
- (5%Cos[x]*Sin[x]~3)/(4*a) + (Cos[x]*Sin[x]"3)/(a + axCsc[x])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, xI
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3872

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Cscl[e + f*x])"n, x], x] + Dist([b/d, Int[
(d*Cscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3904

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*xx])~n/(fx(a + bxCsc[e +
f*x]))), x] - Dist[1/a"2, Int[(d*Csc[e + f*x]) n*x(a*x(n - 1) - b*n*Cscl[e + f
*x1), x1, x] /; FreeQ[{a, b, d, e, £}, x] & EqQ[a~2 - b~2, 0] &% LtQ[n, 0]

Rubi steps
.3 _ 4
integral = cos(z)sin’*(z)  [(—5a + 4acsc(z)) sin’(z) dz
a + acsc(x) a?
_ cos(z)sin®(z) 4 [sin®(z)dz N 5 [ sin*(z) dz
~ a+acsc(z) a a
__5cos(z)sin®(z) | cos(x)sin’(z) N 15 [ sin?(z) dz N 4Subst( [ (1 — 2?) dz, z, cos(z))
B 4a a + acsc(x) 4a a
_4cos(z) 4cos*(z) 15cos(z)sin(z) 5cos(z)sin’(z) cos(z)sin’(z) 15 [1ldz
a 3a 8a 4a a + acsc(z) 8a

15z N 4cos(z) 4cos’(x) 15cos(z)sin(z) 5cos(z)sin’(z)  cos(z)sin’(z)

8a a 3a 8a 4a a + acsc(x)
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Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.86

64sin(Z . .
/ sin(z) o 168 cos(z) — 8 cos(3z) + 3(601‘ — m — 16sin(2x) + sm(4x)>
a+acsc(z) 96a

[In] Integrate[Sin[x]~4/(a + axCsc[x]),x]
[Out] (168*Cos[x] - 8*Cos[3*x] + 3*(60*x - (64*Sin[x/2])/(Cos[x/2] + Sin[x/2]) -
16%Sin[2*x] + Sin[4*x]))/(96%a)

Maple [A] (verified)

Time = 0.59 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.68

method result
. 3 cos(4x) tan(x)—42 cos(2z) tan(z)+168 cos(x)—8 cos(3z)—141 tan(z)+96 sec(x)+180x+104
parallelrisch S6a
: 15z 7" Te i® 2 sin(4z)  cos(3x) _ sin(2z)
risch % vt 8¢ T 8 T Grema T 324 124 24
’ (mgj)ﬂan(g)ﬁ*mg(j)*s““(g)él‘ 15ta118(7) + 1”“3(7) - ”ar;(?Z) +§) 15 arctan (tan( €
64 + + arc an( an(é))
32tan(§)+32 (1+tan(%)2>4 4

default ~

15z tan( & 15z tan( & 2 15z tan( & 8 45z tan( £ 4 45z tan( £ 5 15z tan( & 6 15z tan( & 7 15z tan( & 8 15
norman %+£+ Sa(2)+ 2a(2) + 2a(2) + 4a(2) + 4a(2) + 2a(2) + 2a(2) 8a(2)4 —

<1+man(g)2) (tar

[In] int(sin(x)~4/(at+a*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/96*(3*cos (4*x)*tan(x)-42*cos(2*x)*tan(x)+168*cos (x)-8*cos(3*x)-141*tan(x)
+96*sec (x)+180*x+104) /a

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.23

/de:

a + acsc(x)
_ 6 cos (z)° + 8 cos (z)* — 25 cos (x)* — 45 (z + 1) cos () — 48 cos (z)° — (6 cos (z)* — 2 cos (z)® — 27
24 (acos (z) + asin (z) + a)

[In] integrate(sin(x)~4/(ata*csc(x)),x, algorithm="fricas")
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[Out] -1/24*(6*%cos(x)”"5 + 8%cos(x)~4 - 25%cos(x)~3 - 45x(x + 1)*cos(x) - 48*cos(x
)"2 - (6%cos(x)"4 - 2%cos(x)"3 - 27*cos(x)"2 + 45%x + 21*cos(x) - 24)*sin(x
) - 45%x - 24)/(a*cos(x) + a*sin(x) + a)

Sympy [F]
/ sin(x) dp — J c:tzrl(i()ﬁ dx
a+acsc(r) a

[In] integrate(sin(x)**4/(at+a*csc(x)),x)

[Out] Integral(sin(x)**4/(csc(x) + 1), x)/a

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 230 vs. 2(58) = 116.

Time = 0.33 (sec) , antiderivative size = 230, normalized size of antiderivative = 3.48

19 sin(z) 211 sin(x)22 49 sin(z)® 4 219 sin(z)* 4 165 sin(z)® +

165 sin(z)° 45 sin(z)” 45 sin(z)®
(cos(z)+1)3 (cos(z)+1)* (cos(z)+1)° + 7+ + 6

(cos(z)+1)° (cos(z)+1) (cos(z)+1)3

i cos(z)+1 (cos(z)+1)
- asin(x) 4asin(x)? 4asin(z)® 6 asin(x)? 6 asin(z)® 4asin(z)® 4asin(z)” asin(z)® .
12 <a + cos(z)+1 + (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)° + (cos(z)+1)® + (cos(z)+1)7 + (cos(z)+1)% + (c
15 arctan (Cossl?gll)
_|_
4a

[In] integrate(sin(x)~4/(ata*csc(x)),x, algorithm="maxima")

[Out] 1/12%(19*sin(x)/(cos(x) + 1) + 211xsin(x)"2/(cos(x) + 1)72 + 91*sin(x)~3/(c

os(x) + 1)73 + 219*sin(x)~4/(cos(x) + 1)74 + 165+*sin(x)"5/(cos(x) + 1)°5 +
165*%sin(x)~6/(cos(x) + 1)76 + 45xsin(x)"7/(cos(x) + 1)°7 + 45*sin(x)~8/(cos

(x) + 1)°8 + 64)/(a + axsin(x)/(cos(x) + 1) + 4xaxsin(x)~2/(cos(x) + 1)°2 +
dxa*xsin(x) "3/ (cos(x) + 1)73 + 6*a*sin(x)~4/(cos(x) + 1)74 + 6*a*sin(x)~5/(
cos(x) + 1)75 + 4xa*xsin(x)~6/(cos(x) + 1)76 + 4*axsin(x)~7/(cos(x) + 1)°7 +
a*sin(x) "8/ (cos(x) + 1)°8 + a*sin(x)~9/(cos(x) + 1)79) + 15/4*arctan(sin(x

)/(cos(x) + 1))/a
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.38

a + acsc(z) de = 8a * a(tan (3z) +1)

21 tan (3 .13)7 + 24 tan (%az)ﬁ + 45 tan (3 a:)5 + 120 tan (1 ac)4 — 45 tan (3 x)3 + 136 tan (1 ac)z —21-
12 (tan (1 x)2+1>4a

/ sin(z) 15z 2

[In] integrate(sin(x)~4/(ataxcsc(x)),x, algorithm="giac")

[Out] 15/8*x/a + 2/(a*(tan(1/2*x) + 1)) + 1/12%(21*xtan(1/2%x)"7 + 24xtan(1/2*x)"6
+ 45%tan(1/2%x)~5 + 120*%tan(1/2*x)~4 - 45xtan(1/2*x)~3 + 136*xtan(1/2*x) "2
- 21xtan(1/2*x) + 40)/((tan(1/2*x)"2 + 1) 4x*a)

Mupad [B] (verification not implemented)

Time = 18.68 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.41

/ sin*(z) dp — 15z

a + a csc(z) 8a
15tan(2)® | 15tan(2)” | 55tan(2)® | 55tan(%)® | 73tan(Z)* | 9ltan(2)® | 211tan(2)? | 19tan(%) | 16
+ 4 + 4 + 4 + 4 + 4 + 12 12 12 3

a(tan (3)*+1)" (tan (3) +1)

[In] int(sin(x)~4/(a + a/sin(x)),x)

[Out] (15%x)/(8%a) + ((19*tan(x/2))/12 + (211xtan(x/2)"2)/12 + (91*tan(x/2)"3)/12
+ (73*tan(x/2)"4)/4 + (55%tan(x/2)"5)/4 + (55%tan(x/2)"6)/4 + (15%tan(x/2)
~7)/4 + (15%tan(x/2)78)/4 + 16/3)/(a*(tan(x/2)"2 + 1)~ 4x(tan(x/2) + 1))
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3.11 | rescteramy 9T

a+a csc(c+dx))
Optimal result . . . . . . . . . . e 801
Rubi [A] (verified) . . . . . . . . R0
Mathematica [A] (verified) . . . . . . . . . . .. 87
Maple [C] (verified) . . . . . . . . . ... 88
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ....... RY
Sympy [F] . . o ]9
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... .. ]9
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Optimal result

Integrand size = 12, antiderivative size = 57

/ 1 dr= % 4 4 cot(c + dx) cot(c + dx)
(a+acsc(c+dz))?2 " a?  3a2d(l+csc(c+dz))  3d(a+ acsc(c+ dzx))?

[Out] x/a~2+4/3*cot(d*x+c)/a~2/d/(1+csc(d*x+c))+1/3*cot (d*x+c)/d/ (a+a*xcsc(d*x+c))
-2

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3 number of rules _ 0.250, Rules used = {3862,

’ integrand size
4004, 3879}

/ 1 dp — 4 cot(c + dz) A cot(c + dx)
(a+acsc(c+dz))2 "~ 3a2d(csc(c+dz)+1)  a?  3d(acsc(c+ dr) + a)?

[In] Int[(a + a*Csc[c + d*x])~(-2),x]

[Out] x/a~2 + (4%Cot[c + d*x])/(3*a~2%d*x(1 + Csc[c + d*x])) + Cot[c + d*x]/(3*dx*(
a + axCscl[c + d*xx])~2)

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csc[c + d*x])"n/(d*(2*%n + 1))), x] + Dist[1/(a"2*%(2*n + 1))
, Int[(a + b*Csc[c + d*x])"(n + 1)*(a*x(2*n + 1) - bx(n + 1)*Cscl[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && LeQ[n, -1] && Inte
gerQ[2*n]
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Rule 3879

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + axCsc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ[a~2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc -
axd, 0]

Rubi steps
inteoral — cot(c + dz) B J %m dx
gral = 3d(a + acsc(c+ dz))? 3,
csc(c+dzx
-z cot(c + dz) 4 [ poerda) Jcﬂ)zm) I
" a? ' 3d(a+acsc(c+dz))? 24
-z cot(c + dz) 4 cot(c + dz)

a?  3d(a+acsc(c+dzx))?  3d(a?+ a?csc(c+ dx))

Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.89

/ : dz
(a + acsc(c+ dx))?
3(—4 + 3¢+ 3dz) cos (3(c + dz)) + (10 — 3¢ — 3dz) cos (2(c + dz)) + 6(—3 + 2c + 2dz + (c + dz) cos(c

6a2d (cos (1(c + dz)) + sin (L(c + dz)))°

[In] Integrate[(a + a*Csc[c + d*x])~(-2),x]

[Out] (3*(-4 + 3%c + 3*d*x)*Cos[(c + d*x)/2] + (10 - 3*c - 3*d*x)*Cos[(3*(c + d*x
))/2] + 6%(-3 + 2%c + 2%d*x + (c + d*x)*Cos[c + d*x])*Sin[(c + d*x)/2])/(6%
a~2xd*(Cos[(c + d*x)/2] + Sin[(c + d*xx)/2])~3)
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.45 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

method result size
. z 6iei(dm+c)+4e2i(dx+c)_%
risch a? da? (i+ei(ds+o)3 54
2arCtan(tan(d§+%))_ d:c4 c 3+ dw2 c 2+ d8
. . o e n 5 n( &L 4+ ¢ 4tan( SE+S)+4
derivativedivides 3(ce (7+2);(>j (tan(dF+5)+1) (% +5) 67
n( 5 +3 n( G +§ 4t L+5)+4
default 5(tan(4 +2):;()1 (tan(%+5)+1) an (4 +5) 67
3 2
. (8dz—8)tan( 92 4<) 4+ (9dz—18) tan( €+ <) +(9dz—6) tan( 9=+ £ ) 4-3dx
parallelrisch ( 2 2> < 2 2) h ( 2 2) 79
3da2(tan(d§+§ +1
e ron(Be5)° sin(%5)® sewn(drg) sewen(Be5)’ 5 2wn(Frg)”
norman a a da + a + 2 +32a i 118
3
a(tan(%’”—}—%)—i—l)

[In] int(1/(a+a*csc(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] x/a~2+2/3%(9*I*exp (I*(d*x+c))+6*exp(2*xI*(d*x+c))-5)/d/a"2/(I+exp(I*(d*x+c))
)~3

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(53) = 106.

Time = 0.25 (sec) , antiderivative size = 124, normalized size of antiderivative = 2.18

1
(a + acsc(c+ dx))
(3dz — 5) cos (dz + ¢)* — 6 dz — (3dz + 4) cos (dz + ¢) — (6dz + (3dz + 5) cos (dz + ¢) + 1) sin (dz + c)
3 (a2d cos (dz + ¢)* — ad cos (dz + ¢) — 2a2d — (a2d cos (dz + ) + 2 a%d) sin (dz + c))

2dx

[In] integrate(1/(at+a*csc(d*x+c))~2,x, algorithm="fricas")

[Out] 1/3*%((3*d*x - 5)*cos(d*x + c)~2 - 6xd*x — (3*d*x + 4)*cos(d*x + c) - (6*d*x
+ (3xd*x + 5)*cos(d*x + ¢c) + 1)*sin(d*x + ¢c) + 1)/(a"2*%d*cos(d*x + ¢c)~2 -
a~2*dxcos(d*x + c) - 2*%a~2xd - (a"2*dxcos(d*x + c) + 2*%a~2xd)*sin(d*x + c))
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Sympy [F]

1
1 de = f csc? (c+dz)+2 csc (e+dx)+1 dz
(a + acsc(c+ dz))? a?

[In] integrate(1/(at+a*csc(d*x+c))**2,x)

[Out] Integral(1l/(csc(c + d*x)**2 + 2kcsc(c + d*x) + 1), x)/a**x2

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(53) = 106.

Time = 0.35 (sec) , antiderivative size = 142, normalized size of antiderivative = 2.49

9 sin(dz+c) 3 sin(daz:-ﬁ-c)2 sin(dz+c)
cos(dz+c)+1 + (cos(dz+c)+1)2 +4 3 a’r(:ta'rl(cos(d:ﬂ-ﬁ-c)-&-l )
a2+ 3a2sin(dz+c) , 3a2sin(dz+c)? a2 sin(dz+c)3 a?
]- d cos(dz+c)+1 " (cos(do+c)+1)2 ' (cos(dz+c)+1)3
xTr =
(a + acsc(c+ dz))? 3d

[In] integrate(1/(at+a*csc(d*x+c))~2,x, algorithm="maxima")

[Out] 2/3*((9*sin(d*x + c)/(cos(d*x + c) + 1) + 3*sin(d*x + c)~2/(cos(d*x + c) +
1)72 + 4)/(a"2 + 3*xa"2*sin(d*x + c)/(cos(d*x + c) + 1) + 3*a"2*sin(d*x + c)
~2/(cos(d*x + c) + 1)72 + a"2*sin(d*x + c)~3/(cos(d*x + c) + 1)73) + 3*arct
an(sin(d*x + c)/(cos(d*x + c) + 1))/a~2)/d

Giac [A] (verification not implemented)
none

Time = 0.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.05

3 (dz+c) 4 2 (3 tan(% da:—}-% c)2+9 ta,n(% dz+% c)+4)
/ 1 de = a? aQ(tan(% dz+%c)+1)3
(a4 acsc(c+ dx))? 3d

[In] integrate(1l/(at+a*csc(d*x+c))~2,x, algorithm="giac")

[Out] 1/3*x(3*x(d*x + c)/a"2 + 2%(3*tan(1/2xd*x + 1/2%c)"2 + 9*tan(1/2*d*x + 1/2*c)
+ 4)/(a"2x(tan(1/2*xd*x + 1/2%c) + 1)°3))/d
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Mupad [B] (verification not implemented)

Time = 18.08 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.91

+42) +
3

N[O
wloo

1 z  2tan(S+ %)” 4 6 tan(
/ 2d117= —2+
(a4 acsc(c+ dx)) a a2d (tan (& + 92) 4 1)

~~

N0

[In] int(1/(a + a/sin(c + d*x))~2,x)

[Out] x/a"2 + (6xtan(c/2 + (d*x)/2) + 2xtan(c/2 + (d*x)/2)"2 + 8/3)/(a~2xd*(tan(c
/2 + (d*x)/2) + 1)73)
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3.12 | reescteramy 9T

a+a csc(c+dx))
Optimal result . . . . . . . . . . . e OT]
Rubi [A] (verified) . . . . . . . . OT]
Mathematica [A] (verified) . . . . . . . . . .. . 93
Maple [C] (verified) . . . . . . . . . .. 93]
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... ..., Q!
Sympy [F] . . o 94
Maxima [B] (verification not implemented) . . . . . . . . ... ..o L. 94
Giac [A] (verification not implemented) . . . . . . .. ... .. L oL 95
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 951

Optimal result

Integrand size = 12, antiderivative size = 88

/ 1 dr= % 4 cot(c + dx)
(a+acsc(c+dz))3 "~ a3 5d(a+ acsc(c+ dz))3
7cot(c + dx) 22 cot(c + dx)

15ad(a + acsc(c + dx))? ~ 15d (a® + a3 csc(c + dzx))

[Out] x/a~3+1/5*cot(d*x+c)/d/(a+a*csc(d*x+c)) ~3+7/15*cot (d*x+c)/a/d/ (a+a*xcsc(d*x+
c))"2+22/15%cot (d*x+c) /d/ (a~3+a~3*csc(d*x+c))

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ ; 333 Ry 10q yy5ed = {3862,

' integrand size
4007, 4004, 3879}

/ 1 dp — 22 cot(c + dx) L2
(a+acsc(c+dz))3 "~ 15d(adcsc(c+dr) +a3) a3
7cot(c + dx) cot(c + dz)

15ad(acsc(c+dz) + a)?  bd(acsc(c+ dz) + a)?

[In] Int[(a + a*Csc[c + d*x])~(-3),x]

[Out] x/a~3 + Cot[c + d*x]/(5xd*(a + a*Csc[c + d*x])~3) + (7*Cot[c + d*x])/(15%ax
dx(a + axCscl[c + d*x])"2) + (22%Cot[c + d*x])/(15*%d*(a~3 + a~3*Cscl[c + dx*x]

)
Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csc[c + d*x])"n/(d*(2*n + 1))), x] + Dist[1/(a"2%(2*n + 1))
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, Int[(a + bxCscl[c + d*x])~(n + 1)*(ax(2*%n + 1) - bx(n + 1)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 - b~2, 0] && LeQ[n, -1] && Inte
gerQ[2xn]

Rule 3879

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_)*(x_)]1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(fx(b + axCscle + f*x])), x] /; FreeQ[{a, b, e, f}
, X1 && EqQ [a~2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 4007

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_)*(cscl(e_.) + (£f_.)*(x_)]*(d
_.) + (c)), x_Symbol] :> Simp[(-(bxc - a*d))*Cot[e + f*x]*((a + b*Cscl[e +
fxx]) "m/ (bxf*(2xm + 1))), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscl[e + f
*x]) " (m + 1)*Simp[a*xc*(2*m + 1) - (b*c - axd)*(m + 1)*Cscl[e + fx*x], x], x],
x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && E
qQ[a~"2 - b~2, 0] && IntegerQ[2*m]

Rubi steps
ntegral — et dn) ] Gheeran 4
gral = 5d(a + acsc(c + dx))3 5a?
a2— a2 csc(c XL
cot(c + dx) 7 cot(c + dx) f 1 a+JCSC(C+(d;r)d ) da;
~ 5d(a+acsc(c+dz))®  15ad(a + acsc(c+ dz))? 1504
T cot(c + dx) 7cot(c + dzx) B 22 % dx
~ a®  b5d(a+acsc(c+dzx))3  15ad(a+ acsc(c+ dzx))? 15a2
x cot(c + dx) 7 cot(c + dx) 22 cot(c + dx)

~@7 5d(a + acsc(c+ dz))®  15ad(a + acsc(c+ dzx))?  15d (a® + a® csc(c + dz))
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Mathematica [A] (verified)

Time = 1.05 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.40

! d
T
(a + acsc(c+ dx))3
. /1 .
15 15d. 3 . 13 2sin (3 (c+dx)) (—38+16 cos(2(c+dz))—51 sin(c-
¢+ T+ (cos(%(c—i—dm))+sin(%(c+dac)))4 (cos(%(c—i—dz))—l—sin(%(c+dw)))2 T (cos(%(c+dw))+sin(%(c+dm)))5

- 15a3d
[In] Integrate[(a + a*Cscl[c + d*x])~(-3),x]

[Out] (15%c + 15xd*x + 3/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"4 - 13/(Cos[(c + d
*x) /2] + Sin[(c + d*x)/2])"2 + (2+Sin[(c + d*x)/2]1*(-38 + 16*Cos[2*(c + d*x
)] - 51xSin[c + d*x]))/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"5)/(15*xa~3*d)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.58 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

method result
. —w+18ie3i(dm+6)_w+6 di(detc) 4 64
ich B e
i arcmn("”(%"‘%)) ~ (tan (% i C)+1)4 i 5(tan( d””8+ °)+1)5 + 3(tan(dm4+ 5) +1)3 * (tan( % -2+ C)+1)2 8 tan(%liﬁ-r%
derivativedivides 2732 273 Tt3 GF+5

do e ~ 4 8 2 16
2arctan(tan( 5 +2)) (tan(%}+§)+l)4+5(tan(i}+§)+1)5+3(tan(d7z+§)+l)3+ (tan(g}+%)+1)2+8tan(d7w+%

default

da3
. (15dz—38) tan (% +§ ) "+ (75dz—160) tan (4 + § ) ' +(150dz—230) tan %+ 5 ) +(150d2—90) tan (%45 ) 475 tan
parallelrisch 5
15da3<tan<%ﬂ”+%)+1>
- ztan(%h-%)s+2tan(d7$+§)4+5ztan(d7w+§)+1Oztan(d7w+g)2+10ztan(d7$+§)3+5ztan(d7$+%)4+ 4 10ta
norman a a da a a a a 15ad
a2(tan(d§+g>+1)

[In] int(1/(at+a*csc(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] x/a”~3+2/15%(-185*exp (2*I*(d*x+c))+135*Ixexp (3*I* (d*x+c))-115*%I*exp (I*(d*x+c
)) +45%exp (4*I* (d*x+c))+32)/d/a"3/(I+exp(I*(d*x+c)))~5
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 181 vs. 2(82) = 164.

Time = 0.25 (sec) , antiderivative size = 181, normalized size of antiderivative = 2.06

/ ! dx
(a + acsc(c+dx))3
(15 dz + 32) cos (dz + ¢)* + (45 dz — 19) cos (dz + ¢)* — 60dz — 6 (5 dzx + 9) cos (dz + ¢) + ((15dz — 32)

15 (a3d cos (dz + ¢)® +3addcos (dz + ¢)® — 2a3d cos (dx + ¢) — 4a3d + (a®d cos (d:

[In] integrate(1l/(ata*csc(d*x+c))~3,x, algorithm="fricas")

[Out] 1/15%((15%d*x + 32)*cos(d*x + c)~3 + (45*%d*x - 19)*cos(d*x + c)~2 - 60*d*x
- 6*%(b*xd*x + 9)*cos(d*x + c) + ((15*%d*x - 32)*cos(d*x + c)~2 - 60*d*x - 3*(
10*d*x + 17)*cos(d*x + c) + 3)*sin(d*x + c) - 3)/(a"3*d*cos(d*x + c)~3 + 3%
a~3*d*cos(d*x + c)~2 - 2*xa~3*d*cos(d*x + c) - 4*xa~3xd + (a~3*d*cos(d*x + c)

~2 - 2%a”3*d*cos(d*x + c) - 4*a~3*d)*sin(d*x + c))

Sympy [F]

dz

1
/ L dr = f csc3 (c+dz)+3 csc? (e+dx)+3 csc (c+dz)+1
(a4 acsc(c+ dx))? a3

[In] integrate(1/(ata*csc(d*x+c))**3,x)

[Out] Integral(1l/(csc(c + d*x)**3 + 3*csc(c + d*x)**2 + 3*csc(c + d*x) + 1), x)/a
*%3

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 228 vs. 2(82) = 164.

Time = 0.32 (sec) , antiderivative size = 228, normalized size of antiderivative = 2.59

1
/ (a+ acsc(c+ dx))3 dz

95 sin(dz+c) , 145 sin(dav+c)2 75 sin(dz+c)3 15 sin(d:v+c)4 sin(dz+c)
2 cos(dz+c)+1 + (cos(dz+c)+1)2 + (cos(dz+c)+1)3 + (cos(do+c)+1)% +22 15 arCta’n(cos(dz+c)+1 )
a3+ 5 a3 sin(dx+c) + 10 a3 sin(dz+c)2 |, 10 a3 sin(dz+c)3 | 5a3 sin(de+c)? a3 sin(dz+c)® a3
cos(dz+c)+1 (cos(dm+c)+1)2 (cos(da+c)+1)3 ' (cos(dm+c)+1)% ' (cos(dw+c)+1)°

15d

[In] integrate(1/(at+a*csc(d*x+c))~3,x, algorithm="maxima")

[Out] 2/15%((95%sin(d*x + c)/(cos(d*x + c) + 1) + 145%sin(d*x + c)~2/(cos(d*x + c
) + 1)72 + 75%sin(d*x + c)~3/(cos(d*x + ¢c) + 1)73 + 15*sin(d*x + c)~4/(cos(
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d*x + c) + 1)74 + 22)/(a"3 + 5*xa"3*sin(d*x + c)/(cos(d*x + c) + 1) + 10*a"3
*sin(d*x + ¢)~2/(cos(d*x + c) + 1)72 + 10*a"3*sin(d*x + c¢)~3/(cos(d*x + c)

+ 1)73 + 5*%a”3*sin(d*x + c)~4/(cos(d*x + c) + 1)74 + a~3*xsin(d*x + c)~5/(co
s(d*x + c) + 1)75) + 1b*arctan(sin(d*x + c)/(cos(d*x + ¢c) + 1))/a"3)/d

Giac [A] (verification not implemented)

nomne

Time = 0.29 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.98

1
5 dz
(a + acsc(c+ dz))
15 (dz-+c) 2 (15 tan(% dac-i-% c)4+75 tan(% dac-i-% c)3+145 tan(% dm+% c)2+95 tan(% da:-l-% c)+22)
a? a3 (tan(% dw+% c)+1)5

B 15d

[In] integrate(1/(ata*csc(d*x+c))~3,x, algorithm="giac")

[Out] 1/15%(15*%(d*x + c)/a~3 + 2*(15*%tan(1/2*d*x + 1/2*c)”4 + 75xtan(1/2*d*x + 1/
2%c) "3 + 145%tan(1/2%dxx + 1/2%c)”2 + 95%tan(1/2*xd*x + 1/2%c) + 22)/(a~3*(t
an(1/2%d*x + 1/2%c) + 1)75))/d

Mupad [B] (verification not implemented)

Time = 19.65 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.89

/ ! dx
(a+ acsc(c+ dx))?
z |, 2ten(s + d2)! 4 10tan (S + &)’

2
a? add (tan (

58tan(%+‘12—x)2 " 38tan(%+%) n 44

[In] int(1/(a + a/sin(c + d*x))~3,x)

[Out] x/a~3 + ((38*tan(c/2 + (d*x)/2))/3 + (58%tan(c/2 + (d*x)/2)"2)/3 + 10*tan(c
/2 + (d*x)/2)"3 + 2*xtan(c/2 + (d*x)/2)"4 + 44/15)/(a"3*d*(tan(c/2 + (d*x)/2

) + 1)75)
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3.13 [(a+ acsc(x))’?dx

Optimal result . . . . . . . . . . e 96!
Rubi [A] (verified) . . . . . . . . 96
Mathematica [A] (verified) . . . . . . . . . .. 98]
Maple [B] (verified) . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 99
Sympy [F] . . o 99
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 99
Giac [B] (verification not implemented) . . . . . . . . ... ... L. 1011
Mupad [F(-1)] . . . oo 102

Optimal result

Integrand size = 10, antiderivative size = 65

/(a + acsc(z))®? dr =

t 14a3 cot 2
—2a%/% arctan vacot(z) - a cotle) a” cot(z)\/a + acsc(z)
a + acsc(x) 3

va-+acse(z) 3

[Out] -2*xa~(5/2)*arctan(cot(x)*a~(1/2)/(ataxcsc(x))~(1/2))-14/3*%a"3*xcot (x)/(ata*xc
sc(x))~(1/2)-2/3*%a"~2*xcot (x)* (ata*xcsc(x))~(1/2)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00, number
— _ r number of rules _ —

of steps used = 5, number of rules used = 5, integrand size — 0.500, Rules used = {3860,

4000, 3859, 209, 3877}

/(a + acsc(z))?? dx =

—2a%/? arctan ( vacot(z) ) _ 14a’ cot(z) 2

2
— Za’ cot

acsc(z) +a 3\/acsc(z) +a 3a cot(z)y/acsc(z) +a
[In] Int[(a + a*Csc[X])*(5/2)’X]

[Out] -2*a~(5/2)*ArcTan[(Sqrt[a]*Cot[x])/Sqrt[a + a*Csc[x]]] - (14*a~3xCot[x])/(3
xSqrt[a + a*Csc[x]]) - (2*a~2xCot[x]*Sqrt[a + a*Csc[x]])/3

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 3859

Int[Sqrtlecscl(c_.) + (A_.)*(x_)1*(b_.) + (a_)], x_Symbol]l :> Dist[-2*(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + bxCsc[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0]

Rule 3860

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[a/(n - 1)
, Int[(a + b*Cscl[c + d*x])"(n - 2)*(a*x(n - 1) + b*(3*n - 4)*Cscl[c + d*x]),

x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && GtQ[n, 1] && Integ
erQ[2+*n]

Rule 3877

Int[cscl(e_.) + (f_.)*(x_)1*Sqrtlcscl(e_.) + (£_.)*(x )1*(_.) + (a )], x_S
ymbol] :> Simp[-2%bx(Cot[e + f*x]/(fxSqrtl[a + b*Cscle + f*x]1)), x] /; Free
Ql{a, b, e, f}, x] && EqQ[a~2 - b~2, 0]

Rule 4000

Int[Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)l*(cscl(e_.) + (f_.)*(x_)]1*(d_
.) + (c_)), x_Symbol] :> Dist[c, Int[Sqrt[a + bxCsc[e + fx*x]], x], x] + Dis
t[d, Int[Sqrt[a + b*Csc[e + f*x]]1*Cscle + f*x], x], x] /; FreeQ[{a, b, c, d
, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

2 1 3 7
integral = —§a2 cot(z)v/a + acsc(x) + §(2a) / v a+ acsc(x) (Ea +30 csc(x)) dz
1
= —§a2 cot(x)+/a + acsc(x)+a? / Vv a+ acsc(x) d:v-l-g (7a®) /csc(:c)\/ a+ acsc(z)dx

14a3 cot 2
=— a’cot(z) _ ~a®cot(z)/a + acsc(x)
3va+acsc(z) 3

- (2&3) Subst /%dm,m, M
at+z a + a csc(z)

14a3 2
= —2a°? arctan vacot(z) — a’cot(z) _ ~a® cot(z)\/a + acsc(z)
a + acsc(z) 3v/a+acsc(z) 3
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Mathematica [A] (verified)

Time = 2.23 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.23

/(a + acsc(z))?? de =
2a2\/a(1 + csc(z)) (3 arctan <\/—1 + csc(m)) + v/ —1+csc(z)(8 + csc(x))) (cos (%) —sin (%))
3v/—1+ esc(z) (cos (£) +sin (%))

[In] Integrate[(a + a*Csc[x])~(5/2),x]

[Out] (-2*a~2xSqrt[a*x(1 + Csc[x])]*(3*ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csclx
11%(8 + Csclx]))*(Cos[x/2] - Sin[x/2]))/(3*Sqrt[-1 + Csc[x]]1*(Cos[x/2] + Si
n[x/2]))

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 274 vs. 2(51) = 102.

Time = 0.88 (sec) , antiderivative size = 275, normalized size of antiderivative = 4.23

method | result

5

_ 2,9 i 2
csc(z) <a(csc(m)(1 cos@)”+2 QCOS(mHsm(m))) (1—cos(z)) (2 csc(x)e’(l—cos(x))3+3\/§(csc(x)—cot(x))% ln(—%

1—cos(z)

default

[In] int((ata*csc(x))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/12*csc(x)*(a/(1-cos(x))*(csc(x)*(1-cos(x))"2+2-2*cos(x)+sin(x)))~(5/2)/(c
sc(x)-cot (x)+1) 5% (1-cos(x))*(2*csc(x) "3*(1-cos(x)) ~3+3*2~(1/2)*(csc(x)-cot
(x))~(38/2)*1In(-(csc(x)—cot (x)+(csc(x)-cot (x))~(1/2)*2~(1/2)+1)/((csc(x)-cot

(%))~ (1/2)*27(1/2)-csc(x)+cot (x)-1) ) +12x2~(1/2) *(csc(x) -cot (x)) ~(3/2) *arcta
n((csc(x)-cot(x))~(1/2)*27(1/2)+1)+12*2"(1/2)*(csc(x)-cot (x)) ~(3/2)*arctan(
(csc(x)-cot(x))~(1/2)*27(1/2)-1)+3%2~(1/2) *(csc(x)—cot (x) ) ~(3/2) *1n(-((csc(
x)-cot(x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1)/(csc(x)-cot (x)+(csc(x)-cot(x))~ (1
/2)*%27(1/2)+1) ) +30*csc(x) "2* (1-cos(x)) "2-30*csc(x) +30*cot (x)-2) *2~(1/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(51) = 102.

Time = 0.27 (sec) , antiderivative size = 318, normalized size of antiderivative = 4.89
2a cos(z)2—2 (cos(z)2+(cos(z)+1) sin(z)

fe
3 (a?cos (z)* — a® — (a® cos (z) + a?) sin (7)) v/—alog ( -
+acsc(x))? dr= Yy

[In] integrate((ata*csc(x))~(5/2),x, algorithm="fricas")

[Out] [1/3%(3*(a"2*cos(x)”2 - a”2 - (a™2*cos(x) + a~2)*sin(x))*sqrt(-a)*log((2*ax
cos(x)"2 - 2*(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) +
a)/sin(x)) + a*cos(x) - (2*a*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)

) + 2% (8*a"2*xcos(x)"2 + a"2*cos(x) - 7*a”2 + (8*a"2*cos(x) + 7*a~2)*sin(x))

*sqrt ((a*sin(x) + a)/sin(x)))/(cos(x)"2 - (cos(x) + 1)*sin(x) - 1), 2/3%(3x
(a"2*cos(x)"2 - a”2 - (a"2xcos(x) + a~2)*sin(x))*sqrt(a)*arctan(-sqrt(a)*sq
rt((a*xsin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(axcos(x) + a*sin(x) + a))

+ (8*a"2xcos(x)"2 + a"2xcos(x) - 7*a"2 + (8*a~2xcos(x) + 7*a~2)*sin(x))*sqr
t((a*sin(x) + a)/sin(x)))/(cos(x)"2 - (cos(x) + 1)*sin(x) - 1)]

Sympy [F]
/(a + acsc(z))?? de = / (acsc(z) + a)g dz

[In] integrate((at+a*csc(x))**(5/2),x)
[Out] Integral((axcsc(x) + a)**(5/2), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 417 vs. 2(51) = 102.
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Time = 0.35 (sec) , antiderivative size = 417, normalized size of antiderivative = 6.42

+{%v@ﬁ<_ﬂﬂgii);+%v§g( sin () )3 2¢iﬁ<a§%§%i)§

cos (z) + cos(z)+1

1 sin ( sin (z)
+\/§<\/§arctan (5 \@(\/ﬁ+ )) +\/§arctan< \/_<\/_ 2 W)))a

924} sin ()

Njot

M

cos(z) + 1
693 /2a? sin(z) 4 1155 V243 sin(z)? L 1386 Va3 sin(z)? + 990 v/2a? sin(z)! |, 385243 sin(z)® 4 88 Va3 sin(z)°
cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 (cos(z)+1)* (cos(z)+1)® (cos(z)+1)°

/ sin(z)
1386 cos(z)+1

5 5 5 5 5 5
7/2a2 sin(z) + 105 v/2a2 sin(xz)? 210/2a2 sin(z)® _ 70v2a2 sin(z)* _ 21v2a2 sin(z)® _ 3v2a2 sin(z)®
cos(z)+1

(cos(z)+1)? (cos(z)+1)3 (cos(z)+1)* (cos(z)+1)° (cos(z)+1)°
5

sin(z) 2
42 (cos(x)+1 >

[In] integrate((ataxcsc(x))~(5/2),x, algorithm="maxima")

[Out] 1/22*sqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~(11/2) + 5/18xsqrt(2)*a~(5/2)*(s
in(x)/(cos(x) + 1))7(9/2) + 9/14*sqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~(7/2
) + 1/2xsqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~(5/2) - 2/3*sqrt(2)*a~(5/2)*(
sin(x)/(cos(x) + 1))~(3/2) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) +
2xsqrt (sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2%s
qrt(sin(x)/(cos(x) + 1)))))*a~(5/2) - 2*sqrt(2)*a~(5/2)*sqrt(sin(x)/(cos(x)
+ 1)) - 1/1386%(693*sqrt(2)*a~(5/2)*sin(x)/(cos(x) + 1) + 1155*sqrt(2)*a~(
5/2)*sin(x) "2/ (cos(x) + 1)72 + 1386+*sqrt(2)*a~(5/2)*sin(x)~3/(cos(x) + 1)7°3
+ 990*sqrt(2)*a~(5/2)*sin(x)~4/(cos(x) + 1)74 + 385*sqrt(2)*a~(5/2)*sin(x)
~5/(cos(x) + 1)°5 + 63*sqrt(2)*a”~(5/2)*sin(x)~6/(cos(x) + 1)76)/sqrt(sin(x)
/(cos(x) + 1)) - 1/42%(7*sqrt(2)*a”~(5/2)*sin(x)/(cos(x) + 1) + 105*sqrt(2)*
a~(5/2)*sin(x) "2/ (cos(x) + 1)72 - 210*sqrt(2)*a~(5/2)*sin(x)~3/(cos(x) + 1)
=3 - TO*sqrt(2)*a~(5/2)*sin(x)~4/(cos(x) + 1)74 - 21*sqrt(2)*a~(5/2)*sin(x)
~5/(cos(x) + 1)°5 - 3*sqrt(2)*a~(5/2)*sin(x)~6/(cos(x) + 1)76)/(sin(x)/(cos
(x) + 1))°(5/2)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 250 vs. 2(51) = 102.

Time = 0.46 (sec) , antiderivative size = 250, normalized size of antiderivative = 3.85

fi

+ acsc(z))? dr = <a2\/ la| + a|a|%) arctan

2 \/ﬁ\/ﬁ \/atan % )

+ <a2\/|a| + a|a|%) arctan | — (

(\/_\/H+2 atan (1 ))

lal

1 1
—|—§ < |lal —a|a|%>log (atan = +\/§w/atan \/|a +|a|)
1
~3 < la| — a|a|%> log (atan \/51 /atan \/ la| + |a|>
+1\/§ tan L T |a® tan 1 +154/atan x a®
6 “crm2” 2" 2

_ Vv2(15a*tan (1 z) + a*)

6 /atan (3 z)atan (}z)

[In] integrate((ata*csc(x))~(5/2),x, algorithm="giac")

[Out] (a~2*sqrt(abs(a)) + a*abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)
) + 2xsqrt(axtan(1/2*x)))/sqrt(abs(a))) + (a"2*sqrt(abs(a)) + axabs(a)~(3/2
))*arctan(-1/2*sqrt (2)*(sqrt (2) *sqrt(abs(a)) - 2xsqrt(a*xtan(1/2*x)))/sqrt(a
bs(a))) + 1/2x(a"2*sqrt(abs(a)) - a*abs(a)~(3/2))*log(a*xtan(1/2*x) + sqrt(2
)xsqrt (axtan(1/2*x))*sqrt(abs(a)) + abs(a)) - 1/2x(a"2*sqrt(abs(a)) - a*abs
(a)~(3/2))*log(a*xtan(1/2*x) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs

(a)) + 1/6%sqrt(2)*(sqrt(a*xtan(1/2*x))*a~2*tan(1/2*x) + 15xsqrt(a*xtan(1l/2*x
))*a~2) - 1/6*sqrt(2)*(15*%a~4xtan(1/2*x) + a~4)/(sqrt(a*tan(1/2*x))*a*xtan(1
/2%x))



Mupad [F(-1)]

Timed out.

/(a + acsc(z))?? de = / (a + sina(x))5/2 dz

[In] int((a + a/sin(x))~(5/2),x%)
[Out] int((a + a/sin(x))~(5/2), x)

102
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3.14 [(a+ acsc(x))*?dx

Optimal result . . . . . . . . . . e 103]
Rubi [A] (verified) . . . . . . ... . 103
Mathematica [A] (verified) . . . . . . . . . .. L 104
Maple [B] (warning: unable to verify) . . . . .. ... ... Lo L 105
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 105
Sympy [F] . . . 106
Maxima [B] (verification not implemented) . . . . . . ... ... ... L.
Giac [B] (verification not implemented) . . . . . . . . ... ... L. 107
Mupad [F(-1)] . . . o o 107

Optimal result

Integrand size = 10, antiderivative size = 44

/(a + acsc(z))®? de = —2a*? arctan ( Vacot(z) ) _ 2a? cot(z)

a + acsc(zx) a + acsc(z)

[Out] -2*a~(3/2)*arctan(cot(x)*a~(1/2)/(at+a*xcsc(x))~(1/2))-2*a"2*cot (x)/(a+a*csc(
x))~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4, number of rules _ 0.400, Rules used = {3860,
integrand size

21, 3859, 209}

/(a + acsc(x))?? dz = —2a%/? arctan ( va cot(z) ) __ 2d® cot(x)

acsc(z) +a acsc(z) +a

[In] Int[(a + a*Csc[x])~(3/2),x]

[Out] -2xa~(3/2)*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*Csc[x]]] - (2*xa~2+Cot[x])/Sqr
tla + axCsc[x]]

Rule 21

Int[(u_.)*((a_) + (b_)*(v_)) " (m_.)*((c_ ) + (d_.)*(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[u*(c + d*v)~(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - a*d, 0] && IntegerQ[m] && ( !IntegerQ[n] || SimplerQ[c + d*x,
a + bxx])
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Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_)], x_Symbol] :> Dist[-2*(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Cscl[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3860

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Distl[a/(n - 1)
, Int[(a + b*Csc[c + d*x])~(n - 2)*(a*x(n - 1) + b*x(3*n - 4)*Csc[c + d*x]),

x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 - b~2, 0] && GtQ[n, 1] && Integ
erQ[2#*n]

Rubi steps
2a? cot 5+ acsc x
integral = ¢ (w (2a) / (
a+acsc va+ acsc(x
2a? cot(z /
=—— Vva+ acsc(x)dx
va + acsc(zx)

___20%c0t(®) o0y subst( [ L da g, 200HE)
B Vv a+ acsc(x) (2 )Sbt</a+$2d” a+acsc(x)>

2
= —2ad*?arctan vacot(z) _ 207 cot(z)
v a+ acsc(x) a + acsc(x)

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.57

/(a + acsc(z))?? dr =
_2a<arctan <\/—1—|—T) +v/—1+csc a:)) va(l+ esc(z))(cos (£) —sin (%))

—1+csc(z) (cos () +sin (3))

[In] Integrate[(a + a*Csc[x])~(3/2),x]

[Out] (-2*ax(ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csc[x]])*Sqrt[a*x(1 + Csc[x])]x*
(Cos[x/2] - Sin[x/2]))/(Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2]))
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Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 244 vs. 2(36) = 72.

Time = 0.55 (sec) , antiderivative size = 245, normalized size of antiderivative = 5.57

method | result

3
a(csc(z)(l—cos(z))2+2—2 cos(z)+sin(z)) 2 csc(@)—cot (@) ++/cse(@) —cot(@) va+1
csc(x) < > (1—cos(z)) ( csc(z)—cot(z) V2 In (— e () ot /2 —cee(a) Foctla) -1 ) +44/2

1—cos(x)

default

[In] int((atax*csc(x))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/4*csc(x)*(a/(1-cos(x))*(csc(x)*(1-cos(x))"2+2-2xcos(x)+sin(x)))~(3/2)/(cs
c(x)-cot(x)+1)~3*(1-cos(x))*((csc(x)-cot(x))~(1/2)*2~(1/2)*1n(-(csc(x)-cot(
x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1) /((csc(x)-cot(x))~(1/2)*2"(1/2)-csc(x)+c
ot (x)-1))+4%2~(1/2)*(csc(x)-cot(x)) " (1/2)*arctan((csc(x)-cot (x))~(1/2)*2" (1
/2)+1)+4*x2~(1/2) *(csc(x)-cot (x)) ~(1/2) *arctan((csc(x)-cot (x))~(1/2)*2"(1/2)
- +(csc(x)-cot(x))~(1/2)*2~(1/2)*1n(-((csc(x)-cot (x)) ~(1/2)*2~(1/2) -csc(x)
+cot (x)-1)/(csc(x)-cot(x)+(csc(x)-cot(x))~(1/2) %2~ (1/2)+1))+4*csc(x)-4*cot (

x)-4)*27(1/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 90 vs. 2(36) = 72.

Time = 0.26 (sec) , antiderivative size = 212, normalized size of antiderivative = 4.82

e
asin(z)+a

) 2acos(m)2—2 cos(z)2+(cos(m)+1)sin(ac)—l v—a mnay taco
(acos (z) + asin (z) + a)v/—alog < ( cos(z;)+sin(z)+1 =
3/2 dr =
+acsc(z)) Z cos (z) +sin (z) + 1

[In] integrate((ata*csc(x))~(3/2),x, algorithm="fricas")

[Out] [((a*cos(x) + a*sin(x) + a)*sqrt(-a)*log((2*a*cos(x)~2 - 2*(cos(x)~2 + (cos
(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + axcos(x) - (2*a
*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2x(a*cos(x) - a*sin(x) +
a)*sqrt((axsin(x) + a)/sin(x)))/(cos(x) + sin(x) + 1), 2*((a*cos(x) + a*sin
(x) + a)*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - sin(
x) + 1)/(a*cos(x) + a*sin(x) + a)) - (a*cos(x) - a*sin(x) + a)*sqrt((a*sin(

x) + a)/sin(x)))/(cos(x) + sin(x) + 1)]
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Sympy [F]

/(a-l—acsc(x))?’/2 dz = /(acsc (z) +a)% dz

[In] integrate((at+a*csc(x))**(3/2),x)
[Out] Integral((a*csc(x) + a)**(3/2), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(36) = 72.

Time = 0.33 (sec) , antiderivative size = 200, normalized size of antiderivative = 4.55

e
+acse(z))*2dr =2 <\/§arctan (% \/§<\/§ +2 %)) 4 /2 arctan (_% \/§<\/§ _g cozi?x

5 3
1 s sin(z) 2 s sin(z) \2 3 sin ()
S5 (s 1 a2 RO ¥ (Nl 2R RIST) PSS Bk u?2
5\/_<a (cos(z)-l—l) Toa (cos(x)-l—l +1da cos(z) + 1
5\/5(1% sin(z) _ 15 \/ia% sin(x)? _ 5\/5(1% sin(x)? _ \/ia% sin(z)*
cos(z)+1 (cos(z)+1)? (cos(z)+1)3 (cos(z)+1)*

in(z) ) >
5 <c0s(x)+1)

[In] integrate((ataxcsc(x))~(3/2),x, algorithm="maxima")

[Out] sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))
) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))*a
~(3/2) - 1/5*%sqrt(2)*(a~(3/2)*(sin(x)/(cos(x) + 1))~(5/2) + 5*xa~(3/2)*(sin(
x)/(cos(x) + 1))~(3/2) + 10*a~(3/2)*sqrt(sin(x)/(cos(x) + 1))) - 1/5%(5*sqr
t(2)*a~(3/2)*sin(x)/(cos(x) + 1) - 15*sqrt(2)*a~(3/2)*sin(x)~2/(cos(x) + 1)

~2 - B¥sqrt(2)*a~(3/2)*sin(x)~3/(cos(x) + 1)73 - sqrt(2)*a~(3/2)*sin(x)~4/(
cos(x) + 1)74)/(sin(x)/(cos(x) + 1))~(3/2)

»
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(36) = 72.

Time = 0.42 (sec) , antiderivative size = 195, normalized size of antiderivative = 4.43

/(a—i—acsc 3/2dw—\/§1/atan a——
,/atan

\/§<\/_\/|7+2 ata,n(ia:)>

lal

+ (a/al +aff) arctan 2(@5 \/7>

(a\/H— |a|%> log (atan + \/51 /atan \/|7+ |a|>
- % (a\/m - |a|%> log (atan \/5\ /atan \/Wﬁ— |a|>

[In] integrate((ata*csc(x))~(3/2),x, algorithm="giac")

[Out] sqrt(2)*sqrt(a*xtan(1/2*x))*a - sqrt(2)*a~2/sqrt(axtan(1/2*x)) + (a*sqrt(abs
(a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*ta
n(1/2xx)))/sqrt(abs(a))) + (a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*sqrt
(2)*(sqrt(2)*sqrt(abs(a)) - 2xsqrt(axtan(1/2*x)))/sqrt(abs(a))) + 1/2x(a*sq
rt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)*sqrt(axtan(1/2*x))*sq
rt(abs(a)) + abs(a)) - 1/2x(a*sqrt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x)

- sqrt(2)*sqrt(a*tan(1/2+*x))*sqrt(abs(a)) + abs(a))

+ (a\/ la| + |a|%> arctan

N =

+

Mupad [F(-1)]

Timed out.

/(a—i—acsc(aw:))3/2 dx = / (a—i— Sma( ))3/2 dz

[In] int((a + a/sin(x))~(3/2),x)
[Out] int((a + a/sin(x))~(3/2), x)
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3.15 [ va+acsc(z)dx

Optimal result . . . . . . . . . . . . e T08]
Rubi [A] (verified) . . . . . . . . . . 108
Mathematica [A] (verified) . . . . . . . . . .. . 109
Maple [B] (verified) . . . . . . . . . 1091
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ........ 1100
Sympy [F] . . o 1101
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... 110
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... 117
Mupad [F(-1)] . . . . o 111

Optimal result

Integrand size = 10, antiderivative size = 26

/ va+ acsc(z) dr = —2+/aarctan <M>

a + acsc(x)

[Out] -2*arctan(cot(x)*a~(1/2)/(a+a*xcsc(x))~(1/2))*a~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 954 Ryjles used = {3859,
integrand size
209}

acsc(z) +a

/ v a+ acsc(z) dr = —2+4/aarctan <M>

[In] Int[Sqrtla + a*Csc[x]],x]
[Out] -2#Sqrt[al*ArcTan[(Sqrt[a]*Cot[x])/Sqrt[a + a*Csc[x]]]
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_)], x_Symbol] :> Dist[-2*(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Csc[c + d*x]])],
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x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rubi steps

integral = — | (2a)Subst / ;2 dz, z, __aco(z)
a+z a + acsc(z)

Vacot(z) >

a + acsc(z)

= —2+v/aarctan (

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.23

2a arctan < -1+ csc(a:)) cot(z)

va+acsc(x)dr = —
/ " (@) v/ —1+ csc(z)+/a(l + csc(z))

[In] Integrate[Sqrt[a + a*Csc[x]],x]
[Out] (-2*a*ArcTan[Sqrt[-1 + Csc[x]]]*Cot[x])/(Sqrt[-1 + Csc[x]]*Sqrt[a*x(1 + Csc[

xDD)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 165 vs. 2(20) = 40.

Time = 1.06 (sec) , antiderivative size = 166, normalized size of antiderivative = 6.38

method | result
. x)— x \/ x)— x

V2 \/a(csc(z)+1) sin(z)/csc(z)—cot(z) (ln ( _cscis():(;)o_tgoz;;) \C/sgj_c)sc(io)ticlﬁ;:l ) +4 arctan < v/ csc(x)—cot(zx) \/§+1> +4 arctan

2—2 cos(z)+2sin(z)

default

[In] int((atax*csc(x))~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/2*27(1/2)*(a*(csc(x)+1))~(1/2)*sin(x)*(csc(x)-cot(x))~(1/2)*(1n((csc(x)-c
ot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1)/ (-(csc(x)-cot (x))~(1/2)*2~(1/2) +csc(
x)-cot(x)+1))+4*arctan((csc(x)-cot(x))~(1/2)*2"(1/2)+1)+4*arctan((csc(x)-co
t(x))~(1/2)*27(1/2)-1)+1n((-(csc(x)-cot (x))~(1/2)*2~(1/2) +csc(x)-cot (x)+1)/
(csc(x)-cot(x)+(csc(x)-cot(x))~(1/2)*2°(1/2)+1)))/(1-cos(x)+sin(x))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 44 vs. 2(20) =

Time = 0.26 (sec) , antiderivative size = 120, normalized size of antiderivative = 4.62

/ Va+ acsc(x)dx
asin(z)+a

(Qacos (z)® — 2 (cos (z)? + (cos (z) + 1) sin (z) — 1)y/—ay /22 S +acos(z) — (2acos(z)-

cos (z) +sin(z) +1

= [\/—_a log

[In] integrate((a+a*csc(x))~(1/2),x, algorithm="fricas")

[Out] [sqrt(-a)*log((2*a*cos(x)~2 - 2*(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-
a)*sqrt((axsin(x) + a)/sin(x)) + a*cos(x) - (2*a*cos(x) + a)*sin(x) - a)/(c
os(x) + sin(x) + 1)), 2*xsqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))
*x(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a))l

Sympy [F]

/de=/¢mdx

[In] integrate((at+a*csc(x))**(1/2),x)

[Out] Integral(sqrt(a*csc(x) + a), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 148 vs. 2(20) = 40.

Time = 0.32 (sec) , antiderivative size = 148, normalized size of antiderivative = 5.69

e T aoo(a) do n(z) \:
/ a+ acsc(z)dx = ——\/_\/_<COS( )+1)
+\/§<\/§arctan< \/_<\/_+2 %))4—\5&1@%(—%\/@(\&—2 %)))\/&

( 3+/2/asin(z) V2+/asin(z)? )
cos(z)+1 (cos(x)—l—l)z

cos (@) +1 3/ otk

[In] integrate((a+a*csc(x))~(1/2),x, algorithm="maxima")



111

[Out] -2/3*sqrt(2)*sqrt(a)*(sin(x)/(cos(x) + 1))~(3/2) + sqrt(2)*(sqrt(2)*arctan(
1/2*sqrt (2) *(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2%

sqrt (2)*(sqrt(2) - 2*xsqrt(sin(x)/(cos(x) + 1)))))*sqrt(a) - 2xsqrt(2)*sqrt(
a)*sqrt(sin(x)/(cos(x) + 1)) + 2/3%(3*sqrt(2)*sqrt(a)*sin(x)/(cos(x) + 1) +

sqrt (2) *sqrt(a)*sin(x) "2/ (cos(x) + 1)72)/sqrt(sin(x)/(cos(x) + 1))

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 353 vs. 2(20) = 40.

Time = 0.48 (sec) , antiderivative size = 353, normalized size of antiderivative = 13.58

2 \/§(a |a|sgn<tan (3 x)3 + tan (3 :v)2 +tan (3 z) + 1) + |a|%sgn<tan (3 :v)3 + tan (3 x)2 + ta

4 a

[In] integrate((ata*csc(x))~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(2*sqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2%x)"2 + ta
n(1/2xx) + 1) + abs(a)~(3/2)*sgn(tan(1/2%x)~3 + tan(1/2*x)~2 + tan(1/2*x) +
1))*arctan(1/2*sqrt(2) *(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*xtan(1/2*x)))/sqrt(
abs(a)))/a + 2*sqrt(2)*(axsqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + ta
n(1/2*x) + 1) + abs(a)~(3/2)*sgn(tan(1/2*x)~3 + tan(1/2%x)"2 + tan(1/2*x) +
1) )*arctan(-1/2*sqrt (2) *(sqrt (2) *sqrt(abs(a)) - 2*sqrt(axtan(1/2*x)))/sqrt
(abs(a)))/a + sqrt(2)*(axsqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan
(1/2%x) + 1) - abs(a)~(3/2)*sgn(tan(1/2%x)"3 + tan(1/2*x)"2 + tan(1/2*x) +
1)) *log(a*tan(1/2*x) + sqrt(2)+*sqrt(a*tan(1/2+*x))*sqrt(abs(a)) + abs(a))/a
- sqrt(2)*(a*xsqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)~2 + tan(1/2*x) + 1)
- abs(a)~(3/2)*sgn(tan(1/2*x) "3 + tan(1/2*x)~2 + tan(1/2*x) + 1))*log(axta
n(1/2*x) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a))/a)*sgn(sin(x))

Mupad [F(-1)]

Timed out.

/\/mdxz/JaJrsma(z) dz

[In] int((a + a/sin(x))~(1/2),x%)
[Out] int((a + a/sin(x))~(1/2), x)
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3.16 [———dz

a+a csc(x)
Optimal result . . . . . . . . . . . e 112
Rubi [A] (verified) . . . . . . . .. 112
Mathematica [A] (verified) . . . . . . . . . ... 113
Maple [B] (verified) . . . . . . . . . 114
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... 114
Sympy [F] . . o o 115
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. I
Giac [B] (verification not implemented) . . . . . . . . . ... ... .. ... 115
Mupad [F(-1)] . . . 116

Optimal result

Integrand size = 10, antiderivative size = 62

Va cot(z) ) (M)

| Ve Va Va

[Out] -2*arctan(cot(x)*a~(1/2)/(at+a*csc(x))~(1/2))/a~(1/2)+arctan(1/2*xcot(x)*a”~ (1
/2)*2~(1/2)/ (ata*xcsc(x))~(1/2))*27(1/2) /a~(1/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ 0.400, Rules used = {3861,

' integrand size
3859, 209, 3880}

__Vaoot(z) —Yacot(z)
V2 arctan ( 7 W) 2 arctan < \/W>

| 7" Va - Va

[In] Int[1/Sqrtla + a*Csc[x]],x]

[Out] (-2xArcTan[(Sqrt[a]*Cot[x])/Sqrt[a + a*Csc[x]]]1)/Sqrtla]l + (Sqrt[2]*ArcTan[
(Sqrt[al*Cot [x])/(Sqrt [2]*#Sqrt[a + a*Csc[x]])])/Sqrt([al

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)
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Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Cscl[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3861

Int[1/Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Dist[1/a, In
t[Sqrtla + b*Csclc + d*x]], x], x] - Dist[b/a, Int[Csc[c + d*x]/Sqrtl[a + bx*
Csclc + d*x]11, x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rule 3880

Int[csc[(e_.) + (f_.)*(x_)]1/Sqrtlcscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x"2), x], x, b*(Cot[e + f*x]/Sqrt[a
+ b*Cscle + f*x]]1)]1, x] /; FreeQ[{a, b, e, f}, x] & EqQ[a~2 - b2, 0]

Rubi steps

JVa+acsc(r)dz csc(z) i
a \Va+ acse(x)

——( 2Subst / L, 20 ) ) gt / L g, o@)
at+z a + acsc(z) 20+ 7 4+ acsc(z)

Va cot(z) ) < M)

Va Va

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.87

integral =

/ 1 o <—2 arctan ( -1+ csc(x)) + v/2arctan (@)) cot(x)
va + acsc(x) v v/ —1+ cse(z)+/a(l + csc(z))

[In] Integrate[1/Sqrtl[a + a*Csc[x]],x]

[Out] ((-2*ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt[2]])
*Cot [x])/(Sqrt[-1 + Csc[x]]1*Sqrt[a*x(1 + Csc[x])])
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 184 vs. 2(47) = 94.

Time = 0.53 (sec) , antiderivative size = 185, normalized size of antiderivative = 2.98

method | result

_ /ose(@)—cot(a)
(ﬁ In ( fi;i:z(:)‘fi:z;;) \C/ngz)sc(:;tiﬂzlgg;il ) +4+/2 arctan(\ /csc(z)—cot(zx) \/5—1—1) +4+/2 arctan(\ /csc(z)—cot(z) \/5—1) +v/2 In

default 4\/a(csc(z)+1) \/cse(z)—cot(z)

[In] int(1/(atax*csc(x))~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/4*x(27(1/2)*1n((csc(x)-cot(x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1)/(-(csc(x)-c
ot(x))~(1/2)*2~(1/2)+csc(x)-cot (x)+1))+4*x2~ (1/2) *arctan((csc(x)-cot (x))~(1/
2)%27(1/2)+1)+4x2~(1/2) *arctan((csc(x)-cot (x)) ~(1/2)*2-(1/2)-1)+2"(1/2) *1n(
(-(esc(x)-cot (%))~ (1/2)*2~(1/2)+csc(x)-cot (x)+1) /(csc(x)-cot (x)+(csc(x)-cot
(x))~(1/2)*27(1/2)+1))-8*arctan((csc(x)-cot(x))~(1/2)))/(a*x(csc(x)+1))~(1/2

)/ (csc(x)-cot(x))~(1/2)*(csc(x)-cot(x)+1)

Fricas [A] (verification not implemented)

nomne

Time = 0.26 (sec) , antiderivative size = 219, normalized size of antiderivative = 3.53

1
| o
Vv a+ acsc(x)
\/éa,\/—»é log (ﬂ, / %&?;‘_GW /-1 sin(a:)+cos(a:)> _ \/—_a log <2 acos(x)?+2 (cos(m)2+(cos(m)+l) sin(z)—l) V—a assl?n((”;);'a

sin(z)+1 cos(z)+sin(z)+1
B a
V2, /2L sin(a) Vay ) LEEE (cos(z) —sin(2)+1)
2 (\/5\/& arctan (ﬁ(cos(z)+sin(z)+1) - \/aarCtan - acos(z)+asin(z)+a

a

[In] integrate(1/(at+a*csc(x))~(1/2),x, algorithm="fricas")

[Out] [(sqrt(2)*a*sqrt(-1/a)*log((sqrt(2)*sqrt((a*sin(x) + a)/sin(x))*sqrt(-1/a)*

sin(x) + cos(x))/(sin(x) + 1)) - sqrt(-a)*log((2*a*cos(x)~2 + 2*(cos(x)"2 +
(cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + a*cos(x) -
(2xa*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)))/a, -2*(sqrt(2)*sqrt(a

)*arctan(sqrt(2)*sqrt ((a*xsin(x) + a)/sin(x))*sin(x)/(sqrt(a)*(cos(x) + sin(

x) + 1))) - sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - s

in(x) + 1)/(axcos(x) + a*sin(x) + a)))/al
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Sympy [F]

[In] integrate(1/(at+a*csc(x))**(1/2),x)
[Out] Integral(1l/sqrt(axcsc(x) + a), x)

Maxima [A] (verification not implemented)

none
Time = 0.33 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.34

1
/ S S
va + acsc(zx)
ﬁ(ﬁarctan (% \/5(\/5 +2 Cj;?;&)) + v/2arctan (—% \/5(\/5 -2 Cf;?,ﬁfil)»
N va
- 2+/2arctan ( COSSI?SJ)FJ
Vva

[In] integrate(1/(at+a*csc(x))~(1/2),x, algorithm="maxima")

[Out] sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))
) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))/s
grt(a) - 2*sqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/sqrt(a)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(47) = 94.

Time = 0.43 (sec) , antiderivative size = 205, normalized size of antiderivative = 3.31

ﬁ(\/ﬁ\ﬂ

1
———dz =
/ Va+acso@)
\/§<\/§\/H+2 ﬂtan(%m))> 2(a\/m+|a|g)amtan<_

W 2 <a\/ |a|+|a|%) arctan( W
atan 2 x
4+/2+/a arctan ( 7 ) - - - -

[In] integrate(1/(at+a*csc(x))~(1/2),x, algorithm="giac")
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[Out] -1/2%(4xsqrt(2)*sqrt(a)*arctan(sqrt(a*xtan(1/2*x))/sqrt(a)) - 2*x(a*sqrt(abs(
a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2xsqrt(a*tan
(1/2%x)))/sqrt(abs(a)))/a - 2x(axsqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*s

qrt (2) *(sqrt(2) *sqrt(abs(a)) - 2*sqrt(a*tan(1/2*x)))/sqrt(abs(a)))/a - (axs
grt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)+*sqrt(axtan(1/2*x))x*s
qrt(abs(a)) + abs(a))/a + (axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x)

- sqrt(2)*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a))/a)/a

Mupad [F(-1)]

Timed out.

/;dx_/;dx
va+ acsc(x) fa+ &t

[In] int(1/(a + a/sin(x))~(1/2),x%)
[Out] int(1/(a + a/sin(x))~(1/2), x)
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3.17 | : 1 dx

a+a csc(z))3/2
Optimal result . . . . . . . . . . e 117
Rubi [A] (verified) . . . . . . . . . . 117
Mathematica [A] (verified) . . . . . . .. ... L o 119
Maple [B] (warning: unable to verify) . . . . . . ... ... L Lo oL 119
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 120
Sympy [F] . . o 120
Maxima [B] (verification not implemented) . . . . . . . . ... ... ... L. 121
Giac [B] (verification not implemented) . . . . . . . . .. ... ... 121
Mupad [F(-1)] . . . o o 122

Optimal result

Integrand size = 10, antiderivative size = 81

1 2 arctan (\/@C—L@g))
d - _ a-a Cscl(T
/ (a + acsc(z))3/? v a’/?
va cot(z)
N o arctan <—ﬁ v (x)> cot(z)
2+/2a3/2 2(a + acsc(z))3/?

[Out] -2*arctan(cot(x)*a~(1/2)/(at+axcsc(x))~(1/2))/a~(3/2)+1/2xcot(x)/(a+a*xcsc(x)
)~ (3/2)+5/4*arctan(1/2*cot (x)*a~(1/2)*2~(1/2) /(at+a*csc(x))~(1/2))/a~(3/2)*2
~(1/2)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 500 Ryles used = {3862,

’ integrand size
4005, 3859, 209, 3880}

2 arctan (M>

/ 1 de — — vacsc(z)+a
(a + acsc(z))3/? a’/2
va cot(z)
+ darctan (x/ix/a csc(z)—i—a) cot(w)
24/2a3/2 2(acsc(z) + a)3/?

[In] Int[(a + a*Csc[x])~(-3/2),x]

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + axCsc[x]]1])/a~(3/2) + (5xArcTan[(Sqrt[
al*Cot [x])/(Sqrt[2]*Sqrt[a + a*xCsc[x]])])/(2*Sqrt[2]*a~(3/2)) + Cot[x]/(2*(
a + axCsc[x])~(3/2))
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Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0I)

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Cscl[c + d*x]]1)],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - "2, 0]

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + bxCscl[c + d*x])"n/(d*x(2*n + 1))), x] + Dist[1/(a"2*(2*n + 1))
, Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && LeQ[n, -1] && Inte
gerQ[2*n]

Rule 3880

Int[csc[(e_.) + (f_.)*(x_)1/Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x~2), x], x, b*(Cot[e + f*x]/Sqrtla
+ b*Cscle + £*x]1)]1, x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0]

Rule 4005

Int[(cscl(e_.) + (£_.)*(x_)]*(d_.) + (c_))/Sqrtlcscl(e_.) + (£_.)*(x_)]*(b_
.) + (a_)], x_Symbol] :> Dist[c/a, Int[Sqrt[a + b*Csc[e + f*x]], x], x] - D
ist[(b*c - a*d)/a, Int[Cscle + f*x]/Sqrtl[a + b*Cscle + f*x]], x], x] /; Fre
eQl{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps
—2a+1acsc(x)
intesral — COt(CE) f a—i—r‘;csc(z)
gral = 2(a + acsc(x))3/? 2a2
csc(z)
B cot(x) N [ Va+acsc(z)dzx 5/ \/mdm
~ 2(a+ acsc(x))3/? a? 4a
1 a cot(z) 1 a cot(x)
_ cot(z) ~ 2Subst ( | e dz, T, 2 csc(x)> .\ 5Subst ( | a2 dz, 2, —Fracsc(x))
2(a + acsc(x))3/? a 2a
v/a cot(x) v/a cot(z)
_2arctan (—Fra — (x)) N 5 arctan (—\/5 Fracsc(x)) cot(x)
a®/? 2v/2a3/2 2(a + acsc(x))3/2
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Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.59

dr =

1
/ (a+acsc(z))32
(cos (%) —sin (%)) (2 — 2csc(z) + 8arctan (\/—1 + csc(x)) v/—1+ csc(z)(1 + csc(x)) — 5v/2 arctan (

4a(—1+ csc(z))+/a(1l 4 csc(x)) (cos (%) + sin (%)

[In] Integratel[(a + a*Csc[x])~(-3/2),x]

[Out] -1/4%((Cos[x/2] - Sin[x/2])*(2 - 2xCsc[x] + 8*ArcTan[Sqrt[-1 + Csc[x]]]*Sqr
t[-1 + Csc[x]]*(1 + Csc[x]) - 5*Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt([2]]1*S
qrt[-1 + Csc[x]]*Csc[x]*(Cos[x/2] + Sin[x/2])~2))/(ax(-1 + Csc[x])*Sqrt[a*(

1 + Csclx])]*(Cos[x/2] + Sin[x/2]))

Maple [B]| (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 641 vs. 2(60) = 120.

Time = 0.54 (sec) , antiderivative size = 642, normalized size of antiderivative = 7.93

method | result size
default | Expression too large to display | 642

[In] int(1/(at+a*csc(x))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/4/(a/(1-cos(x))*(csc(x)*(1-cos(x))~2+2-2*cos(x)+sin(x)))~(3/2)*(csc(x)-co
t(x)+1)*(csc(x)"2%27(1/2) *1In(-(csc(x) -cot (x)+(csc(x)-cot(x)) " (1/2)*2"(1/2)+
1)/ ((csc(x)-cot (x))~(1/2)*27(1/2)-csc(x)+cot (x)-1) ) *(1-cos(x)) "2+4*csc(x) "2
*27(1/2) *arctan((csc(x)-cot (x))~(1/2)*2"(1/2)+1)*(1-cos(x) ) "2+4*csc(x) ~2%2~
(1/2)*arctan((csc(x)-cot(x))~(1/2)*27(1/2)-1)*(1-cos(x) ) "2+csc(x) ~2*%27(1/2)
*1n(-((csc(x)-cot(x))~(1/2)*2~(1/2)-csc(x)+cot(x)-1)/(csc(x)-cot (x)+(csc(x)
-cot(x))~(1/2)*27(1/2)+1) )*(1-cos(x) ) ~2+2*x2~(1/2) *1n(-(csc(x) -cot (x)+(csc(x
)-cot(x))~(1/2)*2"(1/2)+1)/((csc(x)-cot (x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1))
*(csc(x)-cot(x))+8*2~(1/2)*arctan((csc(x)-cot(x))~(1/2)*2~(1/2)+1)*(csc(x) -
cot (x))+8%2~(1/2)*arctan((csc(x)-cot (x))~(1/2)*27(1/2)-1)*(csc(x)-cot (x))+2
*27(1/2)*1n(-((csc(x)-cot (x))~(1/2)*2"(1/2) -csc(x) +cot (x)-1) / (csc(x) -cot (x)
+(csc(x)-cot(x))~(1/2)*27(1/2)+1) ) *(csc(x)-cot (x))-10*csc(x) "2*arctan((csc(
x)-cot(x))~(1/2))*(1-cos(x))"2-2x(csc(x)-cot(x))~(3/2)+2"(1/2)*1n(-(csc(x) -
cot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1)/((csc(x)-cot (x))~(1/2)*2~(1/2)-csc(
x)+cot(x)-1))+4x2~(1/2) *arctan((csc(x)-cot (x))~(1/2)*2~(1/2)+1)+4*x2~(1/2) *a
rctan((csc(x)-cot(x))~(1/2)*27(1/2)-1)+2"(1/2) *1n(-((csc(x)-cot (x)) ~(1/2)*2
~(1/2)-csc(x)+cot(x)-1)/(csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1))-20
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*arctan((csc(x)-cot(x))~(1/2))*(csc(x)-cot(x))-10*arctan((csc(x)-cot(x))~(1
/2))+2x(csc(x)-cot(x))~(1/2))/(csc(x)-cot(x))~(3/2)*27(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(60) = 120.

Time = 0.28 (sec) , antiderivative size = 427, normalized size of antiderivative = 5.27

—a asi‘n(:c)-ﬁ-a S
. 5v/2(cos (z)? — (cos (x) + 2) sin (z) — cos (z) — 2)/—alog (—ﬂ\ﬁv ST
do= |-
/ (a + acsc(z))3/? v

[In] integrate(1/(a+ta*csc(x))~(3/2),x, algorithm="fricas")

[Out] [-1/4*(5*sqrt(2)*(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log
(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x))*sin(x) - axcos(x))/(sin(x)
+ 1)) + 4*x(cos(x)”2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log((2*a*c
0s(x)"2 + 2*(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) +
a)/sin(x)) + a*cos(x) - (2*axcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1))
+ 2% (cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x)))/(a"2
*xcos(x)"2 - a”2*cos(x) - 2*a"2 - (a”2xcos(x) + 2*a~2)*sin(x)), 1/2*(5xsqrt(
2)*(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(sqrt(2)*sqr
t(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(a*cos(x) + a*sin(x) + a)) +
4x(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(-sqrt(a)*sqr
t((a*sin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)) -
(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x)))/(a"2*cos
(x)72 - a™2%cos(x) - 2*a”2 - (a”2*cos(x) + 2*a~2)*sin(x))]

Sympy [F]

N[w

/ (a+ acic(x))3/2 d = / (@oc (11;) T dx

[In] integrate(1/(at+a*csc(x))**(3/2),x)
[Out] Integral((a*csc(x) + a)**(-3/2), x)
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 150 vs. 2(60) = 120.

Time = 0.33 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.85

3
sin(z) 2 _sin(z)
\/§<cos(z)+1> \/_ cos(z)+1

| e
T =—
(a +a CSC(CL'))S/Q 9 CL + 2a2 sin(z) a% sin(z)?
cos(z)+1 (cos(z)+1)2

\/§<\/§ arctan ( \/_(\/_ +2 C:S‘?gﬁ)z}rl)) + V2 arctan (—% \/ﬁ(\/ﬁ -2 —;;?i;”il)))

+ 3

a?
~ 54/2arctan ( C:Sl?é;)Ll)

3
2a2

[In] integrate(1/(at+a*csc(x))~(3/2),x, algorithm="maxima")

[Out] -1/2*(sqrt(2)*(sin(x)/(cos(x) + 1))7(3/2) - sqrt(2)*sqrt(sin(x)/(cos(x) + 1
)))/(@~(3/2) + 2*¥a~(3/2)*sin(x)/(cos(x) + 1) + a~(3/2)*sin(x)~2/(cos(x) + 1

)72) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x)

+ 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2xsqrt(sin(x)/(cos(x) + 1
)))))/a~(3/2) - 5/2xsqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/a~(3/2)

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(60) = 120.

Time = 0.36 (sec) , antiderivative size = 243, normalized size of antiderivative = 3.00

1 5+/2arctan (at%(zm))
dz = —
/ (a + acsc(x))3/2 v 2a3

(av/Tal + laf* ) arctan (WVW +2ngatan<éw>>>
+

(13
(ol +|a|3)arctan( Al ] )

( |%>log (atan ) ++v2,/atan (1 z \/|7+|a|>
3

2a

( |a|%> log (atan —+/24/atan (1 z)\/|a] + |a|>
243
<\/atan z)atan (3 z) a,/atan (3 a:)a)

2 (atan (3 z) + a)za
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[In] integrate(1/(at+a*csc(x))~(3/2),x, algorithm="giac")

[Out] -5/2*sqrt(2)*arctan(sqrt(a*tan(1/2*x))/sqrt(a))/a~(3/2) + (a*sqrt(abs(a)) +
abs(a)~(3/2))*arctan(1/2*sqrt(2) *(sqrt(2) *sqrt(abs(a)) + 2*sqrt(axtan(1/2#
x)))/sqrt(abs(a)))/a~3 + (a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*sqrt(2
)*(sqrt(2)*sqrt(abs(a)) - 2xsqrt(a*tan(1/2#x)))/sqrt(abs(a)))/a"3 + 1/2*(ax
sqrt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)*sqrt(a*xtan(1/2*x))x*
sqrt(abs(a)) + abs(a))/a"3 - 1/2x(a*sqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(
1/2%x) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a))/a~3 - 1/2xsqrt(2
)*(sqrt(axtan(1/2*x))*a*tan(1/2*x) - sqrt(axtan(1l/2+*x))*a)/((a*xtan(1/2*x) +
a) "2%*a)

Mupad [F(-1)]

Timed out.

/(a+acic(x))3/2 d$=/< 1a >3/2 dx

[In] int(1/(a + a/sin(x))~(3/2),x)
[Out] int(1/(a + a/sin(x))~(3/2), x)
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3.18 I . dx

a+a csc(z))5/2
Optimal result . . . . . . . . . . . e 123
Rubi [A] (verified) . . . . . . . . . . 123]
Mathematica [A] (verified) . . . . . . .. ... L o 125
Maple [B] (warning: unable to verify) . . . . . . ... ... L Lo oL 125]
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 126
Sympy [F] . . o o 127
Maxima [F] . . . . . . 127
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 128
Mupad [F(-1)] . . . o o 129

Optimal result

Integrand size = 10, antiderivative size = 100

2 arctan (M>

/ 1 dz — — Va+acse(a)
(a + acsc(z))5/? a’/?
va cot(z)
+ 43arctan (ﬁ\/a+a csc(x)) 4 cot (CL') 11 cot (.’IJ)
164/2a5/2 4(a + acsc(z))®? * 16a(a + acsc(x))3/?

[Out] -2*arctan(cot(x)*a~(1/2)/(at+axcsc(x))~(1/2))/a~(5/2)+1/4xcot(x)/(at+a*xcsc(x)
)~ (5/2)+11/16%*cot (x)/a/(a+a*csc(x))~(3/2)+43/32*arctan(1/2*cot (x)*a~ (1/2) *2
~(1/2)/(ata*csc(x))~(1/2))/a~(5/2)*2~(1/2)

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00,
_ _ » number of rules _

number of steps used = 7, number of rules used = 6, integrand size 0.600, Rules used

= {3862, 4007, 4005, 3859, 209, 3880}

1 2 arctan (\/L%)
d — a Ccsc(x a
/ (a + acsc(z))5/? 7 a5/2
va cot(zx)
I 43 arctan (ﬁ\/cm > 11 cot(x) cot(x)
164/2a5/2 16a(acsc(z) +a)®? ' 4(acsc(x) + a)>/2

[In] Int[(a + a*Csc[x])~(-5/2),x]

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*Csc[x]]1])/a~(5/2) + (43*ArcTan[(Sqrt
[a]l*Cot [x])/(Sqrt [2]*Sqrt[a + a*Csc[x]])])/(16*Sqrt[2]*a~(5/2)) + Cot[x]/(4
x(a + axCsc[x])~(5/2)) + (11*Cot[x])/(16*a*x(a + a*Csc[x])~(3/2))
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Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 0]1)

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Cscl[c + d*x]]1)],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c

+ dxx])*((a + b*Csc[c + d*x])™n/(d*(2*n + 1))), x] + Dist[1/(a"2%(2*n + 1))
, Int[(a + bxCscl[c + d*x])~(n + 1)*(ax(2*%n + 1) - bx(n + 1)*Csc[c + d*x]),

x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0] && LeQ[n, -1] && Inte
gerQ[2xn]

Rule 3880

Int[cscl[(e_.) + (£f_.)*(x_)]/Sqrtlcscl(e_.) + (£_.)*(x_)I*(b_.) + (a )], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x~2), x], x, b*x(Cot[e + f*x]/Sqrtl[a
+ bxCscle + f*xx]1)], x] /; FreeQ[{a, b, e, £}, x] && EqQ[a"2 - b~2, 0]

Rule 4005

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/Sqgrtlcscl(e_.) + (£f_.)*(x_)]1*(b_
.) + (a_)], x_Symbol] :> Dist[c/a, Int[Sqrt[a + b*Csc[e + f*x]], x], x] - D
ist[(b*c - a*d)/a, Int([Cscle + f*x]/Sqrtl[a + b*Cscle + f*x]], x], x] /; Fre
eQl{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &% EqQ[a"2 - b~2, 0]

Rule 4007

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (m_)*(cscl(e_.) + (£f_.)*(x_)]*(d
_.) + (c))), x_Symbol] :> Simp[(-(b*c - a*d))*Cot[e + f*x]*((a + bxCscle +
f*x]) "m/(bxfx(2*xm + 1))), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscle + f
*x])~(m + 1)*Simp[a*c*(2xm + 1) - (b*c - a*d)*(m + 1)*Cscle + f*x], x], x],
x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && E
qQ[a"2 - b~2, 0] &% IntegerQ[2*m]

Rubi steps

—4a+32 sacsc(z)
COt(.’E) f (a+acsc (atacsc(xz))3/2 dx

int | =
Hesra 4(a+ acsc(x))®/? 4a?
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f 8a’— % a? csc(x)

B cot(z) 11 cot(z) Vatacsce(z)
~ 4(a+acsc(z))52 ' 16a(a + acsc(x))3/2 8at
csc(zx)
cot(x) 11 cot(z) +f Vva+ acsc(z) dx_43f Tatacdm %
~ 4(a+acsc(z))5/2 " 16a(a + acsc(x))3/2 a? 32a?
cot(z) 11 cot(z)

" 4(a+acsc(z))2 ' 16a(a+ acsc(z))3/?

1 a cot(x) 1 _acot(z)
- 2Subst (f otz 4z, 7, —\/m> N 43Subst (f ata? 4T, T, W)

a2 1642
2arctan (YE0s) | sarcten (5725000
= ab/2 164/2a5/2
cot(x) 11 cot(z)

4(a+ acsc(z))®?  16a(a + acsc(z))3/?

Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.39

csc?(z) (cos (£) +sin (£)) (7 + 15 cos(2z) — 64 arctan (\/—1 + csc(x)) V-1+

de —
’ 32(a(l+

/ (a+ acic(m))w2

[In] Integrate[(a + a*Csc[x])~(-5/2),x]

[Out] (Csc[x]~2*(Cos([x/2] + Sin[x/2])*(7 + 15*Cos[2*x] - 64*ArcTan[Sqrt[-1 + Csc[
x]]1*Sqrt[-1 + Csc[x]]1*(Cos[x/2] + Sin[x/2])"4 + 43*Sqrt[2]*ArcTan[Sqrt[-1

+ Csc[x]]/Sqrt[2]]1*Sqrt[-1 + Csc[x]]1*(Cos[x/2] + Sin[x/2])"4 + 8%Sin[x]))/(

32+ (ax(1 + Csc[x]))~(56/2)*(Cos[x/2] - Sin[x/2]))

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 1103 vs. 2(75) = 150.

Time = 0.59 (sec) , antiderivative size = 1104, normalized size of antiderivative = 11.04

method | result size
default | Expression too large to display | 1104

[In] int(1/(ata*csc(x))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/16/(a/(1-cos(x))*(csc(x)*(1-cos(x)) "2+2-2xcos(x)+sin(x)))~(5/2)*(csc(x)-c
ot (x)+1)*(16*x2~(1/2)*1n(-(csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1) / ((
csc(x)-cot(x))~(1/2)*2~(1/2)-csc(x)+cot (x)-1) ) *(csc(x)—-cot (x))+64*2~(1/2) *a
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rctan((csc(x)-cot (x))~(1/2)*27(1/2)+1)*(csc(x)-cot (x))+64%2~(1/2) *arctan((c
sc(x)-cot (x))~(1/2)*2~(1/2)-1)*(csc(x)-cot (x))-258*csc(x) "2*arctan((csc(x)-
cot(x))~(1/2))*(1-cos(x)) ~2+19* (csc(x)-cot (x))~(3/2)-11x(csc(x)-cot(x))~(7/
2)-43*arctan((csc(x)-cot(x))~(1/2))-19%(csc(x)-cot(x))~(5/2)+16%2~(1/2) *1n(
-((esc(x)-cot (x))~(1/2)*27(1/2)-csc(x)+cot(x)-1)/(csc(x)-cot (x)+(csc(x)-cot
(x))~(1/2)*2~(1/2)+1) ) *(csc(x)-cot (x))-172*csc(x) “3*arctan((csc(x)-cot(x))~
(1/2))*(1-cos(x)) "3+24x*csc(x) ~2*x2~ (1/2) *1n (- (csc(x) -cot (x)+(csc(x) -cot (%))~
(1/2)%27(1/2)+1) / ((csc(x)-cot (x)) ~(1/2) %2~ (1/2) -csc(x) +cot (x)-1) ) *(1-cos (x)
) “2+96%csc(x) ~2%2~ (1/2) *arctan((csc(x)-cot (x))~(1/2)*2~(1/2)+1)*(1-cos(x) )"
2+96x*csc(x) "2x27 (1/2) *arctan((csc(x)-cot (x))~(1/2)*27(1/2)-1)*(1-cos(x)) "2+
24*csc(x)"2%27 (1/2) *1n (- ((csc(x) -cot (x)) " (1/2) %27 (1/2) -csc (x) +cot (x)-1) / (cs
c(x)-cot(x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1))*(1-cos(x)) ~2-172*arctan((csc(
x)-cot (%))~ (1/2))*(csc(x)-cot (x) ) +64*csc(x) “3*arctan((csc(x)-cot (x))~(1/2) *
2~(1/2)+1)*2~(1/2) *(1-cos (x) ) ~3+64*csc (x) ~3*arctan ( (csc(x)-cot (x) )~ (1/2) %2~
(1/2)-1)*2"(1/2)*(1-cos(x)) ~3+16*csc(x) ~3*1n(-((csc(x)-cot (x))~(1/2)*2~(1/2
)-csc(x)+cot (x)-1)/(csc(x)-cot(x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1))*2~(1/2)
*(1-cos (x)) "3+4*csc(x) "4*1n(-(csc(x)-cot (x)+(csc(x)-cot (x)) ~(1/2)*27(1/2)+1
)/ ((csc(x)-cot(x))~(1/2)*27(1/2)-csc(x)+cot (x)-1) ) *2~ (1/2) *(1-cos(x) ) "4+16%
csc(x)~4xarctan((csc(x)-cot (x))~(1/2)*2~(1/2)+1)*2~(1/2)*(1-cos(x)) ~4+16%*cs
c(x)~4*arctan((csc(x)-cot (x))~(1/2)*2~(1/2)-1)*2~(1/2)*(1-cos (x)) ~4+4*csc(x
)~4x1n(-((csc(x)-cot (x))~(1/2)*2"(1/2)-csc(x)+cot (x)-1)/(csc(x)-cot (x)+(csc
(x)-cot (x))~(1/2) %2~ (1/2)+1))*2~(1/2) * (1-cos (x) ) ~4+16*csc (x) ~3*1n (- (csc(x) -
cot (x)+(csc(x)-cot(x))~(1/2)*27(1/2)+1)/ ((csc(x)-cot (x))~(1/2)*2~(1/2) -csc(
x)+cot (x)-1))*2~(1/2) *(1-cos (x)) ~3-43*csc (x) ~4*arctan ((csc (x)-cot (x))~(1/2)
)*(1-cos(x))~4+4%2~(1/2)*1n (- ((csc(x)-cot (x))~(1/2)*2~(1/2)-csc(x)+cot (x) -1
)/ (csc(x)-cot (x)+(csc(x)-cot(x))~(1/2)*2~(1/2)+1))+16%2~(1/2) *arctan((csc(x
)-cot (x))~(1/2)*27(1/2)-1)+4%2~(1/2)*1n (- (csc(x) -cot (x)+(csc(x) -cot (x)) ~(1/
2)*2~(1/2)+1) / ((csc(x)-cot (x))~(1/2)*2~(1/2) -csc(x) +cot (x)-1) ) +16%2~(1/2) *xa
rctan((csc(x)-cot (x))~(1/2) %2~ (1/2)+1)+11* (csc(x) -cot (x))~(1/2))/ (csc(x)-co
t(x))~(5/2)*%2~(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(75) = 150.

Time = 0.27 (sec) , antiderivative size = 546, normalized size of antiderivative = 5.46

43/2(cos (z)® + 3 cos (z)* + (cos (z)® — 2 cos (z) — 4) sin (z) — 2 cos (z) — 4)

/ (a+acic(a:))5/2 do= |-

[In] integrate(1/(at+a*csc(x))~(5/2),x, algorithm="fricas")

[Out] [-1/32%(43*sqrt(2)*(cos(x)~3 + 3*cos(x)"2 + (cos(x)"2 - 2*cos(x) - 4)*sin(x
) - 2*%cos(x) - 4)*sqrt(-a)*log(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x
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))*sin(x) - axcos(x))/(sin(x) + 1)) + 32%(cos(x)"3 + 3%cos(x)"2 + (cos(x)"2
- 2xcos(x) - 4)*sin(x) - 2*cos(x) - 4)*sqrt(-a)*log((2*a*cos(x)~2 + 2%(cos
(x)72 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + axc
os(x) - (2*axcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2*(15%cos(x)~
3 + 4*cos(x)72 - (16*cos(x)72 + 1l*cos(x) - 4)*sin(x) - 15%cos(x) - 4)*sqrt
((a*xsin(x) + a)/sin(x)))/(a~3%cos(x)~3 + 3*a~3%cos(x)~2 - 2*%a~3%cos(x) - 4*
a”3 + (a"3xcos(x)72 - 2*a"3*cos(x) - 4*a”3)*sin(x)), 1/16%(43*sqrt(2)*(cos(
x)"3 + 3*xcos(x)"2 + (cos(x)"2 - 2*cos(x) - 4)*sin(x) - 2xcos(x) - 4)*sqrt(a
)*arctan(sqrt (2) *sqrt (a) *sqrt ((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(axcos(x)
+ axsin(x) + a)) + 32x(cos(x)"3 + 3*cos(x)~2 + (cos(x)"2 - 2%cos(x) - 4)*s
in(x) - 2%cos(x) - 4)*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(
cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)) + (15*cos(x)"3 + 4xcos(x)"2
- (15%cos(x)~"2 + 11*cos(x) - 4)*sin(x) - 15xcos(x) - 4)*sqrt((axsin(x) + a
)/sin(x)))/(a~3*cos(x)"3 + 3*a~3*cos(x)"2 - 2*a~3*cos(x) - 4*a~3 + (a~3*cos
(x)72 - 2%a~3*cos(x) - 4*a~3)*sin(x))]

Sympy [F]

S e

[In] integrate(1/(at+a*csc(x))**(5/2),x)
[Out] Integral((a*csc(x) + a)*x(-5/2), x)

Maxima [F]

/ (a+ acic(x))5/2 dz = / (aoc (i) ot dz

[In] integrate(1/(at+a*csc(x))~(5/2),x, algorithm="maxima")
[Out] integrate((a*csc(x) + a)~(-5/2), x)



Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 286 vs. 2(75) = 150.

Time = 0.36 (sec) , antiderivative size = 286, normalized size of antiderivative = 2.86

43 /2 arctan (at%(zm))
dr = —

/ (a + acsc(x))>/2 16 a5

\/W-i- |a|? ) arctan (ﬂ(ﬂ\/m+2 . atan(éx)))

2V/lal

+ o

(@
< V] +laf? >arctan( <ﬁ\/m_2\/m))
oV

lal

a |a|%>log (ata,n ) ++v2\/atan (3 z)+/]a +|a|>
1

2a

( |a|% log <atan —+v2/atan (3 z)+/]a| +|a|>
1

2a

(11@/atan% )a®tan (3 z) ® 119 atan(%x)a3tan(%x)2—19 atan (1 z)a’tan (} z
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) —11

16 (atan (1) + a)4a2

[In] integrate(1/(at+a*csc(x))~(5/2),x, algorithm="giac")

[Out] -43/16%*sqrt(2)*arctan(sqrt(axtan(1/2*x))/sqrt(a))/a~(56/2) + (a*sqrt(abs(a))

+ abs(a)~(3/2))*arctan(1/2*sqrt(2) *(sqrt(2)*sqrt(abs(a)) + 2*sqrt(axtan(1l/
2%x)))/sqrt(abs(a)))/a"4 + (axsqrt(abs(a)) + abs(a)”(3/2))*arctan(-1/2*sqrt
(2)*(sqrt(2)*sqrt(abs(a)) - 2*sqrt(axtan(1/2*x)))/sqrt(abs(a)))/a~4 + 1/2x(
axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x) + sqrt(2)*sqrt(axtan(1/2*x)
)*sqrt(abs(a)) + abs(a))/a~4 - 1/2x(a*xsqrt(abs(a)) - abs(a)~(3/2))*log(axta
n(1/2*x) - sqrt(2)*sqrt(a*xtan(1/2*x))*sqrt(abs(a)) + abs(a))/a"4 - 1/16%sqr
t(2)*(11xsqrt (a*xtan(1/2*x) ) *a"~3*tan(1/2*x) "3 + 19*sqrt(a*tan(1/2+*x))*a”3*ta
n(1/2*x)~2 - 19xsqrt(axtan(1/2*x))*a”~3*tan(1/2*x) - 11lxsqrt(axtan(1/2*x))*a

~3)/((a*tan(1/2*x) + a) ~4*a~2)



129

Mupad [F(-1)]

Timed out.

/(a+acic(x))5/2 dx=/< ;>5/2 dz

[In] int(1/(a + a/sin(x))~(5/2),x)
[Out] int(1/(a + a/sin(x))~(5/2), x)
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3.19 [ /csc(e + fx)\/a+ acscle + fx)dx

Optimal result . . . . . . . . . . . . e 130
Rubi [A] (verified) . . . . . . . . . . 130
Mathematica [B] (verified) . . . . . . . . . ... 131
Maple [B] (verified) . . . . . . . . . 131
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ........ 132
Sympy [F] . . o 132
Maxima [F] . . . . . oo 132
Giac [F(-2)] . . o o o 133l
Mupad [F(-1)] . . . . o 1331

Optimal result

Integrand size = 25, antiderivative size = 37

2\/Earcsmh< Va+tacsc(e+fx)

f

[Out] -2*arcsinh(cot(f*x+e)*a”~(1/2)/(ataxcsc(f*x+e))~(1/2))*a~(1/2)/f

/\/CSC(€+f$)\/a+acsc(e+fx) de = —

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.080, Rules used = {3886,
221}

. va cot(e+fx) >
24/aarcsinh (—\/m

f

/\/CSC(€+f$)\/a+acsc(e+fx) dr — —

[In] Int[Sqrt[Cscl[e + f*x]]*Sqrt[a + a*Cscle + f*x]],x]
[Out] (-2xSqrt[al*ArcSinh[(Sqrt[a]l*Cot[e + f*x])/Sqrt[a + a*Cscl[e + f*x]1]1)/f
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 3886

Int[Sqrtlcscl(e_.) + (f_.)*(x_)]1*(d_.)]*Sqrtlcscl(e_.) + (£_.)*(x_)I*(b_.)
+ (a_)], x_Symbol] :> Dist[-2x(a/(bxf))*Sqrt[a*x(d/b)], Subst[Int[1/Sqrt[1 +
x~2/al, x], x, bx(Cot[e + f*x]/Sqrtl[a + b*Cscle + f*x]11)], x] /; FreeQ[{a,
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b, d, e, f}, x] & EqQ[a"2 - b~2, 0] && GtQ[ax(d/b), 0]

Rubi steps

1 __acot(etfz)
2Subst( / T T, m)
f

_2\/Earcs1nh< Vatacsc(etfz)

f

integral = —

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 108 vs. 2(37) = 74.

Time = 0.89 (sec) , antiderivative size = 108, normalized size of antiderivative = 2.92

/ Vesc(e + fz)v/a +acsc(e + fz)dx
B 2cot(e + fr)y/a(l + csce + fz)) (log(l + csc(e + fz)) — log ( csc(e + fz) + cscz (e + fz) + /cot?(
B fv/cot?(e + fx)\/1 + csc(e + fz)

[In] Integrate[Sqrt[Cscle + f*x]]*Sqrt[a + a*Csc[e + f*x]],x]

[Out] (2xCot[e + fxx]*Sqrt[ax(1l + Cscle + f*x])]*(Log[l + Cscle + f*x]] - Log[Sqr
t[Cscle + fxx]] + Cscle + £*x]~(3/2) + Sqrt[Cot[e + f*x]~2]*Sqrt[1 + Cscle
+ f*x]1]]1))/(£*Sqrt[Cot[e + f*xx]~2]*Sqrt[1 + Cscle + f*x]])

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(31) = 62.

Time = 2.51 (sec) , antiderivative size = 98, normalized size of antiderivative = 2.65

method | result size

sin(fz+e) | arcsinh(cot(fz+e)—csc(fr+e))+arctanh ﬁ) ) Vesc(fz+e) /a(l+esc(fr+e)) V2
( (2\/ 1+cos(1fz+e) 98

default | —

f(cos(fz+e)+sin(fz+e)+1) \/m

[In] int(csc(f*x+e)”(1/2)*(ata*csc(f*x+e))”(1/2),x,method=_RETURNVERBOSE)

[Out] -1/f*sin(f*x+e)*(arcsinh(cot (f*x+e)-csc(f*x+e))+arctanh(1/2*x2°(1/2)/(1/(1+c
os(fxx+e)))~(1/2)))*csc(f*x+e) ~(1/2)*(a*x(1+csc(fxx+e)) )~ (1/2)*x2~(1/2)/ (cos(
fxx+e)+sin(fxx+e)+1)/(1/(1+cos(f*xx+e))) ~(1/2)
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(31) = 62.

Time = 0.28 (sec) , antiderivative size = 283, normalized size of antiderivative = 7.65

/ Vesc(e + fz)v/a +acsc(e + fz)dzx

4 (cos(fm+e)3+3 cos(f:r+e)2 - (cos(fz{
acos(fz+e)3—7acos(fr+e):—9acos(fr+e)+ (a cos(fz+e)?+8a cos(fz—i—e)—a) sin(fz+e)+

Valog

cos(fz+e)3+cos(fz+e)?+ <cos(fa:+e)2 —1) sin(fz+e)—cos(fz+e):

2f

[In] integrate(csc(f*x+e)~(1/2)*(at+taxcsc(f*x+e))~(1/2),x, algorithm="fricas")

[Out] [1/2*sqrt(a)*log((a*xcos(f*x + e)73 - 7*xaxcos(f*x + e)”2 - 9*axcos(f*x + e)

+ (a*xcos(f*x + e)”2 + 8*a*cos(f*x + e) - a)*sin(f*x + e) + 4*(cos(fxx + e)~

3 + 3xcos(f*x + e)”2 - (cos(f*x + e)72 - 2*xcos(f*x + e) - 3)*sin(f*x + e) -
cos(f*x + e) - 3)xsqrt(a)*sqrt((axsin(f*x + e) + a)/sin(f*x + e))/sqrt(sin
(f*x + e)) - a)/(cos(f*x + e)”3 + cos(f*xx + e)”2 + (cos(f*x + e)”2 - 1)*sin
(fxx + e) - cos(fxx + e) - 1))/f, sqrt(-a)*arctan(1/2*(cos(f*x + e)~2 + 2xs
in(f*x + e) - 1)x*sqrt(-a)*sqrt((a*sin(f*x + e) + a)/sin(f*x + e))/(axcos(f*

x + e)*sqrt(sin(f*x + e))))/f]

Sympy [F]

/\/csc(e-l-fx)\/a—l-acsc(e—l-fx)dx=/\/a(csc(e—l-fz) + 1)\/csc (e + fx) dx

[In] integrate(csc(f*x+e)**(1/2)*(ata*xcsc(f*x+e))**x(1/2),x)
[Out] Integral(sqrt(ax(csc(e + fxx) + 1))*sqrt(csc(e + f*x)), x)

Maxima [F]

/\/csc(e+fx)\/a+acsc(e+fx)dx=/\/acsc(fx+e)—l—a,\/csc(fx+e)dx

[In] integrate(csc(f*x+e)~(1/2)*(at+taxcsc(f*x+e))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(f*x + e) + a)*sqrt(csc(f*x + e)), x)
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Giac [F(-2)]

Exception generated.

/ Vesc(e + fx)v/a+ acsc(e + fz) dz = Exception raised: TypeError

[In] integrate(csc(f*x+e)~(1/2)*(ata*csc(f*x+e))”(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Limit: Max order reached or unable to

make series expansion Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/\/CSC(6+f“’)\/a+acsc(e+fx)dx:/\/a—i_sin(e(:-fﬂﬂ) e ek

[In] int((a + a/sin(e + f*x))~(1/2)*(1/sin(e + f*x))~(1/2),x)
[Out] int((a + a/sin(e + f*x))~(1/2)*(1/sin(e + f*x))~(1/2), x)
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3.20 [ /—csc(e + fr)\/a —acsc(e + fz)dr

Optimal result . . . . . . . . . . e 134
Rubi [A] (verified) . . . . . . . . 134
Mathematica [B] (verified) . . . . . . .. ... L oo 135
Maple [B] (verified) . . . . . . . . . .. 135
Fricas [B] (verification not implemented) . . . . ... ... ... ... ....... 136
Sympy [F] . . o 136
Maxima [F] . . . . . o 137
Giac [B] (verification not implemented) . . . . . . . . ... ... L 137
Mupad [F(-1)] . . . oo 137

Optimal result

Integrand size = 28, antiderivative size = 38

. _lﬁééﬁfiiﬁl_>
QﬁarCSIDh ( a—acsc(e+fx)

f

[Out] -2*arcsinh(cot(f*x+e)*a”~(1/2)/(a-a*xcsc(f*x+e))~(1/2))*a~(1/2)/f

/\/—CSC(€+fx)\/a—acs0(e+fx)dx= -~

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 477 Ryles used = {3886,
integrand size
221}

24/aarcsinh (M>

a—acsc(e+fx)

f

/\/—csc(e+fx)\/a—acsc(e+fz) dr = —

[In] Int[Sqrt[-Cscle + f*x]]*Sqrt[a - a*Cscl[e + f*x]],x]
[Out] (-2*Sqrt[al*ArcSinh[(Sqrt[al*Cot[e + f*x])/Sqrt[a - a*Cscl[e + f*x]]1])/f
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 3886

Int[Sqrtlcscl(e_.) + (f_.)*(x_)]*(d_.)]*Sqrtlcscl(e_.) + (£_.)*x(x_)I*(b_.)
+ (a_)], x_Symbol] :> Dist[-2*(a/(b*f))*Sqrt[a*x(d/b)], Subst[Int[1/Sqrt[1 +
x~2/a], x], x, bx(Cot[e + f*x]/Sqrt[a + b*Cscl[e + f*x]]1)], x] /; FreeQ[{a,
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b, d, e, f}, x] & EqQ[a"2 - b~2, 0] && GtQ[ax(d/b), 0]

Rubi steps

2Subst ( acot(e+fx) )

1 T Ja—acsclet fz)
I \/@dz,x, Va—acsc(e+fz)
f

_2\/Earcsmh< Va—acsc(et fz)

f

integral =

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 101 vs. 2(38) = 76.

Time = 3.14 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.66

/ v/ —csc(e + fx)\/a — acsc(e + fx) dr
_ 2<arcsinh(tan (i(e+ fxz)) + arctanh<\/sec2 ((e+ fw)))) v/ —csc(e+ fz)\/a — acsc(e + fz)tan (]
f\/se02 ((e+ fz)) (-1 +tan (3(e + fz)))

[In] Integrate[Sqrt[-Cscl[e + f*x]]*Sqrt[a - a*Cscle + f*x]],x]

[Out] (2*(ArcSinh[Tan[(e + f*x)/2]] + ArcTanh[Sqrt([Sec[(e + f*x)/2]~2]])*Sqrt[-Cs
cle + fxx]]1*Sqrt[a - axCscle + fxx]]*Tan[(e + £*x)/2])/(£*Sqrt[Sec[(e + f*x
)/2]1721*(-1 + Tan[(e + f*x)/2]))

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(32) = 64.

Time = 2.75 (sec) , antiderivative size = 127, normalized size of antiderivative = 3.34

method | result

sin(fz+e) (arctan (‘/5> +arctan ( V2 sin(fote) ) ) /—a(—1+csc(fz+e)) \/— csc(fz+e) V2
2

default _ \V 1+cos(1fz+e) 2(1+cos(f:r+e))\/— 1+cos(1fz+e)

f(—cos(fz+e)+sin(fz+e)—1) \/— m

[In] int((-csc(f*x+e))~(1/2)*(a-a*csc(f*x+e))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/f*sin(f*x+e)*(arctan(1/2*x2°(1/2)/(-1/(1+cos(f*x+e)))~(1/2))+arctan(1/2%2
~(1/2) *sin(f*xx+e)/(1+cos(f*x+e))/(-1/(1+cos(f*xx+e)))~(1/2)))*(-a*x(-1+csc(fx*
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x+e))) " (1/2)*x(-csc(f*x+e)) ~(1/2)*2°(1/2) / (—cos (f*x+e)+sin(f*x+e)-1)/(-1/(1+
cos(f*x+e)))~(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 81 vs. 2(32) = 64.

Time = 0.26 (sec) , antiderivative size = 296, normalized size of antiderivative = 7.79

/\/— csc(e—l—fx)\/a—acsc(e—i-fz) dx

acos(fz+e)3—7acos(fz+e)?—4 (cos(fat+e)3+3 cos(fz+e)2+ (cos(f:c—i—e)2 -2 cos(fat—i—e)—S) sin(fz+e) —cos(fm+e)—3) Vay &
Valog - X S
cos(fz+e)°+cos(fz+e)”— (cos(f:c—i—e) —1) sin(fz+e)
= 5 f

[In] integrate((-csc(f*x+e))~(1/2)*(a-a*csc(f*x+e))”(1/2),x, algorithm="fricas")

[Out] [1/2*sqrt(a)*log((a*xcos(f*x + e)~3 - T*xakxcos(f*x + e)”2 - 4x(cos(f*x + e)73
+ 3*cos(f*x + e)72 + (cos(f*x + e)”2 - 2xcos(f*x + e) - 3)*sin(f*x + e) -
cos(fxx + e) - 3)xsqrt(a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(-1/s
in(f*x + e)) - 9xaxcos(f*x + e) - (axcos(f*x + e)”2 + 8xa*cos(f*x + e) - a)
xsin(f*x + e) - a)/(cos(fxx + e)”3 + cos(f*x + e)”2 - (cos(f*x + e)72 - 1)x*
sin(f*x + e) - cos(f*x + e) - 1))/f, sqrt(-a)*arctan(-1/2*(cos(f*x + e)"2 -
2xsin(f*x + e) - 1)*sqrt(-a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(
-1/sin(f*x + e))/(a*cos(f*x + e)))/f]

Sympy [F]

/\/—csc(e+fx)\/a—acsc(e+fx)dx =/\/—csc(e+fx)\/—a(csc(e+fx) —1)dz

[In] integrate((-csc(fxx+e))**(1/2)*(a-a*csc(f*x+e))**(1/2),x)
[Out] Integral(sqrt(-csc(e + fx*x))*sqrt(-a*x(csc(e + f*x) - 1)), x)
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Maxima [F]

/\/—csc(e+fx)\/a—acsc(e+fw)da::/\/—acsc(fx+e)+a\/—csc(fx+e)dx

[In] integrate((-csc(fxx+e))”~(1/2)*(a-a*xcsc(f*x+e))”~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-a*csc(f*x + e) + a)*sqrt(-csc(f*x + e)), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 101 vs. 2(32) = 64.

Time = 0.66 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.66

/\/—CSC(€+fw)\/a—acsc(e+fx) dr =

3
a2 tan(% fz+% e)+\/a3 tan(% fz+% e)2+a3
2 a arctan

—aa

a%tan(%fx+%e)+\/a3tan(%fx+%e)2+c

e >—x/510g(
- f

[In] integrate((-csc(f*x+e))~(1/2)*(a-a*csc(f*x+e))~(1/2),x, algorithm="giac")

[Out] -(2*a*arctan((a”(3/2)*tan(1/2*f*x + 1/2%e) + sqrt(a~3*tan(1/2*f*x + 1/2xe)”
2 + a”3))/(sqrt(-a)*a))/sqrt(-a) - sqrt(a)*log(abs(a”(3/2)*tan(1/2*xf*x + 1/
2xe) + sqrt(a”3*tan(1/2xfxx + 1/2xe)"2 + a~3))))/f

Mupad [F(-1)]

Timed out.

/\/—csc(e—l-f:c)\/a—acsc(e—l—fx)dz:/\/a—sin(ej_fz) \/_sin(el-l-fw) dz

[In] int((a - a/sin(e + f*x))~(1/2)*(-1/sin(e + f*x))~(1/2),x%)
[Out] int((a - a/sin(e + f*x))~(1/2)*(-1/sin(e + f*x))~(1/2), %)
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3.21 [ esc3(c+ dz)r/a + acsc(c + dz) dx

Optimal result . . . . . . . . . . . . e e 138
Rubi [A] (verified) . . . . . . . ... 138
Mathematica [C] (verified) . . . . . . . . .. . 140
Maple [F] . . . o o [141]
Fricas [F] . . . . . o o 141
Sympy [F(-1)] . . o o 1411
Maxima [F] . . . . . . 141
Giac [F] . . . o o o 142
Mupad [F(-1)] . . .« 142

Optimal result

Integrand size = 25, antiderivative size = 254

__6acos(c + dz) csci (¢ + da)
5d+/a + acsc(c + dx)

/cscé (c+ dz)\/a+ acsc(c+ dz)dz =

3 2
4 33/4\/2 + v/3a2 cot(c + dz) (1 — Yesclc + dx)> J 1+(1 T/S;(S 4; iaéiisj x(;*)';lw) EllipticF (arcsin (%\:
+ p—

5d\l ( 1=V ese(c + dx) »(a — acsc(c+ dz))+/a + acsc(c + dz)

1+v3- 3/ cse(ec + dr))

[Out] -6/5%a*cos(d*x+c)*csc(d*x+c)”(4/3)/d/ (a+a*xcsc(d*x+c))~(1/2)-4/5%37(3/4)*a"2
*xcot (d*x+c) *(1-csc(d*x+c) ~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-
csc(d*x+c)~(1/3)+37(1/2)) , 137 (1/2) +2+I)* (1/2%6™ (1/2)+1/2%27 (1/2) ) * ((1+csc(
dxx+c) ~(1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)/d/(a-a
*csc(d*xx+c))/(ataxcsc(d*x+c)) " (1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c)~(1/
3)+37(1/2))"2)~(1/2)

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.00,

number of steps used = 4, number of rules used = 4, Bumber of rules _ 160 Ryles used
integrand size
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= {3891, 52, 65, 224}

/csc§ (c+ dz)\/a+ acsc(c+dz)dz =

2 3/
4 33/4 2+V@ﬁmﬁ@+d@(l—30%@+wm» ceo” (chdu)t C“@**“HfEmmmF(mmm(:-
(— {Yese(ec+ dl’)+\/§+1>

5dJ (_ 3{;;:07 mfjgﬂ)g (a — acsc(c+dz))/acsc(c+ dz) + ¢

__6acos@:+—dx)csc%(c4—dx)
5d+/acsc(c+ dz) +a

[In] Int[Csclc + d*x]~(4/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-6*%axCos[c + d*x]*Csc[c + d*x]~(4/3))/(5*%d*Sqrt[a + axCsc[c + d*x]]) - (4%
37(3/4)*Sqrt[2 + Sqrt[3]]1*a~2+Cot[c + d*x]*(1 - Cscl[c + d*x]~(1/3))*Sqrt[(1

+ Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/
3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - C

sclc + d*x]1~(1/3))]1, -7 - 4xSqrt[3]11)/(6*d*Sqrt[(1 - Csclc + d*x]1~(1/3))/(1

+ Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csc[c +
d*x]])

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a +Db*xx)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*x((b*xc - a*d)/(
bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - ax(d/b) +

dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*xs
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt([3])*s
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+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + fx*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + fxx]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a~2 - b~2, 0]

Rubi steps
(a® cot(c + dx)) Subst <f \/i/_% dz, z,csc(c+ dr))
integral =

dv/a — acsc(c+ dz)\/a+ acsc(c+ dx)

6a cos(c + dz) csch (¢ + dz) (2a® cot(c + dz)) Subst <f —x2/3\}m dz,z,csc(c+ da:))

5d+/a + acsc(c + dx) 5d+/a — acsc(c + dz)+/a + acsc(c + dz)
6a cos(c + dz) csci (¢ + dz) (6a? cot(c + dzx)) Subst <f —W dz,z, v/ csc(c+ d:c))
B 5d+/a + acsc(c + dx) 5d+/a — acsc(c + dz)+/a + acsc(c + dz)

_6acos(c + dx) cscs (¢ + dx)
5d+\/a + acsc(c + dx)

3 2
4 3%/%/2 + /3a? cot(c + dz) (1 — {/csc(c + dx)) J 1 /ese(C + dE) vesc3 (e ) EllipticF (arcs

(1+\/§— Vese(e+ da:)>2

a + acsc(c-

5dJ ( 1=V ese(c + dx) z(a — acsc(c+ dz))

1+v3-3/csc(c + dac))

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 8.59 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.40

/csc§ (c+ dz)\/a+ acsc(c + dz) dz =

2v/a(1 + csc(c + dx)) (3 {/esc(c + dz) + 2 Hypergeometric2F1 (3, 2,21 — csc(c + dx))) (cos (3(c+d
B 5d (cos (3(c+ dz)) +sin (3(c+ dz)))

[In] Integratel[Csclc + d*x]~(4/3)*Sqrt[a + a*Csc[c + d*x]],x]
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[Out] (-2*Sqrt[ax(1 + Csclc + d*x])]*(3*Csc[c + d*x]~(1/3) + 2xHypergeometric2F1[
1/2, 2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(5

*d* (Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [F]

/csc (dx + c)% Va+ acsc(dz + c)dx

[In] int(csc(d*x+c)~(4/3)*(at+axcsc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c)~(4/3)*(ata*csc(d*x+c))~(1/2),x)

Fricas [F]

4
3

/cscg(c+dx)\/a+acsc(c+dx)da:=/\/acsc(dx+c)+acsc(dx+c) dz

[In] integrate(csc(d*x+c)~(4/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(axcsc(d*x + c) + a)*csc(d*x + c)~(4/3), x)

Sympy [F(-1)]

Timed out.

/ cscs (c+ dz)\/a + acsc(c + dz) dr = Timed out

[In] integrate(csc(d*x+c)**(4/3)*(ataxcsc(d*x+c))**(1/2),x)

[Out] Timed out

Maxima [F]

4
3

/cscg(c—}-dx)\/a+acsc(c+dx)dw=/\/acsc(dx—i—c)—l—acsc(dx—l—c) dx

[In] integrate(csc(d*x+c)~(4/3)*(at+taxcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(4/3), x)
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Giac [F]

4
3

/cscg(c+dx)\/a+acsc(c+dx)dx:/\/acsc(dx+c)+acsc(dx+c) dz

[In] integrate(csc(d*x+c)~(4/3)*(at+axcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(axcsc(d*x + c) + a)*csc(d*x + c)~(4/3), x)

Mupad [F(-1)]

Timed out.

4 - 1 4/3
3 d dz)dx = d

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(4/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(4/3), x)
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3.22 [ ¥/csc(c+ dz)+/a + acsc(c + dz) dx

Optimal result . . . . . . . . . . . . e 143]
Rubi [A] (verified) . . . . . . . . 144
Mathematica [C] (verified) . . . . . . . . ... L 145
Maple [F] . . . . . 1451
Fricas [F] . . . . . o 146
Sympy [F] . . o o 146
Maxima [F] . . . . . . 146
Giac [F] . . . o 146
Mupad [F(-1)] . . . . o 147

Optimal result

Integrand size = 25, antiderivative size = 213

/ ¥/ese(c + dx)y/a+ acsc(c + dz) dz =

3 2
2 3%/4\/2 4 /3a? cot(c + dx) <1 — {/cse(c+ dx)) J s (1” (j;c(i —Zifijij(;;gm) EllipticF (arcsin (1—;
+ p—

1-3/csc(c + dx)
d s(a —acsc(c+ dz a4+ acsc(c+ dzx
J (1+f—3 csc(c—}—dx)) ( ( 2% ( )

[Out] -2%37(3/4)*a~2*cot (d*x+c)*(1-csc(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c)~(1/3
)-37(1/2))/(1-csc(d*x+c) ~(1/3)+37(1/2)) ,I*37(1/2)+2xI)*(1/2%67 (1/2) +1/2%27 (
1/2))*((1+csc(d*x+c) ~(1/3)+csc(d*x+c) ~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2)) "2

)~ (1/2)/d/ (a—a*csc(d*x+c) )/ (at+a*csc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3))/(1-
csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3 number of rules _ 0.120, Rules used

' integrand size
= {3891, 65, 224}

/ ¥/esc(c + dz)v/a + acsc(c + dr) dx =

2 3/ 3
2 3%/41/2 4+ v/3a? cot(c + dz) <1 — v/esc(e+ da:)) csed (c+do)+ Y/ cso(c + dx)42-1 EllipticF (arcsin (%/
(— {Yese(ec+ d$)+\/§+1> -V

[In] Int[Csclc + d*x]~(1/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-2*37(3/4)*Sqrt[2 + Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqr
t[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]
~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3]

- Csclc + d*x]1~(1/3))], -7 - 4xSqrt[3]])/(d*Sqrt[(1 - Csclc + d*x]~(1/3))/

(1 + Sqrt([3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Cscl[c

+ d*x]])

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s™2 - rxs
*x + r~2*x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x"3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt([3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a~2xd*(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
xSqrt[a - b*Csc[e + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
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Cscle + f*x]], x] /; FreeQ[{a, b, 4, e, f, n}, x] && EqQ[a™2 - b~2, 0]

Rubi steps
(a? cot(c + dzx)) Subst (f 27— 4z, @, esc(c + dz))
integral =
dv/a — acsc(c + dz)\/a + acsc(c+ dz)

(3a? cot(c + dz)) Subst (f T dz, z, V/csc(c + dac))
dv/a — acsc(c+ dz)\/a + acsc(c+ dz)

3/ 2
2 33/44/2 + v/3a? cot(c + dx) (1 — /esc(c+ dx)) \l 1t ese(c + dr) vescS (cvde) EllipticF <ar(

(1+\/§— {/ese(c+ dac))2

d\l ( 1=V ese(c + dz) s(a — acsc(c+ dz))/a+ acsc(c

1+v3- 3/ csc(c + dx))

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.22

/ ¥ese(c + dr)y/a+ acsc(c + dx) dx
_ 2acot(c + dx) Hypergeometric2F1 (3, %, 3,1 — csc(c + dx))
B dr/a(1 + csc(c + di))

[In] Integrate[Cscl[c + d*x]~(1/3)*Sqrt[a + a*Csc[c + d*x]],x]
[Out] (-2*a*Cot[c + d*x]*Hypergeometric2F1[1/2, 2/3, 3/2, 1 - Csclc + d*x]])/(d*S
grt[a*(1 + Csclc + d*x])1)

Maple [F]

/csc (dx + c)% Va+ acsc (dz + c)dzx

[In] int(csc(d*x+c)~(1/3)*(at+a*xcsc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c)~(1/3)*(ata*csc(d*x+c))~(1/2),x)
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Fricas [F]

/{’/csc(c+dx)\/a+acsc(c+dx)dx:/\/acsc(dx+c)+acsc(dx+c)§ dx

[In] integrate(csc(d*x+c)~(1/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)

Sympy [F]

/f/csc(c—|—dm)\/a+acsc(c+dm)dx=/\/a(csc(c—}—da:)—|—1){’/csc(c+dz)dx

[In] integrate(csc(d*x+c)**(1/3)*(ata*csc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(ax(csc(c + dxx) + 1))*csc(c + dxx)*x(1/3), x)

Maxima [F]

/€/CSC(c+dx)\/a+acsc(c+dx)dx=/\/acsc(dx+c)+acsc(dx+c)§ dx

[In] integrate(csc(d*x+c)”(1/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)

Giac [F]

/{’/csc(c—l—dx)\/a-l-acsc(c—{—d:c)dx=/\/acsc(da:—i-c)-l-acsc(d:c-l—c)é dz

[In] integrate(csc(d*x+c)~(1/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)
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Mupad [F(-1)]

Timed out.

/i’/csc(c+da:)\/a+acsc(c+dx)dx=/\/a+ a < 1 ))1/3dx

sin(c+dz) \sin(c+dz

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(1/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(1/3), x)



148

3.93 f \/a+a csc(ct+dz) du

2
csc3 (c+dz)
Optimal result . . . . . . . . . . . e 148
Rubi [A] (verified) . . . . . . . . . 148
Mathematica [C] (verified) . . . . . . . . ... L 150
Maple [F] . . . . 1511
Fricas [F] . . . . . o 1511
Sympy [F] . o o 151
Maxima [F] . . . . . o 151
Giac [F] . . . o o e 152
Mupad [F(-1)] . . . . 1521

Optimal result

Integrand size = 25, antiderivative size = 254

cscs (¢ + d) 2d+/a + acsc(c + dx)

3/ 2
3%/4\/2 + v/3a? cot(c + dz) (1 — {csc(c+ dx)) \l 1+ ese(c + da) vescS (e ) EllipticF (arcsin (1_\/:;_

(1+\/§— Yese(e + dac))2 14+/3-

va+acsc(c+ dx) 4o — 30 cos(c + dz) v/ csc(c + dz)

2dJ( -V esc(c + dz) »(a — acsc(c + dz))\/a + acsc(c + dz)

1+v3-3/csc(c + dsc))

[Out] -3/2*a*cos(d*x+c)*csc(d*x+c)~(1/3)/d/(a+a*csc(d*x+c))~(1/2)-1/2%3"(3/4)*a"2
xcot (d*x+c) * (1-csc(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-
csc(d*x+c)~(1/3)+37(1/2)) ,I*x3~(1/2)+2*I) % (1/2%6~(1/2) +1/2x2~(1/2) ) * ((1+csc(
d*x+c) ~(1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+3~(1/2))"2)~(1/2)/d/ (a-a

xcsc (d*x+c)) /(a+axcsc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c)~(1/
3)+37(1/2))"2)"(1/2)

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.00,

number of steps used = 4, number of rules used = 4, number of rules _ 0.160, Rules used
integrand size
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= {3891, 53, 65, 224}

\/a4—acmic%—dx)d
2 L=
csci (¢ + dx)
33/4\/2 + v/3a? cot(c + dz) (1 — v/csc(c+ dx) > J Eg(chdz)Jr Y CZC(C + dac))+1 EllipticF <arcsin <_i\?
csc c—|- T)+v3+1 -

QdJ (_ Sl;jc/(\/%ﬂ)z (a — acsc(c+dz))y/acsc(c+ dz) + a

_ 3acos(c +dz)/csc(c + dx)

2d+/acsc(c+dz) + a

[In] Int[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(2/3),x]

[Out] (-3*axCos[c + d*x]*Csc[c + d*x]~(1/3))/(2*d*Sqrt[a + axCsc[c + d*x]]) - (3~
(3/4)*Sqrt[2 + Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 +

Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3)
)~2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csc

[c + d*x]~(1/3))], -7 - 4xSqrt([3]1]1)/(2*d*Sqrt[(1 - Csclc + d*x]1~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csc[c + d

*x]1)

Rule 53

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+bxx)"(m + D*((c + d*x)"(n + 1)/((b*xc - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
= Denom[Rt[b/a, 3]]}, Simp[2*Sqrt[2 + Sqrt[3]]*(s + r*x)*(Sqrtl[(s™2 - r*s

*x + r~2*x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*

((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
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+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 3891

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[a~2xdx(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrt[a - b*x], x], x,
Cscle + f*x]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a”2 - b~2, 0]

Rubi steps

(a® cot(c + dz)) Subst (f = 4z, T, esc(c + dac))
dv/a — acsc(c+ dz)\/a + acsc(c+ dz)

_ 3acos(c+ de) /csclc + dr) (a® cot(c + dz)) Subst (f —m2/3\}m dz,z,csc(c + dx))

integral =

2d+/a + acsc(c + dz) 4d+/a — acsc(c+ dzx)+/a + acsc(c + dz)
3a.cos(c + dz) {/csc(c + da) (3a? cot(c + dx)) Subst (f \/ﬁ dz, z, $/csc(c + dm))
B 2d+/a + acsc(c + dz) 4d\/a — acsc(c + dz)+/a + acsc(c + dz)
__3acos(c+ dz)+/csc(c + dx)
2d+/a + acsc(c + dz)

3/ 2
33/4\/2 + v/3a? cot(c + dz) (1 — v/esc(e+ d:c)) J 1+<1 (j;(i —i;jcx(i:c—ij(;s?) EllipticF (arcsin
+ —

1+v3-3/cse(c + da:))

2dJ ( 1 Vese(c + dx) s(a — acsc(c+ dx))\/a + acsc(c+

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.38 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.43

va+ acsc(c+ dx)
cscs (¢ + dz)

dr =

[In] Integrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(2/3),x]



151

[Out] -1/2%(Sqrt[ax(1 + Csclc + d*x])]*(3 + Csclc + d*x]~(2/3)*Hypergeometric2F1[
1/2, 2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(d
*Csc[c + d*x]~(2/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [F]

\/a+acsc(da:—|—c)d
5 x
csc (dz +c)3

[In] int((at+a*xcsc(d*x+c))~(1/2)/csc(d*xx+c)~(2/3),x)
[Out] int((at+a*csc(d*x+c))~(1/2)/csc(d*x+c)~(2/3),x)

Fricas [F]

/\/a+acsc(c+dx)d /\/acsc(dx+c)+adm

cscd(c +dz) csc (dz + c)%

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(2/3),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(2/3), x)

Sympy [F]

/\/a-l—acsc(c-l—da: /\/a csc (¢ + dz) + 1) e

csci (¢ + da) esci (c+ di)

[In] integrate((at+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(2/3),x)

[Out] Integral(sqrt(ax(csc(c + dxx) + 1))/csc(c + dxx)*x(2/3), x)

Maxima [F]

/\/a—l-acsc(c—l—dx) dx:/\/acsc(dx—kc)—l—adm

cscs (¢ + d) csc (dx + c)%

[In] integrate((at+a*csc(d*x+c))~(1/2)/csc(d*x+c)~(2/3),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)
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Giac [F]

/\/a+acsc(c+dx) d$_/\/acsc(dx+c)+adw
cscs (c + da) csc (dz + c)§

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(2/3),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)
Mupad [F(-1)]

Timed out.
\/a—l—acsc c+dac \/ sin( c+dz
2/3

/ csci (¢ + dz)

sm(c+d z)

[In] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(2/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(2/3), x)
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3.24 [ esc3(c+ dz)r/a + acsc(c + dz) dx

Optimal result . . . . . . . . . . . e 153]
Rubi [A] (verified) . . . . . . . . . 154
Mathematica [C] (verified) . . . . . . . . . .. L 157
Maple [F] . . . o o 157
Fricas [F] . . . . o o o 157
Sympy [F(-1)] . . o 58]
Maxima [F] . . . . . . o 158
Giac [F] . . . o o 158
Mupad [F(-1)] . . . 158

Optimal result

Integrand size = 25, antiderivative size = 514

/ csc? (c+ dx)\/a+ acsc(c + dz) dx

_ 24a cot(c + dx) _ 6acos(c+ dz) csci (¢ + dz)
7d <1 + /3 — /csc(c+ d:c)) va+ acsc(c+ dx) 7d\/a + acsc(c + dz)

3 2 3 C
12v/3/2 — v/3a? cot(c + dz) <1 — {/esc(c+ dx)) J Lt Vese(e £ d.’I,')+csc’3(c+c2l:v)E (arcsin (M

<1+\/§— Vese(e + dx)) 11v3-3/cs

7dJ ( 1=V ese(c + dx) »(a — acsc(c+ dz))/a + acsc(c + dz)

1+v3-3/csc(c + dz))

3 2 3
8v/23%*a? cot(c + dx) (1 — {/ese(c+ dx)) \l 1+ /ese(e 4 ) vosed (etdo) EllipticF (arcsin (—1_\/5_ Ve

(1+\/§— Vese(e+ dan))2 14+v3- /¢

7dJ( 1= Vese(c + dx) »(a — acsc(c+ dz))/a + acsc(c + dz)

1+v3-3/csc(c + dac))

+

[Out] -6/7*a*cos(d*x+c)*csc(d*x+c)~(5/3)/d/(a+a*xcsc(d*x+c))~(1/2)+24/T*a*xcot (d*x+
c)/d/(1-csc(d*x+c)~(1/3)+37(1/2) )/ (a+a*csc(d*x+c) )~ (1/2)+8/7*3~ (3/4) ¥a~2*co
t (d*x+c)*(1-csc(d*x+c) ~(1/3) ) *EllipticF ((1-csc(d*x+c)~(1/3)-37(1/2))/(1-csc
(d*x+c)~(1/3)+37(1/2)) ,Ix37(1/2)+2*I)*2~ (1/2) * ((1+csc(d*x+c) ~(1/3) +csc (d*xx+
c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2)/d/ (a—a*csc(d*x+c) )/ (a+a*csc
(d*x+c))~(1/2) /((1-csc(d*x+c)~(1/3)) /(1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)-
12/7%37(1/4) *a~2*cot (d*x+c) * (1-csc(d*x+c) ~(1/3) ) *EllipticE((1-csc(d*x+c) ~ (1
/3)-37(1/2))/(1-csc(d*x+c) ~(1/3)+37(1/2)) ,Ix37(1/2)+2xI)*(1/2%6~ (1/2)-1/2%2
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~(1/2))*((1+csc(d*x+c) ~(1/3)+csc(d*x+c) ~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))
~2)~(1/2)/d/ (a—a*csc(d*x+c) )/ (ata*csc(d*x+c)) ~(1/2) /((1-csc(d*x+c)~(1/3)) /(
1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 514, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6 number of rules _ 0.240, Rules used

' integrand size
= {3891, 52, 65, 309, 224, 1891}

/ csc? (c+ dx)\/a+ acsc(c + dz) dx

[~ eele + dey o) el
7dJ (_ 1- Vese(c + dz) »(a — acsc(c+ dz))\/acsc(c+dz) +a

2 3 3
8v/233/4a2 cot(c + dz) (1 _ {/eso(c + dz) dm)) J csc3 (c+da)+ 3/ csc(c + dx)+1 EllipticF <arcsin <— csc(c+d

Yese(e+ dw)+\/§+1)

2 3/ 3
IQ%MLLZ cot(c + dx) (1 — vese(e+ dac)) J ngg (:erx): CZC()C + dz))tlE <arcsin (—_ A CSCEC 1
—-3y/csc(c + dx)+v3+1 -y/csc(c

7dJ (_ 3\;;;7 V((;Silz—(fi:)fjgﬂf (a — acsc(c+dz))y/acsc(c+dz) +a

_ 6acos(c + dx) csci (¢ + dx) N 24a cot(c + dx)
7d\/acsc(c +dz) +a 7d (—\3/ csc(c + dr) + /3 + 1) Vacse(c+dz) +a

[In] Int([Csclc + d*x]~(5/3)*Sqrtl[a + a*Csc[c + d*x]],x]

[Out] (24*axCot[c + d*x])/(7xd*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + a*Csc[
c + d*x]]) - (6*%axCos[c + d*x]*Csc[c + d*x]~(5/3))/(7*d*Sqrt[a + axCsc[c +
dxx]]) - (12%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2xCot[c + d*x]*(1 - Csclc + d*x]~(
1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csc
[c + d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]1~(1/3))], -7 - 4xSqrt([3]])/(7*d*xSqrt[(1 - Csclc + d
*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[
a + a*Csc[c + d*x]]) + (8*Sqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + d*x
17(1/3))*Sqrt [(1 + Csclc + d*x]1~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] -
Csclc + d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/
(1 + Sqrt([3] - Csclc + d*x]1~(1/3))], -7 - 4%Sqrt([3]])/(7*d*Sqrt[(1 - Csclc
+ d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sq
rt[a + a*Csclc + d*x]1])

Rule 52
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*x((b*xc - a*d)/(
bx(m + n + 1))), Int[(a + b*x) " m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s™2 - rxs
*x + r72*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x"3]*Sqrt[s*
((s + r*x)/((1 + Sqrt([3])*s + rxx)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]

1, s = Denom[Rt[b/a, 311}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrtl[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrtl[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[al

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(axr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx72)/(
(1 + Sqrt[3])*s + r*x)~2]/(r"2*Sqrt[a + b*xx~3]*Sqrt[s*x((s + r*x)/((1 + Sqrt
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt([3])*s + r*x)/((1 + Sqrt[3])
xs + r*x)], -7 - 4xSqrt([3]1], x]] /; FreeQ[{a, b, c, d}, x] && PosQ[al] && Eq
Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*xx]]
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*Sqrt[a - bxCscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrt[a - bxx], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, 4, e, f, n}, x] && EqQ[a"2 - b~2, 0]

Rubi steps

22/3

(a® cot(c + dz)) Subst (f Jo—as Az, T, csc(c + dx))
dv/a — acsc(c + dz)\/a + acsc(c + dx)

integral =

2 1
 Gacos(c + da) esed (¢ + da) (4a” cot(c + dz)) Subst (f Vaven dz, z, csc(c + da:))

B 7d+\/a + acsc(c + dx) 7d+\/a — acsc(c + dz)+/a + acsc(c + dz)
6a cos(c + d) csc3 (c + dx) (12a® cot(c + dz)) Subst <f T dz,z, V/csc(c + dx))
B 7d+\/a + acsc(c + dz) 7d+\/a — acsc(c + dz)\/a + acsc(c + dz)

_ 6acos(c + dz) cscs (¢ + dz)
7d+\/a + acsc(c + dz)

(12a” cot(c + dz)) Subst (f % dz,z, \/csc(c+ dx))
7d+\/a — acsc(c + dz)+/a + acsc(c + dz)
(12(1 — v/3) a? cot(c + dz)) Subst <f T dz, z, {/csc(c + dx))
7d+/a — acsc(c+ dzr)\/a+ acsc(c + dz)

+

B 24a cot(c + dx) _ 6acos(c +dz) cscs (¢ + dz)
7d (1 + /3 — /esc(c+ dx)) Va+ acsc(c+ dz) 7d\/a + acsc(c + dz)

124/3v/2 — v/3a? cot(c + dz) (1 — /osolc + da) dx)) \l 1+3/csc(c + dx)“scs(c*‘jx)E(arcsin <1—_\;
1+v

(1+\/§— {/ese(c+ dx))

7dJ( 1= V/ese(c + da) »(a — acsc(c+ dz))y/a + acsc(c+ da

14+v3- 3/ csc(c + dx))

3/ 2
8v/23%4a? cot(c + dx) (1 — esc(e+ dw)) 1t Vese(e + dr) e (+%) EllipticF (arcsin (b
(1+f— {/ese(c+ d:c)) 14+

+
3
7d\l ( 1- Y/ csc(c + dz) »(a — acsc(c+ dz))\/a + acsc(c+ d:

1+v3- 3/ csc(c + dx))
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 21.35 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.23

/cscg (c+ dz)\/a+ acsc(c+dz) dz =

2v/a(1 + csc(c + dx)) (3(4 + csc(c + dx)) — 8¢/ csc(c + dz) Hypergeometric2F1 (3, 5,3,1 — csc(c+ d

7d{/csclc + da) (cos (5(c+ dz)) +sin (}(c + da)))

[In] Integrate[Cscl[c + d*x]~(5/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-2*Sqrtla*x(1 + Cscl[c + d*x])]*(3*%(4 + Csc[c + d*x]) - 8*Cscl[c + d*x]~(1/3)
xHypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Si

n[(c + d*x)/2]))/(7*d*Csc[c + d*x]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/

21))

Maple [F]

/csc (dz + c)g Va + acsc(dx + ¢)dz

[In] int(csc(d*x+c)~(5/3)*(ata*csc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c)~(5/3)*(at+axcsc(d*x+c))~(1/2),x)

Fricas [F|

/cscg(c—l—dav)\/a—kacsc(c+dae)dac=/\/acsc(daﬁ+c)+acsc(dae+c)g dx

[In] integrate(csc(d*x+c)”(5/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)
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Sympy [F(-1)]

Timed out.

/ cscs (¢ +dz)\/a + acsc(c + dz) dz = Timed out

[In] integrate(csc(d*x+c)**(5/3)*(ataxcsc(d*x+c))**(1/2),x)

[Out] Timed out

Maxima [F]

/cscg(c—i—da:)\/a—l—acsc(c—|—dm)d:p=/\/acsc(dx+c)—|—acsc(d9L'+c)g dx

[In] integrate(csc(d*x+c)~(5/3)*(ataxcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)

Giac [F]

/cscg(c—}-dar:)\/a-l—acsc(c—l-da:)dav=/\/acsc(dx-l-c)-I-acsc(da:-l—c)g dx

[In] integrate(csc(d*x+c)~(5/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)

Mupad [F(-1)]

Timed out.

é . 1 5/3

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(5/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(5/3), x)
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Optimal result

Integrand size = 25, antiderivative size = 470

6a cot(c + dz)

d (1 +43— {’/csc(c—l—dz)) va+ acsc(c+ dz)

/cscg (c+ dz)\/a + acsc(c+ dz) dr =

3 2 3
34/3/2 — V/3a? cot(c + da) (1 - {/eselc + da) J e eselect dr)socige) (i (V2 Ve

(1+\/§— {/ese(e+ dx)) 1+v3- 3/ csce

dJ ( - Vese(c + dx) >(a — acsc(c+ dz))\/a + acsc(c + dz)

1+v3- 3/ csc(e + dx))

3/ 2 3
21/23%/%a? cot(c + dx) (1 — {‘/m> \l 1+ /ese(e + d.’l?)+csc§(c+t2iz) EllipticF (arcsin (1_\/3_ \/E

(1+\/§— Vese(c+ dm)) 1+v3- /c

dJ ( 1-Vese(c + dx) >(a — acsc(c+ dz))\/a + acsc(c + dz)

1+v3-3/cse(c + dx))

+

[Out] 6*axcot(d*x+c)/d/(1-csc(d*x+c)~(1/3)+37(1/2))/(ata*csc(d*x+c))~(1/2)+2%3"(3
/4)*a~2*cot (d*x+c)*(1-csc(d*x+c) ~(1/3)) *EllipticF ((1-csc(d*x+c)~(1/3)-37(1/
2))/(1-csc(dxx+c)~(1/3)+37(1/2)) ,I*3~(1/2)+2xI)*2~(1/2) * ((1+csc(d*x+c) ~(1/3
Y+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/d/ (a—a*csc(d*x+c)

)/ (a+a*csc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c)~(1/3)+37(1/2))
~2)7(1/2)-3%37(1/4) *a~2*cot (d*x+c)* (1-csc(d*x+c)~(1/3))*E1llipticE((1-csc(d*
x+c)~(1/3)-37(1/2))/(1-csc(d*x+c)~(1/3)+37(1/2)) ,I*3~(1/2)+2*xI)*(1/2%6~(1/2
)-1/2%27(1/2) ) *((1+csc(d*x+c) " (1/3)+csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c)~(1/3)+3
~(1/2))"2)"(1/2)/d/(a—a*csc(d*x+c) )/ (a+axcsc(d*x+c)) ~(1/2) /((1-csc(d*x+c) ~(
1/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 470, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5 number of rules _ 0.200, Rules used

' integrand size
= {3891, 65, 309, 224, 1891}

/csc§ (c+ dz)\/a + acsc(c + dz) dx

w

2 3 3
2/23%4a? cot(c + dx) (1 — v/cse(c+ dac)) csod (c+da)+ Y/ ese(c + dx)tl EllipticF <arcsin (—_ csc(c
(— Vese(e+ dw)+\/3+1> -{/esc(c

dJ (_ 3\;;;7 ﬁ(jl;_)f2+l>2 (a — acsc(c+dz))/acsc(c+dz) +a

2 3/ 3 ‘
3v/3v/2 — v/3a? cot(c + dz) (1 — v/esc(e + dw)) csed (ctda) 1/ 05¢(C + dx)ngE (arcsin (TL(C
(— {Yese(c+ dm)+x/?7+1> -

dJ (_ 3&;:07 mf2+1)2 (a — acsc(c+dz))\/acsc(c+ dz) + a

6a cot(c + dzx)

" d (—\S/CSC(C-l-dLE) +3+ 1) Vacsc(c+dz) +a

[In] Int[Csclc + d*x]~(2/3)*Sqrtl[a + a*Csc[c + d*x]],x]

[Out] (6xa*Cot[c + d*x])/(d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + a*Csc[c +
d*x]]) - (3*37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(
1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csc
[c + d*x]~(1/3))~"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]1~(1/3))], -7 - 4xSqrt[3]])/(d*Sqrt[(1 - Csclc + d*x
17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - axCsc[c + d*x])*Sqrt[a
+ axCsc[c + d*x]]) + (2xSqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~
(1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Cs
clc + d*x]1~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]1~(1/3))], -7 - 4xSqrt[3]])/(d*Sqrt[(1 - Csclc + d*
x]17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a
+ axCscl[c + d*x]])

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrtl[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrtl[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[al

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt([3]1)*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(axr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx~2)/(
(1 + Sqrt[3])*s + r*x)~2]/(r"2*Sqrt[a + b*xx~3]*Sqrt[s*x((s + r*x)/((1 + Sqrt
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt([3])*s + r*x)/((1 + Sqrt[3])
*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQl{a, b, c, d}, x] && PosQ[a] && Eq
Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + fx*x]]
*Sqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, n}, x] & EqQ[a~2 - b~2, 0]

Rubi steps

(a® cot(c + dz)) Subst <f %/_x; dz, z, csc(c + da:))
dv/a — acsc(c+ dz)\/a + acsc(c+ dz)

(3a? cot(c + dz)) Subst (f T2 dz, T, {/csc(c+ dx))
dv/a — acsc(c+ dz)\/a+ acsc(c + dx)

integral =
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(3a® cot(c + dz)) Subst <f % dz,z, /csc(c+ dx))
dv/a — acsc(c+ dz)+/a+ acsc(c + dx)
(3(1 = V/3) a? cot(c + dx)) Subst (| =L da, 3, V/csclc + da)
dv/a — acsc(c+ dz)\/a+ acsc(c + dx)
B 6a cot(c + dx)
d (1 + /3 — {/csc(c+ dx)) va+acsc(c+ dz)

3v/3v/2 — v/3a? cot(c + dx) (1 - f‘/m> J 1+ Vese(e + dm)+CSC3(C+§m)E(arcsin (1_‘/3'

(1—!—\/3— {Yese(c+ dx)) 14++/3-

+

dJ ( -V ese(c + dz) »(a — acsc(c+ dz))/a + acsc(c+ dz)

1+v3—3/cse(c + dz))

3 2
21/23%/%a? cot(c + drr) <1 — esc(e+ dx)) 1+ Vese(e + d(lf)—}-csci”(c—}-gl:z:) EllipticF (arcsin (b
(1+\/§— Vese(c+ da:)) 14+
+

1_3\/m a — acsc(e T a + acsc(c Z
dJ (1+¢§—VW)2( (c+dz))y/a+ acsc(c+d

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 15.58 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.23

/csc§ (c+ dz)\/a + acsc(c+ dz) dz

2¢/a(1 + csc(c + dx)) (—3 + 23/ csc(c + dz) Hypergeometric2F1 (1, 2, 2,1 — cse(c + dx))) (cos (3(c+ da
a d</csc(c + dz) (cos (3(c + dz)) + sin (3(c + dz)))

[In] Integrate[Cscl[c + d*x]~(2/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (2+Sqrtla*x(1 + Cscl[c + d*x])]*(-3 + 2xCsc[c + d*x]~(1/3)*Hypergeometric2F1[
1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(d
*Csc[c + d*x]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))
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Maple [F]

/csc (dz + c)% Va+acsc(dz + c¢)dz

[In] int(csc(d*x+c)~(2/3)*(a+a*csc(d*xx+c))~(1/2),x)
[Out] int(csc(d*x+c)~(2/3)*(at+a*csc(d*x+c))~(1/2),x)

Fricas [F|

/cscg(c—}-dar:)\/a-l—acsc(c—l-da:)dav=/\/acsc(da:-l—c)-I—acsc(da:-l—c)g dx

[In] integrate(csc(d*x+c)~(2/3)*(at+taxcsc(d*x+c))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(a*xcsc(d*x + c) + a)*csc(d*x + ¢)~(2/3), x)

Sympy [F]

/cscg(c—l—d:c)\/a—i- acsc(c+dz)dr = / Va(esc(c+ dz) + 1) escs (¢ + dz) d

[In] integrate(csc(d*x+c)**(2/3)*(ata*xcsc(d*x+c))*x(1/2),x)
[Out] Integral(sqrt(ax(csc(c + d*x) + 1))*csc(c + d*x)*x(2/3), x)

Maxima [F]

/cscg(c+d:c)\/a+acsc(c—i—dav)d:/7::/\/acsc(dac-l—c)—I—acsc(dac—l—c)g dz

[In] integrate(csc(d*x+c)~(2/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(2/3), x)
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Giac [F]

/cscg(c+dx)\/a+acsc(c+dx)dx:/\/acsc(dx+c)+acsc(dx+c)§ dz

[In] integrate(csc(d*x+c)~(2/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(axcsc(d*x + c) + a)*csc(d*x + c)~(2/3), x)

Mupad [F(-1)]

Timed out.

2 - 1 2/3
3 d dz)dx = d

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(2/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(2/3), x)
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Optimal result

Integrand size = 25, antiderivative size = 508

va+acsc(c+ dx)

vese(c+ dx)

B 3a cot(c + dx) _ 3acos(c + dx) csci (¢ + dx)
d (1 + /3 — {/esc(c + dw)) Va+ acsc(c+ dz) dy/a + acsc(c + dz)

3/ 2 3
3v/3v/2 — v/3a? cot(c + di) (1 — {/esc(c+ dx)) 1+y/ese(c + dx)+cs°3(c+fw)E (arcsin (—1_‘/5_ ) o5
(1+\/§— {Vese(e+ dz)) 14+/3— {/ CSC

_|_

3
9d 1— CSC(C+d-'L') 2(a_acsc(c+dx))\/a+acsc(c+d$)
(1+f —3{/ese(c+ d-’v))

V/23%4a? cot(c + dz) (1 — ¢/csc(c + dx) 1+ /ese(c+ dx)JFCSCS(CJde) EllipticF ( arcsin 22—V ¢ Vs
<1+\f csc(c + dx)) P 1+v3-3/cs

3
p 1-Y/esc(c +dz) (a — acsc(c+ dz))\/a + acsc(c + dz)
(1+\/§,_ {/esc(e + dm))

[Out] -3*a*cos(d*x+c)*csc(d*x+c)~(2/3)/d/ (a+a*csc(d*x+c))~(1/2)-3*a*xcot (d*x+c)/d/
(1-csc(d*x+c)~(1/3)+37(1/2)) /(ata*xcsc(d*x+c) )~ (1/2)-3"(3/4) *a"2*cot (d*x+c) *
(1-csc(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-csc(d*x+c) ~(
1/3)+37(1/2)),I*37(1/2)+2*I)*2~ (1/2) * ((1+csc(d*x+c) " (1/3) +csc(d*x+c) ~(2/3))
/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/d/ (a—a*csc(d*x+c)) /(ata*xcsc(d*x+c))”
(1/2)/((1-csc(d*x+c)~(1/3)) /(1-csc(d*x+c) ~(1/3)+37(1/2))~2)~(1/2)+3/2*%3~ (1/
4)*a~2xcot (d*x+c) * (1-csc(d*x+c)~(1/3))*E1llipticE((1-csc(d*x+c)~(1/3)-37(1/2
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))/(1-csc(d*x+c)~(1/3)+37(1/2)) ,I*37(1/2)+2*I)*x(1/2%6~ (1/2)-1/2*%2~(1/2) ) * ((
1+csc(d*x+c) " (1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c) ~(1/3)+37°(1/2))"2)~(1/2)/
d/ (a-axcsc(d*x+c))/(a+a*xcsc(d*x+c))~(1/2)/((1-csc(d*x+c) ~(1/3))/(1-csc(d*x+
c)~(1/3)+37(1/2))"2)"(1/2)

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 508, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6 number of rules _ 0.240, Rules used

' integrand size
= {3891, 53, 65, 309, 224, 1891}

va+ acsc(c+ dr)

v/ ese(e+ dx)

2 8 el LA
v/23%/%a? cot(c + dx) <1 — m> cse’ (etdn)+ / csc(c + dm)tl EllipticF (arcsin (—_ - cse(c +
(— Vese(e+ dx)+\/§+1) -/ esc(e+

dJ (_ 3\;;;7 m:ljgﬂ)z (a — acsc(c +dz))/acsc(c+ dzx) +a

2 3 3 |
34/3/2 = v/aa? cot(c + da) (1 — §/csclc T o)) J elesta eoele ey gy (= Vesele
— a

dz =

(— {Yese(c+ dﬂv)+\/§+1)2 csc(c
+
2d 1- Vese(c + dx) s(a — acsc(c+ dz))\/acsc(c+dz) +a
(— Yese(e+ d$)+\/§+1)
_ 3acos(c +dz) cscs (¢ + d) 3acot(c + dz)

dy/acsc(c+dz) +a d (—\3/csc(c+ dz) + /3 + 1) Vacsc(c+dz) +a

[In] Int[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(1/3),x]

[Out] (-3*axCot[c + d*x])/(d*x(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + axCsclc
+ d*x]]) - (3*axCos[c + d*x]*Csclc + d*x]~(2/3))/(d*Sqrt[a + axCsc[c + d*x]
1) + (3%37(1/4)*Sqrt[2 - Sqrt[3]]1*a~2xCot[c + d*x]*(1 - Csclc + d*x]~(1/3))
*Sqrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc +
d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqr
t[3] - Csclc + d*x]1~(1/3))], -7 - 4xSqrt([3]])/(2*d*Sqrt[(1 - Csclc + d*x]~(
1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a
*Cscc + d*x]]) - (Sqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3)
)*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc +
d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sq
rt[3] - Csclc + d*x]~(1/3))], -7 - 4*Sqrt[3]])/(d*Sqrt[(1 - Csclc + d*x]~(1
/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + ax
Csclc + d*x]1)
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Rule 53

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist[d*((
m+n + 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*x(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]*(s + r*x)*(Sqrt[(s™2 - r*s
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*xx)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[31]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrtl[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrtl[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[al

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt([3]1)*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*xr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx72)/(
(1 + Sqrt[3])*s + r*x)~2]/(xr"2*Sqrt[a + b*xx~3]*Sqrt[s*x((s + r*x)/((1 + Sqrt
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt([3])
*s + r*x)], -7 - 4*xSqrt[3]], x]] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891
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Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*xx]]
*Sqrt[a - bxCscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrt[a - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, n}, x] & EqQ[2~2 - b~2, 0]

Rubi steps

(a? cot(c + dz)) Subst (f m dz, z,csc(c + dx))
dv/a — acsc(c+dz)\/a+ acsc(c+ dz)

integral =

2
 3acos(c+ dr) escd (¢ + dx) ) (a® cot(c + dz)) Subst <f \/_ = dx,x,csc(c+ dx))
dv/a + acsc(c + dz) 2d+/a — acsc(c + dz)+/a + acsc(c + dz)
3a cos(c + dz) csci (¢ + dz) (3a? cot(c + dx)) Subst <f Tz dx, z, {/ese(c + dx))
B dv/a + acsc(c+ dz) 2d+/a — acsc(c + dz)+/a + acsc(c + dz)

_3acos(c + dx) csci (¢ + dz)
dv/a + acsc(c+ dz)

(3a? cot(c + dx)) Subst(f Ly T d, \/W)
2d+/a — acsc(c+ dx \/a + acsc(c + dx)
(3(1 — v/3) a®cot(c + dz)) Subst <f T dz,z, {/esc(c + dx))
2d+\/a — acsc(c + dz)+/a + acsc(c + dz)

+

3a cot(c + dx) _ 3acos(c+ dz) csci (¢ + dz)
d <1 + /3 — {/ese(c+ dx)) va+acsc(c+ dx) dv/a+ acsc(c + dx)

3 2
3v/3v/2 — v/3a? cot(c + dx) <1 — Yesc(c+ dx)) J 1+ Vese(e + dw)+°scg(c+§$)E<arcsin (1_

<1+\/§— {Vese(c+ dx))

V3-
1+V/3-

_|_

3
sz( 1-}/osc(c + dx) z(a — acse(c+ dz))\/a+ acsc(c+ dz
1+v3

-{/esc(c+ dm))

v/23%/*a? cot(c + dx) <1 — /csc(c + dac)) J 1+ y/ese(c + d.’L’)+cs03(c+dm EllipticF (arcsin (ll/

(1+f— csc(c+ dx))

14/

-{/cesc(c+ d:c))

3
dJ ( 1-3/csc(c + dx) s(a — acsc(c+ dz))\/a + acsc(c+ dz
1+v3
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 15.30 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.09

2a cot(c + dz) Hypergeometric2F1 (3, 3, 3,1 — csc(c + dz))

dv/a(1 + csc(c + dx))

/ va+acsc(c+ dx) do—

v/ csc(c + dx)

[In] Integrate[Sqrt[a + axCsc[c + d*x]]/Csclc + d*x]~(1/3),x]
[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])/(d*S
qrt[ax(1 + Csclc + dx*x])])

Maple [F]

Va+acsc(dz + c)

—dx
csc (dz + ¢)3

[In] int((atax*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x)
[Out] int((at+a*xcsc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x)

Fricas [F]

va+ acsc(c+ dz) i \/acsc(dx+c)+adx

V/csc(c + dz) csc (dz + c)é

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(1/3), x)

Sympy [F]

\/a+acsc(c+dx \/a csc (¢ + dzx) + 1) "
Y/ese(c + dx) V/esc (¢ + dx)

[In] integrate((at+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(1/3),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))/csc(c + dxx)*x(1/3), x)
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Maxima [F]

/\/a+acsc(c+dx) d$_/\/acsc(dx+c)+adw
V/csc(c + dz) csc (dz + c)%

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(1/3), x)

Giac [F]

va+ acsc(c+ dz) d — \/acsc(dx+c)+adz
v esc(c + dz) csce (d:v—l—c)%

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(1/3), x)
Mupad [F(-1)]

Timed out.
\/a+acsc c+dx \/ et dD)
1 7 d

/ Y/esc(c + dr)

31n(c+d w)

[In] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(1/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(1/3), x)
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Rubi [A] (verified) . . . . . . . . . 172
Mathematica [C] (verified) . . . . . . . . ... L 175
Maple [F] . . . . 175
Fricas [F] . . . . . o 176
Sympy [F] . . o 176
Maxima [F] . . . . . o 176
Giac [F] . . . o o e 176
Mupad [F(-1)] . . . o 177

Optimal result

Integrand size = 25, antiderivative size = 552

/ va+ acsc(c+ dr) dp = — 15a cot(c + dx)
csci (c + dz) 8d (1 + /3 — {/csc(c+ dx)) va+acsc(c+ dx)
B 3a cos(c + dzx) _ 15acos(c + dz) csci (¢ + da)
4d</csc(c + dz)+/a + acsc(c + dr) 8d+/a + acsc(c + dz)

15v/3v/2 — v/3a? cot(c + dz) <1 — v/ese(e + dx)) J 1+( Y CSC(Z + da(:)JFCS: (;JFEII)E <arcsin (ﬂ&
1+v3-3/csc(c + dr) )

14++/3— 3/ CS
3
16d¢ ( 1= Vese(c + dr) »(a — acsc(c+ dz))\/a + acsc(c+ dz)

1+v3- 3/ csc(c + dz))

_|_

3 2 3
5 3%/4a? cot(c + dx) (1 — esc(e+ dx)) J L+ /ese(C + d2) ose (ot do) EllipticF (arcsin (1_\/5_ VAS

(1+¢§— {/ese(e + dx))2 1+v3- 3/ csc

1_m a—acsc(e x a + acsclc X
NﬁdJ (1+¢§—M)2( (c+ dz))+/a + acsc(c + dz)

[Out] -3/4x*a*cos(d*x+c)/d/csc(d*x+c)~(1/3)/(a+a*csc(d*x+c)) " (1/2)-15/8*a*cos (d*x+
c)*csc(d*x+c)~(2/3)/d/ (ataxcsc(d*x+c)) ~(1/2)-15/8*a*cot (d*x+c)/d/ (1-csc(d*x
+c)~(1/3)+37(1/2) )/ (ata*csc(d*x+c) )~ (1/2)-5/8*%3~(3/4) *a~2*cot (d*x+c) *(1-csc
(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-csc(d*x+c)~(1/3)+3
~(1/2)),1%37(1/2)+2*%I1)*2~(1/2) * ((1+csc(d*x+c) " (1/3) +csc(d*x+c)~(2/3))/(1-cs
c(d*x+c)~(1/3)+37(1/2))"2)~(1/2) /d/ (a—a*xcsc(d*x+c) )/ (a+a*csc(d*x+c)) ~(1/2)/
((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)+15/16%3~(1/4) *a
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~2xcot (d*x+c)*(1-csc(d*x+c)~(1/3))*E1llipticE((1-csc(d*x+c)~(1/3)-37(1/2))/(
1-csc(d*x+c) ~(1/3)+37(1/2)) ,Ix37(1/2)+2xI)*(1/2%6~ (1/2)-1/2%27(1/2) ) * ((1+cs
c(d*x+c)~(1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2)/d/(a
—axcsc(d*x+c))/(at+a*xcsc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3) )/ (1-csc(d*x+c) ~(
1/3)+37(1/2))"2)~(1/2)

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 552, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6 number of rules _ 0.240, Rules used

' integrand size
= {3891, 53, 65, 309, 224, 1891}

va+ acsc(c+ dx)
. dr =
cscs (¢ + dx)

2 3
5 33/4(12 COt(C-l— d.'I?) <1 _ S/CSC(C—|— diL‘)) J csc3 (et+dz)+ 3/ CSC(C+ dx)j;1 ElllpthF (arcsin (

(— Yese(e+ d$)+\/§+1>

~{/cse(c+d

-{/csc(c+d

4\/§dJ 1= Vese(c + dx) »(a — acsc(c+ dz))\/acsc(c+dz) +a

(— Yese(e+ dx)+\/§+1)

-{/ese(c+

15v/31/2 — v/3a? cot(c + dz) (1 — v/ese(e + dw)> J csel(ctda) 3/ Cscl(c + dm)HE(arcsin (—_  ese(c +

(— {Yese(c+ da:)Jm/??ﬂ)2

+
16d 1= V/ese(c + dz) »(a — acsc(c+ dz))y/acsc(c+dz) +a
(— {Yese(e+ d$)+\/§+1>
_ 15acos(c + dz) cscs (¢ + dr) B 3a cos(c + dzx)
8d+/acsc(c+ dz) +a 4d3/csc(c + dz)\/acsc(c + dr) +a
15a cot(c + dx)

- 8d (—\3/csc(c+ dz) + /3 + 1> Vacsc(c+dz) +a

[In] Int[Sqrt[a + axCscl[c + d*x]]/Csclc + d*x]~(4/3),x]

[Out] (-15%a*Cot[c + d*x])/(8*d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + ax*Csc

[c + d*x]]) - (3*a*Cos[c + d*x])/(4*d*Csc[c + d*x]~(1/3)*Sqrt[a + a*Csclc +
d*x]]) - (15%a*Cos[c + d*x]*Csc[c + d*x]~(2/3))/(8*d*Sqrt[a + a*Csc[c + d*
x]]) + (15%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2xCot[c + d*x]*(1 - Cscl[c + d*x]~(1/
3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc
+ d*x]~(1/3))"2]*E1lipticE[ArcSin[(1 - Sqrt([3] - Csclc + d*x]~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]1]1)/(16%d*Sqrt[(1 - Csc[c + d*
x]7(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt([a
+ axCscl[c + d*x]]) - (5%37(3/4)*a~2xCot[c + d*x]*(1 - Csc[c + d*x]~(1/3))*
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Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d
*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt
[3] - Csclc + d*x]1°(1/3))]1, -7 - 4*Sqrt[3]])/(4xSqrt[2]*d*Sqrt[(1 - Csclc +
d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqr
t[a + axCsclc + d*x]])

Rule 53

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a +b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - r*xs
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt([3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]

], s = Denom[Rt[b/a, 3]1}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrt[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrt[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[a]

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*r"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx72)/(
(1 + Sqrt[3])*s + r*x)~2]/(r~2*Sqrt[a + b*x~3]*Sqrt[s*((s + r*x)/((1 + Sqrt
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt([3])
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*s + r*x)], -7 - 4%Sqrt[3]1], x]1] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_.) + (f_.)*(x_)]*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, 4, e, f, n}, x] && EqQ[a"2 - b~2, 0]

Rubi steps

(a? cot(c + dz)) Subst (f m dz,z, csc(c+ dz))
dv/a — acsc(c + dz)\/a + acsc(c+ dz)

3a cos(c + dz)
4d</csc(c + dz)+/a + acsc(c + da:)
(5a? cot(c + dx)) Subst <f =

integral =

dzx,x,csc(c+ d:c))

N V=
8d+/a — acsc(c + dz)+/a + acsc(c + dz)
_ 3a cos(c + dzx) _ 15a cos(c + dz) csci (¢ + da)
4d</csc(c + dz)+/a + acsc(c + dr) 8d+/a + acsc(c + dz)

(5a? cot(c + dz)) Subst ( dx, z,csc(c+ da:)>

o=

16d+/a — acsc(c + dz)+/a + acsc(c + dz)

3a cos(c + dzx) _ 15acos(c + dz) csci (¢ + da)
4d3/csc(c + dz)+/a + acsc(c + dr) 8d+/a + acsc(c + dx)

(1502 cot(c + dz)) Subst ( [ S22 da,, {csolc + dx))
16d+/a — acsc(c + dz)+/a + acsc(c + dz)

3a cos(c + dzx) 15a cos(c + dz) cscs (¢ + d)
4d</csc(c + dz)+/a + acsc(c + dr) N 8d+/a + acsc(c + dz)
(15a” cot(c + dz)) Subst (f % dz,x, v/csc(c+ dw))
16d+/a — acsc(c + dz)+/a + acsc(c + dz)
(15(1 — v/3) a? cot(c + dz)) Subst (f s A, , V/esc(c + dac))
16d+/a — acsc(c + dz)+/a + acsc(c + dz)
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L 15a cot(c + dzx)
8d (1 + /3 — /esc(c+ dx)> va+ acsc(c+ dx)
3a cos(c + dz) 15a.cos(c + dz) cscs (c + d)
- 4d</csc(c + dz)+/a + acsc(c + dr) - 8d+/a + acsc(c + dx)

3/ 2
15v/3v/2 — v/3a? cot(c + dx) (1 — v/cse(e+ dw)) J 1+ Vese(e + dx)-i_cscg(c-i_;lz)E (arcsin (1—_

(1+\/§— Vese(e+ dz)) 1+

_|_

1-3/csc(c + dzx)
16d s(a —acsc(c+dz))v/a+ acsc(c+
J (1+f—3 csc(c-i—da:)) ( ( ) (

3 2 :
5 33/ cot(c + dx) (1 _ 3/—csc(c—|— dw)) \l 1+3/csc(c + d$)+csc§(c+(2iz) EllipticF (arcsin (1—_\/

(1+\/§— Vesc(e + dz)) 14+

4\/§dJ 1-V/esc(c + da) s(a — acsc(c+ dzx))\/a+ acsc(c+

(1+\/§— Yese(e + dx))

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 15.88 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.13

va+ acsc(c+ dz)
csci (¢ + dx)
acos(c + dz) (3 + 5 csci (¢ + dz) Hypergeometric2F1 (1, 4,31 — csc(c + dx)))

a 4d</csc(c + dx)+/a(1 + csc(c + dz))

dz

[In] Integrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(4/3),x]

[Out] -1/4x(a*Cos[c + d*x]*(3 + 5*%Csc[c + d*x]~(4/3)*Hypergeometric2F1[1/2, 4/3,
3/2, 1 - Csclc + d*x]]1))/(d*Csc[c + d*x]~(1/3)*Sqrt[ax(1 + Csclc + d*x])])

Maple [F]

va+acsc (dm+c)dx
csc(d:c+c)%

[In] int((atax*csc(d*x+c))~(1/2)/csc(d*x+c)~(4/3),x)
[Out] int((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)”(4/3),x)
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Fricas [F]

\/a+acsc(c+dx)d Vacsc(dz +c)+a
1 L= 1
csc3 (c + dz) csc (dz +¢)3?

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)”~(4/3),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(4/3), x)

Sympy [F]

dz

/\/a+acsc(c+d:c /\/a csc (¢ + dzx) + 1)

csc3(c+ dx esc? (¢ + di)

[In] integrate((at+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(4/3),x)
[Out] Integral(sqrt(a*(csc(c + d*x) + 1))/csc(c + d*x)**(4/3), x)

Maxima [F]

Va+ acsc(c+ dz) i — Vacsc(dz +c)+a

S : dx
csc3(c +dz) csc (dz +¢)3

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(4/3),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(4/3), x)

Giac [F]

Va+ acsc(c+ dz) = Vacsc(dz +c)+a

I I dz
csc3(c +dz) csc (dz + ¢)3?

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(4/3),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(4/3), x)
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Mupad [F(-1)]

Timed out.

\/a—l—acsc c+d:v \/ sin( c+dz
4/3

cscs (¢ + dz)
sm(c+dz)

[In] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(4/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(4/3), x)
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3.28 [ esc™(c + dx)+/a + acsc(c+ dz) dz

Optimal result . . . . . . . . . . . . 178
Rubi [A] (verified) . . . . . . . . 178
Mathematica [A] (verified) . . . . . . . . . .. 179
Maple [F] . . . . 179
Fricas [F] . . . . . . o 180
Sympy [F] . . o 130
Maxima [F] . . . . . o 180
Giac [F] . . . o o 1801
Mupad [F(-1)] . . . o o 18T

Optimal result

Integrand size = 23, antiderivative size = 48

/csc”(c + dz)\/a + acsc(c + dz) dr
2a cot(c + dz) Hypergeometric2F1 (3,1 — n, 3,1 — csc(c + dz))
dv/a + acsc(c + dz)

[Out] -2xa*cot(d*x+c)*hypergeom([1/2, 1-n],[3/2],1-csc(d*x+c))/d/(a+ta*xcsc(d*x+c))
~(1/2)

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ () ng7 , Rules used = {3891,
integrand size
67}

/csc”(c + dz)\/a + acsc(c + dz) dz
2a cot(c + dz) Hypergeometric2F1 (3,1 —n, 3,1 — csc(c + dz))
dv/acsc(c+dz) +a

[In] Int[Csc[c + d*x] n*Sqrtl[a + a*Cscl[c + d*x]],x]

[Out] (-2xa*Cot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + d*x]11)/(d
*Sqrt[a + axCsc[c + d*x]])

Rule 67

Int [((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((c + d*x
)"(n + 1)/(d*(n + 1)*(-d/(b*c)) "m))*Hypergeometric2Fi[-m, n + 1, n + 2, 1 +
d*(x/c)], x] /; FreeQ[{b, c, d, m, n}, x] & !'IntegerQ[n] && (IntegerQ[m]
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I'l GtQ[-d/(b*xc), 0])

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + fx*x]]
*Sqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + f*x]], x] /; FreeQl[{a, b, 4, e, f, n}, x] & EqQ[a~2 - b2, 0]

Rubi steps
a2 cot(c + dz)) Subst ( [ 2—== dz, z, csc(c + dz
Vv a—axr
integral =

dv/a — acsc(c+ dz)\/a + acsc(c + dx)

2a cot(c + dz) Hypergeometric2F1 (3,1 —n, 3,1 — csc(c + dz))

B dv/a + acsc(c+ dz)

Mathematica [A] (verified)

Time = 1.18 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

/csc”(c + dz)\/a + acsc(c + dz) dx

2a cot(c + dz) Hypergeometric2F1 (3,1 —n, 3,1 — csc(c + dz))
dv/a(1 + csc(c + dz))

[In] Integrate[Csc[c + d*x] n*Sqrt[a + a*xCsc[c + d*x]],x]

[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + d*x]])/(d
xSqrt [ax(1 + Csclc + d*x])])

Maple [F]

/csc (dz + )" \/a + acsc (dz + c)dx

[In] int(csc(d*x+c) “n*(a+akxcsc(d*x+c))~(1/2),%)

[Out] int(csc(d*x+c) “n*x(a+axcsc(d*x+c))~(1/2),x)
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Fricas [F]

/csc"(c+dx)\/a+acsc(c+dx)dx:/\/acsc(dx+c)+acsc(dx+c)" dx

[In] integrate(csc(d*x+c) “nx(a+axcsc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)"n, x)

Sympy [F]

/csc"(c + dz)+\/a + acsc(c + dz) dz = / va(csc (¢ + dz) + 1) csc™ (¢ + dz) d

[In] integrate(csc(d*x+c)**n*(ataxcsc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(a*(csc(c + d*x) + 1))*csc(c + d*x)**n, x)

Maxima [F]

/csc"(c+dx)\/a+acsc(c—|—dx) dx = / Vacse(dz + ¢) + acsc(dz +c)" dx

[In] integrate(csc(d*x+c) “n*(a+ta*csc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)”n, x)

Giac [F]

/csc"(c+dx)\/a+acsc(c+dx) dz = / Vacsc (dz +c) + acsc(dz + )" dx

[In] integrate(csc(d*x+c) “n*(a+ta*csc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)”n, x)



Mupad [F(-1)]

Timed out.

/csc"(c—i—dz)\/a-l-acsc(c-l—dx)dx:/\/a—i-sin(c(:_dz) (sin(cl—l—dx))ndw

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n,x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n, x)
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3.29 [ esc™(c + dx)+/a — acsc(c + dz) dx

Optimal result . . . . . . . . . . 182
Rubi [A] (verified) . . . .. . ... .. 182
Mathematica [A] (verified) . . . . . . . . ... L 183
Maple [F] . . . . 184
Fricas [F] . . . . o o o 184
Sympy [F] . . o o 184
Maxima [F] . . . . . . 184
Giac [F] . . . . o o 185
Mupad [F(-1)] . . . oo 185

Optimal result

Integrand size = 24, antiderivative size = 69

/csc"(c + dz)\/a — acsc(c + dz) dr =
2a cos(c + dz)(— csc(c + dz)) ™™ esc! (¢ + dz) Hypergeometric2F1 (1,1 —n, 3,1 4 csc(c + dz))

d+/a — acsc(c + dz)

[Out] -2xa*cos(d*x+c)*csc(d*x+c)”(1+n)*hypergeom([1/2, 1-n],[3/2],1+csc(d*x+c))/d
/ ((-csc(d*x+c)) "n)/(a—a*csc(d*x+c)) ~(1/2)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ 0.125, Rules used = {3891,
integrand size
69, 67}

/csc”(c + dz)\/a — acsc(c + dz) dr =

2a cos(c + dz)(— csc(c + dz)) ™™ esc™ (¢ + dz) Hypergeometric2F1 (1,1 —n, 3, csc(c + dz) + 1)

)92

d+/a — acsc(c + dz)

[In] Int[Csc[c + d*x] n*Sqrt[a - a*Csc[c + d*x]],x]

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + n)*Hypergeometric2F1[1/2, 1 - n, 3/2,
1 + Csclc + d*x]])/(d*(-Csc[c + d*x]) n*Sqrt[a - a*Csc[c + d*x]])

Rule 67

Int[((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + d*x
)"(n + 1)/(d*x(n + 1)*(-d/(b*c)) "m))*Hypergeometric2Fi[-m, n + 1, n + 2, 1 +
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dx(x/c)], x] /; FreeQ[{b, c, d, m, n}, x] && !IntegerQ[n] && (IntegerQ [m]
[l GtQ[-d/(b*c), 0])

Rule 69

Int[((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[((-b)*(c/
d)) “IntPart [m] * ((b*x) “FracPart[m]/((-d)*(x/c)) "FracPart[m]), Int[((-d)*(x/c
))"m*x(c + d*x)"n, x], x] /; FreeQ[{b, c, d, m, n}, x] & !'IntegerQ[m] &&
IIntegerQ[n] && !GtQlc, 0] && 'GtQ[-d/(bxc), 0]

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)]*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + fxx]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a~2 - b~2, 0]

Rubi steps

(a® cot(c + dz)) Subst (f \“’/;r% dz,z,csc(c+ dx))

integral =
s dv/a — acsc(c + dz)\/a + acsc(c + dz)

(a? cos(c + dz)(— esc(c + dxz)) ™™ csc' (¢ + dz)) Subst <f % dz,z,csc(c + da:))

dv/a — acsc(c+ dz)\/a + acsc(c+ dz)

2a cos(c + dz)(— csc(c + dz)) "™ esc' (¢ + dz) Hypergeometric2F1 (1,1 — n, 2,1 + csc(c + da
dv/a — acsc(c+ dz)

Mathematica [A] (verified)

Time = 2.90 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.06

/Csc"(c + dz)\/a — acsc(c + dz) dr =

2a cos(c + dz) csc' ™" (c + dz) (— csc?(c + dz)) " Hypergeometric2F1 (1,1 —n, 3,1 + csc(c + dz))
dv/a — acsc(c + dz)

[In] Integrate[Csc[c + d*x] n*Sqrt[a - a*Csc[c + d*x]],x]

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + 2xn)*Hypergeometric2F1[1/2, 1 - n, 3/2
, 1 + Csclc + d*x]])/(d*(-Csclc + d*x]~2)"n*Sqrt[a - a*Cscl[c + d*x]])
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Maple [F]

/csc (dz 4 ¢)" \/a — acsc (dz + ¢)dz

[In] int(csc(d*x+c) n*(a-a*csc(d*x+c))~(1/2),x)

[Out] int(csc(d*x+c) n*(a-a*csc(d*x+c))~(1/2),x)

Fricas [F|

/csc”(c +dz)\/a — acsc(c+ dz) dz = / v/ —acsc(dz +c) + acsc (dz + ¢)" dz

[In] integrate(csc(d*x+c) “n*(a-a*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(-a*csc(d*x + c) + a)*csc(d*x + c)"n, x)

Sympy [F]

/csc"(c + dz)\/a — acsc(c + dz) dr = / v/—a(csc (c+ dz) — 1) csc™ (¢ + dzx) dx

[In] integrate(csc(d*x+c)**n*(a-a*xcsc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(-a*(csc(c + d*x) - 1))*csc(c + d*x)**n, Xx)

Maxima [F|

/csc”(c + dz)v/a — acsc(c + dz) dz = / v/—acsc (dz + ¢) +acsc (dz + ¢)" dx

[In] integrate(csc(d*x+c) “n*(a-a*csc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-axcsc(d*x + c) + a)*csc(d*x + c)"n, x)
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Giac [F]

/csc"(c + dz)v/a — acsc(c + dz) dz = / v/—acsc(dz + c) +acsc (dz + ¢)" dx

[In] integrate(csc(d*x+c) “n*(a-axcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-a*csc(d*x + c) + a)*csc(d*x + ¢)”n, x)

Mupad [F(-1)]

Timed out.

/csc"(c+dx)\/a—acsc(c-l—dx)dw=/\/a— sin(ccfl—dx) (sin(cl-i—dx))ndx

[In] int((a - a/sin(c + d*x))~(1/2)*(1/sin(c + d*x)) n,x)
[Out] int((a - a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n, x)
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3.30 [esc®(e+ fz)(a+acsc(e + fx))"dx

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. 188l
Maple [F] . . . . 189
Fricas [F] . . . . . . o 189
Sympy [F] . . o 189
Maxima [F] . . . . . o 189
Giac [F] . . . o o 1901
Mupad [F(-1)] . . . o 190

Optimal result

Integrand size = 21, antiderivative size = 156

csc’(e + fz)(a+ acsc(e + fz))™ dx
_ cot(e + fz)(a+acsc(e + fz))™  cot(e+ fr)(a+acsc(e+ fx))t+tm

f(2+3m+m?) af(2+m)
22t (1 + m + m2) cot(e + fz)(1 + csc(e + fz))~2™(a + acsc(e + fz))™ Hypergeometric2F1 (2,3 —
B f(l+m)(2+m)

[Out] cot(f*x+e)*(ataxcsc(f*x+e)) "m/f/(m~2+3*m+2)-cot (f*x+e)*(ataxcsc(f*x+e))~(1+
m)/a/f/(2+m)-2"(1/2+m) * (m~2+m+1) *cot (f*x+e) * (1+csc(f*x+e)) ~(-1/2-m) * (a+ta*cs
c(f*x+e)) “m¥hypergeom([1/2, 1/2-m], [3/2],1/2-1/2%csc(f*x+e))/f/(m"2+3*m+2)

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 938 Ryjeg used

' integrand size
= {3885, 4086, 3913, 3912, 71}

/csc3(e + fz)(a+ acsc(e + fz))™ dz =

2"+3 (m? +m + 1) cot(e + fz)(csc(e + fz) +1)"™ 3 (acsc(e + fz) + a)™ Hypergeometric2F1 (1,1 —

f(m+1)(m+2)
cot(e + fz)(acsc(e + fz) +a)™  cot(e+ fr)(acsc(e + fz) + a)™t
f(m?+3m+2) af(m+2)

[In] Int[Cscle + f*x]~3*%(a + a*Cscl[e + f*x]) m,x]
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[Out] (Cot[e + f*x]*(a + a*Cscle + f*x])"m)/(f*(2 + 3*m + m~2)) - (Cot[e + fxx]x*(
a + axCscle + f*xx])"(1 + m))/(axf*(2 + m)) - (2°(1/2 + m)*(1 + m + m~2)*Cot

[e + £xx]*(1 + Csc[e + f*x])~(-1/2 - m)*(a + a*Csc[e + f*x]) ‘mxHypergeometr
ic2F1([1/2, 1/2 - m, 3/2, (1 - Cscle + f*x])/2])/(f*x(1 + m)*(2 + m))

Rule 71

Int[((a)) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a+ bxx)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
,m+ 2, (-d)*((a + bxx)/(b*c - axd))], x] /; FreeQ[{a, b, c, d, m, n}, x]
&% NeQ[b*c - axd, 0] && !'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-d/(bxc - axd), 0]))

Rule 3885

Int[cscl(e_.) + (£_.)*(x_)]1"3*(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(m_),
x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Csc[e + f*x])~(m + 1)/(bxfx(m + 2
))), x] + Dist[1/(bx(m + 2)), Int[Cscle + f*xx]*(a + b*Cscle + f*x]) “m*(b*(m
+ 1) - axCscle + f*x]), x], x] /; FreeQ[{a, b, e, £, m}, x] && EqQ[a"2 - b
=2, 0] & 'LtQm, -27(-1)]

Rule 3912

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCscle + f*x
11*Sqgrt[a - b*Cscle + f*x]]1)), Subst[Int[(d*x)~(n - 1)*((a + b*x)~(m - 1/2)
/Sqrt[a - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a”2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f#*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]), Int[(1 + (b/a)*Cscle + f*x]) m*(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b"2
, 0] & !IntegerQ[m] && !'GtQ[a, O]

Rule 4086

Int[cscl(e_.) + (£_.)*(x_)]*(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(m_)*(cs
clle_.) + (f_.)%(x_)1*(B_.) + (A)), x_Symbol]l :> Simp[(-B)*Cotle + f*x]*((
a + b*Cscle + f*x])™m/(fx(m + 1))), x] + Dist[(a*Bxm + A*bx(m + 1))/(bx(m +
1)), Int[Csc[e + f*x]*(a + bxCsc[e + f*x])"m, x], x] /; FreeQ[{a, b, A, B,
e, f, m}, x] && NeQ[A*b - axB, 0] && EqQ[a"2 - b2, 0] && NeQ[a*B*m + Axb*
(m + 1), 0] & !'LtQ[m, -2°(-1)]
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Rubi steps

cot(e + fz)(a+acsc(e + fz))t™
af(2+m)
4 [ esc(e+ fz)(a(l +m) —acsc(e + fz))(a+ acsc(e + fz))"dz
a(2+m)
_ cot(e+ fz)(a+acsc(e+ fz))™  cot(e+ fz)(a+ acscle+ fz))Hm
f (24 3m+m?) af(2+m)
N (14+m+m?) [ escle + fx)(a+ acscle + fx))™dz
(1+m)(2+m)
_ cot(e+ fz)(a+acsc(e+ fz))™  cot(e+ fz)(a+ acscle+ fz))Hm
f (24 3m+m?) af(2+m)
N (L +m+m?) (14 cscle+ fz))"™(a+ acsc(e + fz))™) [ ese(e + fz)(1+ csc(e + fz))™ dz
(1+m)(2+m)

_ cot(e+ fz)(a+acsc(e+ fz))™  cot(e+ fr)(a+acsce+ fx))+™
B f(24+3m+m?) af(2+m)
1+x)_%+m d

((1 +m —+m?) cot(e + fz)(1 + csc(e + fz))~2 ™ (a + acsc(e + fac))m> Subst (f (W z,
f(L+m)(2+m)\/1— csc(e + fz)

_ cot(e+ fx)(a+acsc(e+ fr))™ cot(e+ fz)(a+ acscle+ fx))'+™
- f (24 3m+m?2) B af(2+m)
22+™(1 + m 4+ m?2) cot(e + fz)(1 + csc(e + fz))~2"™(a + acsc(e + fz))™ Hypergeometric2F1
B f(l+m)(2+m)

integral = —

+

Mathematica [A] (verified)

Time = 5.54 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.14

/csc3(e + fx)(a+acscle+ fz))"dx =
(a(1+ csc(e + fz)))™ ((—2 + m)mcot* (3(e + fz)) Hypergeometric2F1 (—2 — m, —2m, —1 — m, — ta:

[In] Integrate[Csc[e + f*x]~3%(a + a*Cscl[e + f*x]) m,x]

[Out] -1/4%((a*x(1 + Cscle + f*x])) m*x((-2 + m)*m*Cot[(e + f*x)/2] “4*Hypergeometri
c2F1[-2 - m, -2*m, -1 - m, -Tan[(e + f*x)/2]] + (2 + m)*(m*Hypergeometric2F

1[2 - m, -2*m, 3 - m, -Tan[(e + £*x)/2]] + 2*(-2 + m)*Cot[(e + f*x)/2]"2xHy
pergeometric2F1[-2*m, -m, 1 - m, -Tan[(e + f*x)/2]]))*Tan[(e + £*x)/2]1°2)/(
fx(-2 + m)*m*(2 + m)*(1 + Tan[(e + f*x)/2])~(2*m))
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Maple [F]
/csc(f:v+e)3(a-l—acsc(fx—i—e))mdz

[In] int(csc(f*x+e) ~3*(ata*csc(f*x+e)) "m,x)

[Out] int(csc(f*x+e) 3*(ata*csc(f*x+e)) m,x)
Fricas [F|
/CSC3(6 + fx)(a+acsc(e + fx))™ dx = / (acsc(fz+e) +a)™csc(fr+e) do

[In] integrate(csc(f*x+e) ~3*(ata*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*xcsc(f*x + e) + a) m*csc(f*x + e)~3, x)
Sympy [F]
/csc3(e + fz)(a+acscle+ fz))"dx = / (a(csc (e + fx) +1))"csc® (e + fx) dx

[In] integrate(csc(f*x+e)**3x(at+taxcsc(f*x+e))**m,x)

[Out] Integral((a*(csc(e + fxx) + 1))**xmxcsc(e + f*xx)**3, x)

Maxima [F]

/cscg(e + fz)(a+acscle + fz))™dx = / (acsc(fz + €) +a)™csc (fz +e)® dx

[In] integrate(csc(f*x+e) “3*(ata*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e)~3, x)
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Giac [F]
/csc3(e+fx)(a+acsc(e+ fr)™dx = /(acsc (fz+e)+a)"csc(fr+e)’ dz

[In] integrate(csc(f*x+e) 3*(ataxcsc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e)~3, x)

Mupad [F(-1)]
Timed out.

<a + sin(el-ll—f x))

/csc3(e + fz)(a+ acsc(e + fzr))™ dz = / et fa) dz

[In] int((a + a/sin(e + f*x))"m/sin(e + f*x)~3,x)

[Out] int((a + a/sin(e + f*x)) m/sin(e + f*x)~3, x)
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3.31 [esc®(e+ fz)(a+acsc(e + fx))"dx

Optimal result . . . . . . . . . . e [191]
Rubi [A] (verified) . . . . . . . . . . 1911
Mathematica [A] (verified) . . . . . . .. ... . L o 193
Maple [F] . . . . 193
Fricas [F] . . . . . o 193
Sympy [F] . . o o 194
Maxima [F] . . . . . o 194
Giac [F] . . o o 194
Mupad [F(-1)] . . . oo 194

Optimal result

Integrand size = 21, antiderivative size = 109

cot(e + fr)(a+ acsc(e + fx))™
f(1+m)
22 ™mm cot(e + fz)(1 + csc(e + fz)) "2 ™(a + acsc(e + fz))™ Hypergeometric2F1 (2,3 —m,3,2(1-
B f(l+m)

/csc2(e + fx)(a+acsc(e+ fz))"dx = —

[Out] -cot(f*x+e)*(ata*csc(f*x+e)) m/f/(1+m)-2"(1/2+m)*m*cot (f*x+e)*(1+csc(f*xx+e)
)~ (-1/2-m) * (at+a*csc(f*x+e) ) “mxhypergeom([1/2, 1/2-m], [3/2],1/2-1/2*csc(f*x+
e))/f/(1+m)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 194 Ryles used

' integrand size
= {3883, 3913, 3912, 71}

/cscz(e + fz)(a+acscle+ fz))"dz =

2™+ 2m cot(e + fx)(csc(e + fz) + 1) 2 (acsc(e + fz) + a)™ Hypergeometric2F1 (3,3 —m, 3, 3(1 -
f(m+1)

_ cot(e + fz)(acsc(e + fz) +a)™
f(m+1)

[In] Int[Cscle + f*x] 2x(a + a*Cscl[e + f*x]) m,x]

[Out] -((Cot[e + f*x]*(a + a*Cscle + f*x])"m)/(f*(1 + m))) - (27(1/2 + m)*mx*Cot[e
+ fxx]*(1 + Cscle + £*x])~(-1/2 - m)*(a + a*Csc[e + f*x]) “m*xHypergeometric
2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + £*x])/2])/(f*x(1 + m))
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Rule 71

Int[((a)) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a+ b*x)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2Fi[-n, m + 1
, m+ 2, (-d)*((a + b*x)/(b*c - a*d))], x] /; FreeQ[{a, b, ¢, 4, m, n}, x]
&& NeQ[bxc - a*d, 0] && !IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-d/(bxc - axd), 0]))

Rule 3883

Int[cscl(e_.) + (£_.)*(x_)]1"2x(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_),
x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Csc[e + f*x]) m/(fx(m + 1))), x]
+ Dist[ax(m/(bx(m + 1))), Int[Cscl[e + fxx]*(a + b*Cscl[e + f*x])"m, x], x] /
; FreeQ[{a, b, e, f, m}, x] && EqQ[2"2 - b"2, 0] && !LtQ[m, -27(-1)]

Rule 3912

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCsc[e + f*x
11#Sqrt[a - bxCscle + f£*x]])), Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2)
/Sqrtla - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a"2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Csc[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscl[e + fxx]) FracPart[m]), Int[(1 + (b/a)*Cscl[e + f*x]) m*(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b~2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rubi steps
integral = _cot(e + fz)(a+ acsc(e + fz))™ L m [ esc(e+ fz)(a+ acsc(e+ fz))™dx
f(L+m) 1+m
__cot(e+ fz)(a+acsc(e+ fz))"
B f(1+m)
4 (m(1 + csc(e + fz)) ™(a+ acsc(e + fz))™) [csc(e + fz)(1 + csc(e + fz))™ dz
1+m
__cot(e+ fz)(a +acsc(e + fz))"
B f(1+m)
(m cot(e + fx)(1+ csc(e + fz))"2™(a + acsc(e + fz))m) Subst (f % dz,z,csce + f
+

f(L+m)\/1—csce+ fx)
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_ cot(e+ fz)(a+acsc(e + fz))™
- f(1+m)
25+ mm cot(e + f2)(1 + csc(e + fz)) 3™ (a + acse(e + fz))™ Hypergeometric2F1 (3, — m,
- f(14+m)

Mathematica [A] (verified)

Time = 0.97 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.16

/cscz(e + fz)(a+acscle+ fz))"dz =

(a(1 4 csc(e + fz)))™ ((—1 +m) cot? (3 (e + fz)) Hypergeometric2F1 (—1 — m, —2m, —m, — tan (4 (

[In] Integrate[Cscle + f*x]~2%(a + axCscle + f*x]) m,x]

[Out] -1/2*%((a*(1 + Cscle + f*x])) m*x((-1 + m)*Cot[(e + f*x)/2] 2*Hypergeometric2
F1[-1 - m, -2*m, -m, -Tan[(e + f*x)/2]] + (1 + m)*Hypergeometric2F1[1 - m,

-2%m, 2 - m, -Tan[(e + f*x)/2]]1)*Tan[(e + f*x)/2])/(f*x(-1 + m)*(1 + m)*(1 +
Tan[(e + £*x)/2])~(2%m))

Maple [F]
/csc(fx+e)2(a+acsc(fx+e))mdx

[In] int(csc(f*x+e) 2% (ata*csc(f*x+e)) "m,x)

[Out] int(csc(f*xx+e) 2% (ata*csc(f*x+e)) "m,x)
Fricas [F|
/cscz(e + fz)(a+ acscle + fx))™dx = / (acsc(fz+e)+a)"csc(fz +e)® d

[In] integrate(csc(f*x+e) "2*(ata*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a) m*csc(f*x + e)~2, x)
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Sympy [F]

/csc2(e + fz)(a+ acsc(e + fzr))™dz = / (a(csc (e + fx) + 1)) csc? (e + fx) dx

[In] integrate(csc(f*x+e)**2x*(at+taxcsc(f*x+e))**m,x)

[Out] Integral((ax(csc(e + fxx) + 1))*xmxcsc(e + f£*x)**2, x)
Maxima [F]
/cscz(e + fz)(a + acscle + fx))™dx = / (acsc(fz+e)+a)"csc(fz +e)® d

[In] integrate(csc(f*x+e) ~2*(ata*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Giac [F]
/cscz(e + fx)(a+acsc(e+ fx))™ dx = / (acsc(fz+e) +a)™csc(fr+e)® do

[In] integrate(csc(f*x+e) 2% (ata*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((a*csc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Mupad [F(-1)]

Timed out.

2 m o ( + sin(ez-fm))
/cse (e + fz)(a+ acsc(e + fx)) dx—/ in(et fo) dx

[In] int((a + a/sin(e + f*x)) m/sin(e + f*x)~2,x)

[Out] int((a + a/sin(e + f*x)) m/sin(e + f*x)~2, x)
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3.32 [ csc(e+ fx)(a+ acsc(e + fz))™ dz

Optimal result . . . . . . . . . . e 193]
Rubi [A] (verified) . . . . . . . . 195
Mathematica [A] (verified) . . . . . . . . . .. 1961
Maple [F] . . . . 197
Fricas [F] . . . . . o e 197
Sympy [F] . o o o 197
Maxima [F] . . . . . o 197
Giac [F] . . . o o 198}
Mupad [F(-1)] . . . oo 198

Optimal result

Integrand size = 19, antiderivative size = 74

/csc(e + fz)(a+acscle+ fz))"dx =

25 cot(e + f)(1 + cse(e + f#)) "2 ~"(a + acse(e + fx))™ Hypergeometric2F1 (3, 5 —m, §,
- f

(1—

[Out] -27(1/2+m)*cot (f*x+e)* (1+csc(f*x+e)) ~(-1/2-m)* (ataxcsc(f*x+e)) “mxhypergeom(
[1/2, 1/2-m],[3/2],1/2-1/2%csc(f*x+e))/f

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.158, Rules used = {3913,
integrand size
3912, 71}

/csc(e + fz)(a + acscle + fx))"dx =

2™+3 cot(e + f)(csc(e + fx) + 1)~ 3 (acsc(e + fz) + a)™ Hypergeometric2F1 (1,1 —m, 3, 1(1 —
~ f

[In] Int[Cscl[e + f*xx]*(a + a*Cscl[e + f*x]) m,x]

[Out] -((2°(1/2 + m)*Cot[e + f*x]*(1 + Cscle + f*x])~(-1/2 - m)*(a + a*Csc[e + fx*
x]) “m*Hypergeometric2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + fxx])/2])/f)

Rule 71

Int[((a)) + (b_)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a+ bxx)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
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, m+ 2, (-d)*((a + b*x)/(bxc - axd))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - a*d, 0] && !IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] & (RationalQ[m] || !(RationalQ[n] && GtQ[-d/(bx*c - axd), 0]))

Rule 3912

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)1*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[a"2xd*(Cot[e + f*x]/(f*Sqrt[a + b*Cscl[e + f*x
11#Sqrt[a - bxCscle + f£*x]])), Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2)
/Sqrtla - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a"2 - b™2, 0] && !'IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*xx]) FracPart[m]), Int[(1 + (b/a)*Cscl[e + f*x]) m*(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b"2
, 0] & !IntegerQ[m] && !'GtQ[a, O]

Rubi steps

integral = ((1+ csc(e + fz)) ™ (a + acsc(e + fz))™) /csc(e + fz)(1 + csc(e + fx))" dx

(cot(e + fz)(1 +cscle + fz))"2"™(a + acsc(e + fz))m) Subst (f % dz,z,csc(e + fm))

f1/1—csc(e + fx)

2:7™ cot(e 4 fz)(1 + csc(e + fz)) "2 ~™(a + acsc(e + fz))™ Hypergeometric2F1 (1,1 —m, 3,

f
Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

/csc(e + fz)(a+acscle + fz))"dz =

(a(1 4+ csc(e + fz)))™ Hypergeometric2F1 (—2m, —m, 1 — m, —tan (3 (e + fz))) (1 + tan (3(e + fz))

fm

[In] Integrate[Csc[e + f*x]*(a + a*Cscle + f*x]) m,x]

[Out] -(((ax(1 + Cscle + f*x])) mxHypergeometric2F1[-2*m, -m, 1 - m, -Tan[(e + fx*
x)/2]11)/(f*m*(1 + Tan[(e + £*x)/2])~(2*m)))
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Maple [F]

/csc(fx-l—e) (a+acsc(fz+e))"dx

[In] int(csc(f*x+e)*(ata*csc(f*x+e)) "m,x)

[Out] int(csc(f*x+e)*(a+ta*csc(f*x+e)) m,x)
Fricas [F|
/csc(e + fx)(a+acsc(e + fx))™ dx = / (acsc(fr+e)+a)"csc(fr+e)dx

[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a) ~m*csc(f*x + e), x)
Sympy [F]
/csc(e + fz)(a+acscle+ fz))"dx = / (a(csc (e + fz) +1))™esc (e + fz)dx

[In] integrate(csc(f*x+e)*(ata*xcsc(f*x+e))**m,x)

[Out] Integral((a*(csc(e + fxx) + 1))**xmxcsc(e + f*x), x)

Maxima [F]

/csc(e + fz)(a+acscle + fz))™dx = / (acsc(fx+e)+a)" csc(fr+e) dz

[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e), x)
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Giac [F]
/csc(e—l—fw)(a+acsc(e+ fr)™dx = /(acsc (fr+e)+a)"csc(fzx+e) dx

[In] integrate(csc(f*x+e)*(ata*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) m*csc(f*x + e), x)

Mupad [F(-1)]

Timed out.

o+ ity )
/csc(e+fx)(a+aCSC(e+fx))mdx:/<sin(e(++;ﬂi)> &

[In] int((a + a/sin(e + f*x))“"m/sin(e + f*x),x)

[Out] int((a + a/sin(e + f*x)) m/sin(e + f*x), x)
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3.33 [(a+acsc(e+ fz))™dx

Optimal result . . . . . . . . . . . e 199
Rubi [A] (verified) . . . . . . . . . 1991
Mathematica [F] . . . . . . . ... 200
Maple [F] . . . . 201]
Fricas [F] . . . . o o o 201]
Sympy [F] . . o 201]
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo 202

Optimal result

Integrand size = 12, antiderivative size = 84

/(a +acsc(e + fz))"dr =
B V2 AppellF1 (1 +m,1,1,2 + m, 1(1+ csc(e + fx)), 1+ csc(e + fz)) cot(e + fz)(a + acsc(e + fz))
f(1+2m)\/1 — csc(e + fz)

[Out] -AppellF1(1/2+m,1,1/2,3/2+m,1+csc(f*x+e),1/2+1/2xcsc(f*x+e))*cot (f*x+e)*(a+
axcsc(fxx+e)) mx2~(1/2)/f/(1+2xm) / (1-csc(f*xx+e))~(1/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 954 Ryjles used = {3864,
integrand size
3863, 141}

/(a +acsc(e + fz))" dx =

_\/ﬁcot(e + fz)(acsc(e + fz) +a)™ AppellF1 (m+ 1,1.1,m + 2, L(csc(e + fz) + 1), csc(e + fz) + 1
f(2m+1)y/1 — csc(e + fz)

[In] Int[(a + a*xCscl[e + f*x]) "m,x]

[Out] -((Sqrt[2]*AppellF1[1/2 + m, 1/2, 1, 3/2 + m, (1 + Cscle + f*x])/2, 1 + Csc
[e + £xx]]*Cot[e + f*xx]*(a + axCscle + f*x])"m)/(£f*x(1 + 2*xm)*Sqrt[1 - Cscle
+ £*x]]))

Rule 141

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[(b*e - a*f) p*((a + b*x)"(m + 1)/(b”(p + D*(m + 1
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)*(b/(b*c - a*d)) n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + bxx)/(b*c -
axd)), (-f)*((a + b*x)/(b*xe - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n}
, x] & !IntegerQ[m] &% !IntegerQ[n] && IntegerQ[p] && GtQ[b/(b*c - axd),
0] && '(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rule 3863

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Dist[a"n*(Cot
[c + d*x]/(d*Sqrt[1 + Csclc + d*x]]*Sqrt[1 - Csclc + d*x]])), Subst[Int[(1
+ bx(x/a))~(n - 1/2)/(xxSqrt[1 - b*(x/a)]), x], x, Csclc + d*x]], x] /; Fre
eQ[{a, b, ¢, d, n}, x] & EqQ[a~2 - b"2, 0] && !'IntegerQ[2#n] && GtQ[a, O]

Rule 3864

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(n_), x_Symbol] :> Dist[a~IntPar
t[n]*((a + b*Csc[c + d*x]) FracPart[n]/(1 + (b/a)*Csc[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Csclc + d*x])~"n, x], x] /; FreeQ[{a, b, c, d, n}, x] && E
qQ[a~2 - b~2, 0] && !IntegerQ[2*n] && !'GtQ[a, O]

Rubi steps
integral = ((1 + csc(e + fz)) ™ (a + acsc(e + fz))™) /(1 + csc(e + fz))™ dx

(cot(e + fz)(1 4 csc(e + fz))~2™(a + a csc(e + fx))m) Subst (f % dz,z,csc(e + fx))

f1/1—csc(e+ fx)

_ V2AppellF1 (5 +m, 3,1, 3 +m, 3(1+ csc(e + fx)), 1+ csc(e + fx)) cot(e + fx)(a + acsc(e -
f(1+2m)\/1 — csc(e + fx)

Mathematica [F]

/(a +acsc(e + fz))" dx = /(a +acsc(e + fz))" dx

[In] Integrate[(a + a*Csc[e + f*x]) m,x]

[Out] Integratel(a + a*Cscl[e + f*x])"m, x]
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Maple [F]

/(a-l—acsc(fx—l—e))mdx

[In] int((ata*csc(f*x+e)) m,x)

[Out] int((at+a*xcsc(f*x+e)) m,x)
Fricas [F|
/(a + acsc(e + fx))™dr = / (acsc(fr+e)+a)"dx

[In] integrate((a+a*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a)’m, x)
Sympy [F]
/(a +acsc(e + fz))" dx = / (acsc(e+ fzr)+a)™ dx

[In] integrate((at+a*csc(f*x+e))**m,x)

[Out] Integral((a*csc(e + f*x) + a)**m, Xx)

Maxima [F]

/(a—l—acsc(e—i—fx))mdx =/(acsc (fr+e)+a)"dz

[In] integrate((a+a*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a)”m, x)



Giac [F]
/(a +acsc(e + fz))"dx = / (acsc(fr+e)+a)"dz

[In] integrate((at+axcsc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a)”m, x)

Mupad [F(-1)]

Timed out.
a m
dz
)

/(a+acsc(e+fz))mdz:/(a+sin(e—+fx

[In] int((a + a/sin(e + f*x))“m,x)

[Out] int((a + a/sin(e + f*x))"m, x)

202
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3.34 [(a+acsc(e+ fz))"sin(e + fz)dx

Optimal result . . . . . . . . . . . e 203
Rubi [A] (verified) . . . . . . . . . 2031
Mathematica [F] . . . . . . . .. . 204
Maple [F] . . . . 205
Fricas [F] . . . . . o o 205
Sympy [F] . . o 205
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo 206

Optimal result

Integrand size = 19, antiderivative size = 83

/(a + acsc(e + fx))"sin(e + fz)dx

_ V2 AppellF1 (1 +m,1,2,2 + m,1(1+ csc(e + fz)), 1+ csc(e + fz)) cot(e + fz)(a + acsc(e + fz))™
f(1+2m)\/1 — csc(e + fz)

[Out] AppellF1(1/2+m,2,1/2,3/2+m,1+csc(f*x+e),1/2+1/2*csc(f*x+e))*cot (f*x+e)*(a+ta
*csc(fxx+e)) m*2~(1/2)/f/(1+2*m) / (1-csc(f*x+e))~(1/2)

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 158 Ryjles used = {3913,
integrand size
3912, 141}

/(a +acsc(e+ fx))"sin(e + fz)dx
_ V2cot(e+ fz)(acsc(e+ fz) + a)™ AppellF1 (m + 3, 3,2,m + 3, 3 (csc(e + fx) + 1), csc(e + fz) + 1)
B f2m+1)y/1 — cscle + fz)

[In] Int[(a + a*xCsc[e + f*x]) m*Sin[e + fx*x],x]

[Out] (Sqrt[2]*AppellF1[1/2 + m, 1/2, 2, 3/2 + m, (1 + Csc[e + f*x])/2, 1 + Cscle
+ fxx]]1*Cot[e + f*x]*(a + a*Cscle + f*x])"m)/(f*(1 + 2#m)*Sqrt[1 - Cscl[e +
fxx]1)

Rule 141

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[(b*e - a*f) p*((a + b*x)"(m + 1)/(b”(p + D*(m + 1
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)*(b/(b*c - a*d)) n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + bxx)/(b*c -
axd)), (-f)*((a + b*x)/(b*xe - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n}
, x] & !IntegerQ[m] &% !IntegerQ[n] && IntegerQ[p] && GtQ[b/(b*c - axd),
0] && '(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rule 3912

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCscle + f*x
11*Sqgrt[a - bxCscle + f*x]]1)), Subst[Int[(d*x)~(n - 1)*((a + b*x)~(m - 1/2)
/Sqrt[a - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a”2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)I*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f#*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]), Int[(1 + (b/a)*Cscle + f*x]) “m*x(d*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] & EqQ[a~2 - b~2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rubi steps

integral = ((1+ csc(e + fz)) ™ (a + acsc(e + fz))™) /(1 + csc(e + fx))™sin(e + fx) dx

(cot(e + fz)(1 + cscle + fz))"2"™(a + acsc(e + fz))m) Subst <f (Hgl”)__i;rm dz,z,csc(e + fw))
f1/1—csc(e + fx)

_ V2 AppellF1 (1 +m,1,2,2 + m,1(1+ csc(e + fz)),1 + csc(e + fz)) cot(e + fz)(a + acsc(e + f
B f(1+2m)\/1 — cscle + fx)

Mathematica [F]

/(a +acsc(e + fx))"sin(e + fz)dz = /(a + acsc(e + fx))"sin(e + fz)dx

[In] Integratel[(a + a*Cscl[e + f*x]) m*Sin[e + f*x],x]

[Out] Integrate[(a + axCscl[e + f*x]) m*Sin[e + f*x], x]
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Maple [F]
/(a+ acsc(fz+€))"sin(fr+e)dz

[In] int((ata*csc(f*x+e)) m*sin(f*x+e),x)

[Out] int((at+a*xcsc(f*x+e)) m*sin(f*x+e),x)
Fricas [F|
/(a + acsc(e + fx))"sin(e + fx)dz = / (acsc(fr+e)+a)"sin(fz+e)dz

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a) m*sin(f*x + e), x)
Sympy [F]
/(a +acsc(e+ fz))"sin(e + fx)dx = / (a(csc (e + fz) +1))"sin (e + fz)dx

[In] integrate((a+a*csc(f*x+e))**m*sin(f*x+e),x)

[Out] Integral((a*(csc(e + fxx) + 1))**m*sin(e + f*x), x)

Maxima [F]

/(a +acsc(e+ fx))"sin(e + fz)dx = / (acsc(fr+e)+a)"sin(fz+e)dz

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) " m*sin(f*x + e), x)



Giac [F]
/(a +acsc(e+ fx))"sin(e + fz)dx = / (acsc(fz+e)+a)"sin(fz+e) dx

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) " m*sin(f*x + e), x)

Mupad [F(-1)]

Timed out.

/(a + acsc(e + fx))"sin(e + fx)dz = /sin (e+ fz) (a + myndx

[In] int(sin(e + f*x)*(a + a/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)*(a + a/sin(e + f*x))“m, x)

206
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3.35 [(a+ acsc(e+ fz))™sin*(e + fz)dz

Optimal result . . . . . . . . . . e 207
Rubi [A] (verified) . . . . . . . . . 207l
Mathematica [F] . . . . . . . ... 208
Maple [F] . . . . 209
Fricas [F] . . . . . o o 209
Sympy [F] . . o 209
Maxima [F] . . . . . . 2091
Giac [F] . . . . o o 210
Mupad [F(-1)] . . . oo 210

Optimal result

Integrand size = 21, antiderivative size = 84

/(a +acsc(e + fz))™sin’(e + fz)dz =

B V2 AppellF1 (1 +m,1,3,2 + m,1(1+ csc(e + fx)), 1+ csc(e + fx)) cot(e + fz)(a + acsc(e + fz))
f(1+2m)\/1 — csc(e + fz)

[Out] -AppellF1(1/2+m,3,1/2,3/2+m,1+csc(f*x+e),1/2+1/2xcsc(f*x+e))*cot (f*x+e)*(a+
axcsc(fxx+e)) mx2~(1/2)/f/(1+2xm) / (1-csc(f*xx+e))~(1/2)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 143 Ryjes used = {3913,
integrand size
3912, 141}

/(a + acsc(e + fr))™sin*(e + fz)dz =

_\/ﬁcot(e + fz)(acsc(e + fz) +a)™ AppellF1 (m + 1,1.3,m + 2, L(csc(e + fz) + 1), csc(e + fz) + 1
f(2m+1)y/1 — csc(e + fz)

[In] Int[(a + a*Csc[e + f*x]) m*Sin[e + f*xx]~2,x]

[Out] -((Sqrt[2]*AppellF1[1/2 + m, 1/2, 3, 3/2 + m, (1 + Cscle + f*x])/2, 1 + Csc
[e + £xx]]*Cot[e + f*xx]*(a + axCscle + f*x])"m)/(£f*x(1 + 2*xm)*Sqrt[1 - Cscle
+ £*x]]))

Rule 141

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[(b*e - a*f) p*((a + b*x)"(m + 1)/(b”(p + D*(m + 1
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)*(b/(b*c - a*d)) n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + bxx)/(b*c -
axd)), (-f)*((a + b*x)/(b*xe - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n}
, x] & !IntegerQ[m] &% !IntegerQ[n] && IntegerQ[p] && GtQ[b/(b*c - axd),
0] && '(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rule 3912

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCscle + f*x
11*Sqgrt[a - bxCscle + f*x]]1)), Subst[Int[(d*x)~(n - 1)*((a + b*x)~(m - 1/2)
/Sqrt[a - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a”2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)I*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f#*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]), Int[(1 + (b/a)*Cscle + f*x]) “m*x(d*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] & EqQ[a~2 - b~2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rubi steps

integral = ((1 + csc(e + fz)) ™ (a + acsc(e + fz))™) /(1 + csc(e + fx))™sin’(e + fz) dz

(cot(e + fz)(1 + cscle + fz))"2"™(a + acsc(e + fz))m) Subst <f (Hgl”)_:i:m dz,z,csc(e + fw))
f1/1—csc(e + fx)

B V2 AppellF1 (1 +m,1,3,2 + m,1(1+ csc(e + fx)),1+ csc(e + fz)) cot(e + fz)(a + acsc(e -
f(1+2m)\/1 — csc(e + fx)

Mathematica [F]

/(a + acsc(e + fz))™sin®(e + fz)dx = /(a + acsc(e + fz))™sin®(e + fz) dz

[In] Integratel[(a + a*Cscl[e + f*x]) m*Sin[e + f*x]~2,x]

[Out] Integrate[(a + a*Cscl[e + f*x]) m*Sin[e + f*x]~2, x]
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Maple [F]
/(a + acsc(fz+ €)™ sin (fz +e)’dzx

[In] int((ata*csc(f*x+e)) m*sin(f*x+e)~2,x)

[Out] int((at+a*xcsc(f*x+e)) m*sin(f*x+e)”2,x)
Fricas [F|
/(a + acsc(e + fr))™sin’(e + fz)dr = / (acsc(fz+e)+a)™sin (fz +e)’ do

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(a*csc(f*x + e) + a)”m, x)
Sympy [F]
/(a + acsc(e + fr))™sin*(e + fz)dz = / (a(csc (e + fx) +1))"sin® (e + fz)dx

[In] integrate((at+a*csc(f*x+e))**m*sin(f*x+e)**2,x)

[Out] Integral((a*(csc(e + fxx) + 1))**mxsin(e + f£*x)**2, x)

Maxima [F]

/(a +acsc(e + fr))™sin®(e + fz)dr = / (acsc(fz +e)+a)sin(fz +e)® de

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) mxsin(f*x + e)~2, x)
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Giac [F]
/(a +acsc(e + fr))™sin®(e + fz)dr = / (acsc(fz+e)+a)™sin(fz+e)® de

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) mxsin(f*x + e)~2, x)

Mupad [F(-1)]

Timed out.

/(a,—|—aCSC(€+fx))m5in2(e+fx) dx = /SiIl (€+fx)2 <a+ m) dz

[In] int(sin(e + f*x)~2%(a + a/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)~2*(a + a/sin(e + f*x))"m, x)



211

3.36 [(a+ besc(c+ dz))* dx

Optimal result . . . . . . . . . . e 211
Rubi [A] (verified) . . . . . . . . . 21711
Mathematica [B] (verified) . . . . . . . . ... L 213
Maple [A] (verified) . . . . . . . . 214
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 214
Sympy [F] . . o o 215
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 27151
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... 210
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 210

Optimal result

Integrand size = 12, antiderivative size = 107

2 p2
/(a + besc(c+ dn))t do = atz — 2ab(2a* + b )arc:ianh(cos(c + dz))
_ b’(17a 4-2b%) cot(c + dzx)  4ab® cot(c + dx) csc(c + dx)
3d 3d
_ b?cot(c + dz)(a + besc(c + dr))?
3d

[Out] a~4x*xx-2*axbx(2*a~2+b~2)*arctanh(cos(d*x+c))/d-1/3*%b" 2% (17*a"2+2xb~2) *cot (d*
x+c)/d-4/3*axb~3*cot (d*x+c) *csc(d*x+c) /d-1/3*%b"2xcot (d*x+c) * (a+tb*csc (d*x+c)
)"2/d

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5 number of rules _ 0.417, Rules used

' integrand size
= {3867, 4133, 3855, 3852, 8}

2 2
/(a + bese(c + dz))* dz = a'z — 2ab(2a* + b%) arcl:lanh(cos(c + dx))
_ b2 (17a2 + 2b?) cot(c + dx) B 4ab® cot(c + dz) csc(c + da)
3d 3d
B b? cot(c + dx)(a + besc(c + dzx))?
3d

[In] Int[(a + b*Csc[c + d*x])~"4,x]

[Out] a~4*xx - (2xa*b*x(2*%a~2 + b~2)*ArcTanh[Cos[c + d*x]])/d - (b"2x(17*a"2 + 2%b~
2)*Cot[c + d*x])/(3*%d) - (4*%axb~3*Cot[c + d*x]*Csc[c + d*xx])/(3xd) - (b~2xC

ot[c + d*x]*(a + bxCsc[c + d*x])~2)/(3*d)



212

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3852

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])"(n - 2)/(d*x(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
~2x(n - 1)))*Csclc + d*x] + (a*b™2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + f£xx]/(2%f)), x] + Dist[1/2, Int[Simp[2xA*a + (2*B*a + b*(2xA
+ C))*Cscl[e + f*x] + 2x(a*C + B*b)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x]

Rubi steps
2 2
integral = — b cot(c + dx)(a + besc(c + dx))
3d
+ % /(a + bese(c + dz)) (3a® 4 b(9a® + 2b°) csc(c + dz) + 8ab® csc®(c + dz)) dx
__4ab’cot(c+dx)csc(c+dx)  b?cot(c+ dx)(a+ besc(c + dx))?
B 3d 3d
+ % / (6a* + 12ab(2a® + b?) csc(c + dz) + 2b* (17a® + 2b%) csc®(c + dx)) da
oy 4ab? cot(c + dz) csc(c + dz)  b*cot(c + dz)(a + bese(c + dz))?
o 3d B 3d

+ (2ab(2a” + b7)) /csc(c + dz) dz + %(bz(lm2 + 2b%)) /csc2(c +dz) dzx
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1y 2ab(2a” + b*) arctanh(cos(c +dz))  4ab’ cot(c + dz) csc(c + dx)

d 3d
_ b cot(c+dx)(a+besc(c+dx))*  (b*(17a® + 2b%)) Subst(/ 1dz, z, cot(c + dz))

3d 3d
4. 2ab(2a* 4 b*) arctanh(cos(c +dz))  b*(17a® + 2b%) cot(c + dz)

=a'z
d 3d
_ 4ab’ cot(c + dx) csc(c +dx)  b*cot(c + dz)(a + besc(c + dx))?

3d 3d

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 568 vs. 2(107) = 214.

Time = 12.92 (sec) , antiderivative size = 568, normalized size of antiderivative = 5.31

/ (a+besc(c+ dx))* dz = a(c+ dz) (c?(;_—f-) Zs;ic(:ffl)sg);m (c+dr)
N (—9a?b? cos (3 (c + dz)) — b cos (3(c + dz))) csc (3(c + dz)) (a + bese(c + dz))* sin(c + dz)
3d(b + asin(c + dz))*
ab® csc? (1(c+ dz)) (a + besce(c + dz))* sin(c + dx)
2d(b+ asin(c + dz))*
_ bteot (3(c+dz)) esc? (3(c + d)) (a + besc(c + dz))* sin* (¢ + da)
24d(b+ asin(c + dz))*
2(2a3b + ab®) (a + bese(c + dz))* log (cos (3(c + dz)) ) sin*(c + dz)
d(b+ asin(c + dx))*
N 2(2a%b + ab®) (a + bese(c + dz))* log (sin (3(c + dz)) ) sin*(c + dz)
d(b+ asin(c + dx))*
N ab®(a + besc(c + dz))* sec? (1(c + dz)) sin®(c + dz)
2d(b+ asin(c + dz))*
N (a+besc(c+ dx))*sec (3(c+ dz)) (9a®b*sin (3(c + dz)) + b*sin (3(c + dz))) sin(c + dz)
3d(b+ asin(c+ dz))*
N b*(a + besc(c + dz))* sec? (3(c + dz)) sin(c + dz) tan (3 (c + dz))
24d(b + asin(c + dzx))*

[In] Integrate[(a + b*Csc[c + d*x])~4,x]

[Out] (a"4*x(c + d*x)*(a + b*Csc[c + d*x])~4*Sin[c + d*x]~4)/(d*(b + a*Sin[c + d*x
1)74) + ((-9*%a~2xb~2*Cos[(c + d*x)/2] - b~4*Cos[(c + d*x)/2])*Csc[(c + d*x)
/2]*(a + bxCsc[c + d*x])~4*Sin[c + d*x]~4)/(3*d*x(b + a*Sin[c + d*x])~4) - (
a*b”~3*Csc[(c + d*x)/2]"2x(a + b*Csclc + d*x]) 4*Sin[c + d*x]~4)/(2*d*(b + a
*Sin[c + d*x])~4) - (b~4xCot[(c + d*x)/2]*Csc[(c + d*x)/2]"2x(a + b*Cscl[c +
d*x]) "4xSin[c + d*x]"4)/(24xd*(b + a*Sin[c + d*x])~4) - (2x(2*a~3*b + a*b”
3)*(a + b*Csclc + d*x])~4xLogl[Cos[(c + d*x)/2]1]1*Sin[c + d*x]~4)/(d*(b + a*S
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infc + d*x])~4) + (2%(2*a"3*b + a*b~3)*(a + b*Csc[c + d*x]) 4*Log[Sin[(c +
d*x)/2]1*Sin[c + d*x]~4)/(d*(b + a*Sin[c + d*x])~4) + (a*xb"3*(a + b*Cscl[c +
d*x])~4xSec[(c + d*x)/2]"2+Sin[c + d*x]~4)/(2xd*(b + a*xSin[c + d*x])~4) +
((a + bxCsclc + d*x])~4*xSec[(c + d*x)/2]*(9*%a~2*b~2*Sin[(c + d*x)/2] + b~ 4%
Sin[(c + d*x)/2])*Sin[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])~4) + (b~4*x(a +
bxCsc[c + d*x]) 4*Sec[(c + d*xx)/2]"2*Sin[c + d*x] 4*Tan[(c + d*x)/2])/(24*d

*(b + a*Sin[c + d*x])~4)

Maple [A] (verified)

Time = 1.20 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.05

method result

a*(dz+c)+4a3bIn(— cot(dz+c)+csc(dz+c))—6a?b? cot(dz+c)+4a b3 <— Csc(dx+c)2°°t(dz+c) 4= COt(dm+;)+°sc(dz+c)) )
derivativedivides v

(dz+c) cot(dz+c) | In(— cot(dz+c)+csc(dz+c))
a*(dz+c)+4a3bIn(— cot(dz+c)+csc(dz+c))—6a2b? cot(dz+c)+4a b3 <— e 2 + € e )

default |
2
b _ 2 _ csc(dz+c) t(d )
parts . n ( 3 3d cot(dz-+e) _ 2ab® cot(dac—;c) csc(dz+c) + 2a b3 In(— cot(dxd—l-c)—i—csc(dx+c)) __ 6a?b’
3 3 2 2
. tan(%’”+§> b4—cot<d7”5+%) b4+12tan<d7””+%> ab3—12cot(d7z+%> ab3+24a4xd+72tan<%+%)a2b2+9tan(%’”+
parallelrisch 24d
4 d 6 3 d 3 d 5 2(g,2.1 32 d 2 2(g.2. 32
a4ztan(d§+%)3—% b tangﬁ-ﬁ-%) _ab tan2d7m+%)+ab tangdjz-kg) _Sb (Sa +b )Sflan(%-#—%) +3b (Sa +b )SZ
norman 2 3
T c
tan(7+§>
. 4 4h2 (_gia264i(dz+c)+3abe5i(dz+c)+18ia2€2i(dz+c)+3ib262i(dz+c)_gia2_ib2_3abei(dz+c)) 4a3bln(ei(dz+.
risch a*r + : 3 —
3d(e2z(dz+c)_1) d

[In] int((at+b*csc(d*x+c))”4,x,method=_ RETURNVERBOSE)

[Out] 1/d*(a"4*(d*x+c)+4*a~3xbx1n(-cot (d*x+c)+csc(d*x+c))-6%a~2xb~2%cot (d*xx+c)+4x*
axb~ 3% (-1/2*csc(d*x+c) *xcot (d*x+c)+1/2*%1n(-cot (d*x+c)+csc(d*x+c) ) )+b"4x(-2/3
-1/3*csc(d*x+c) ~2) *cot (d*x+c))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 217 vs. 2(101) = 202.

Time = 0.25 (sec) , antiderivative size = 217, normalized size of antiderivative = 2.03

/(a + bese(c + dx))* dr =
2 (9ab? + b*) cos (dz + ¢)® — 3 (2a%b + ab® — (2a®b + ab®) cos (dz + ¢)?) log (L cos (dz + ¢) + 1) sin (d

[In] integrate((a+b*csc(d*x+c))~4,x, algorithm="fricas")
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[Out] -1/3*%(2%(9*a~2*b"2 + b~4)*cos(d*x + c)~3 - 3*%(2*xa"3*b + a*b~3 - (2*a~3*b +
axb~3)*cos(d*x + c)~2)*log(1l/2xcos(d*x + c) + 1/2)*sin(d*x + c) + 3*(2*a~3x
b + axb~3 - (2*%a”3%b + a*b~3)*cos(d*x + c)~2)*log(-1/2xcos(d*x + c) + 1/2)*
sin(d*x + c) - 3*(6*%a”2%b"2 + b~4)*cos(d*x + c) - 3*x(a"4*d*x*cos(d*x + c)~2
- a"4xd*x + 2*axb~3*cos(d*x + c))*sin(d*x + c))/((d*cos(d*x + c)~2 - d)*si

n(d*x + c))

Sympy [F]

/(a + besc(c+ dz))* dx = / (a + besc (c+ dx))* de

[In] integrate((at+b*csc(d*x+c))**4,x)

[Out] Integral((a + b*csc(c + d*x))**4, x)

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.17

/(a + besc(e + dz))* dx
) ab? (;szg—i(fz;r% — log (cos (dz + ¢) + 1) + log (cos (dz + ¢) — 1)>
=ar+ d
_4a’blog(cot (dz +c) +esc(dr+c))  6a°0* (3 tan (dz + c¢)* +1)b?
d dtan (dz + c) 3dtan (dz + ¢)®

[In] integrate((a+b*csc(d*x+c))~4,x, algorithm="maxima")

[Out] a~4*x + a*b~3*(2*cos(d*x + c)/(cos(d*x + c)”2 - 1) - log(cos(d*x + c) + 1)
+ log(cos(d*x + c) - 1))/d - 4xa~3xbxlog(cot(d*x + c) + csc(d*x + c))/d - 6
*a~2xb~2/(d*tan(d*x + c)) - 1/3*(3*tan(d*x + c)~2 + 1)*b~4/(d*tan(d*x + c)~

3)
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(101) = 202.
Time = 0.29 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.92
/(a + bese(c + dx))* dx

bttan (Ldz + 1c)’ +12ab®tan (Lde + 1 ¢)® + 24 (dz + c)a* + 720262 tan (L dz + L ) + 9b* tan (L dz +

[In] integrate((a+b*csc(d*x+c))~4,x, algorithm="giac")

[Out] 1/24*%(b~4*tan(1/2*d*x + 1/2%c)"3 + 12*xaxb~3*tan(1/2xd*x + 1/2%c)”2 + 24x(dx*
X + c)*a”4 + T72*xa"2%b"2*tan(1/2*d*x + 1/2*c) + 9*%b~4*tan(1/2*d*x + 1/2*c) +
48%(2*a”~3*b + a*b~3)*log(abs(tan(1/2xd*x + 1/2%c))) - (176%a”3*b*tan(1/2*d

*x + 1/2%c)”3 + 88*axb~3xtan(1/2*d*x + 1/2%c) "3 + 72*xa~2xb~2xtan(1/2*d*x +
1/2%c)"2 + 9*b~4xtan(1/2*d*x + 1/2*%c)”2 + 12*xaxb~3*tan(1/2*xd*x + 1/2*c) + b
~4)/tan(1/2*d*x + 1/2%c)~3)/d

Mupad [B] (verification not implemented)

Time = 18.00 (sec) , antiderivative size = 314, normalized size of antiderivative = 2.93

brtan(< + 42)2  pleot(< 4+ 22)?
/(a+bcsc(c+da;))4dx: an(5 + %) _ Yo 5+ %)

24d 24d

B 3b* cot (£ + 42) N 3b* tan (g + 4%)

+

2ab® In (sm%%——i-‘:i)) 4a%b In (L

d d
3a?b? cot (£ + 42) ab3cot(§+d7x)2
B d B 2d
3a® b tan (g + 42) N ab’tan($ + d—w)Q
d 2d

+

[In] int((a + b/sin(c + d*x))~4,x)

[Out] (b~4*xtan(c/2 + (d*x)/2)~3)/(24%d) - (b~4*cot(c/2 + (d*x)/2)~3)/(24xd) - (3%
b~4*xcot(c/2 + (d*x)/2))/(8*d) + (3*b~4x*tan(c/2 + (d*x)/2))/(8*%d) + (2*xa"4x*a
tan((a~3*cos(c/2 + (d*x)/2) + 2*b~3*sin(c/2 + (d*x)/2) + 4*xa~2*bxsin(c/2 +
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(d*x)/2))/(2xb~3*cos(c/2 + (d*x)/2) - a~3*sin(c/2 + (d*x)/2) + 4*a~2xb*cos(
c/2 + (d*x)/2))))/d + (2*a*b~3*log(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/
d + (4*a~3*b*xlog(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (3%a~2*b~2*cot
(c/2 + (d*x)/2))/d - (axb”~3*cot(c/2 + (d*x)/2)72)/(2*d) + (3*a~2*b~2xtan(c/
2 + (d*x)/2))/d + (axb~3*tan(c/2 + (d*x)/2)72)/(2%*d)
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3.37 [(a+ besc(c+ dz))? dx

Optimal result . . . . . . . . . . . . . e 218
Rubi [A] (verified) . . . . . . . . 218
Mathematica [B] (verified) . . . . . . . . . .. .. 220
Maple [A] (verified) . . . . . . . . . L 2201
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. ..., 221]
Sympy [F] . o o 221]
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 221]
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 222
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 12, antiderivative size = 73

2 2
/(a + bese(c+ dgg))3 dr = a3z — b(6a” + b%) arct;;lh(cos(c + dz))

_ 5ab’ cot(c+dz) b cot(c + dx)(a + besc(c + dx))
2d 2d

[Out] a~3*x-1/2*%b*(6%a~2+b~2)*arctanh(cos(d*x+c))/d-5/2*%a*b”2xcot (d*x+c)/d-1/2%b~
2*cot (d*x+c) * (atb*xcsc(d*x+c))/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00, number
_ _ 4 number of rules _ —

of steps used = 5, number of rules used = 4, integrand size 0.333, Rules used = {3867,

3855, 3852, 8}

2 2
/(a + besc(c+ dx))3 de = a3z — b(6a” + b°) arct;;lh(cos(c + dz))

_ bab?cot(c+dx) b cot(c+dx)(a + besc(c + dw))
2d 2d

[In] Int[(a + b*Csc[c + d*x])~3,x]

[Out] a~3*xx - (b*(6%a~2 + b~2)*ArcTanh[Cos[c + d*x]])/(2*d) - (5kxaxb~2*Cot[c + d*
x]1)/(2xd) - (b"2*Cot[c + d*x]*(a + b*Csc[c + d*xx]))/(2xd)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852
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Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
otl[c + d*x]*((a + bxCscl[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b™2x(n - 2) + 3*a
~2%(n - 1)))*Cscl[c + d*x] + (axb™2%(3*n - 4))*Cscl[c + d*x]~2, x], %], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rubi steps

b% cot(c + dx)(a + bese(c + dx))
2d

+ % / (2a® 4 b(6a® + b?) csc(c + dx) + 5ab® esc*(c + dz)) dz

integral = —

5 bcot(c+dz)(a+ besc(c+ dzx))
—arT 2d

+ %(5@()2) /CSCQ(C +dz)dzx + %(()(Ga2 + b)) /csc(c +dz)dx

o b(6a* + b?) arctanh(cos(c + dz))

2d
_ bPcot(c+dzx)(a+besc(c+dx))  (5ab?) Subst(/ 1dz, x, cot(c + dx))
2d 2d
5 b(6a® + b?) arctanh(cos(c + dz))
e 2d

_ 5ab?cot(c+dx) b cot(c+dx)(a + besc(c + dx))
2d 2d
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 152 vs. 2(73) = 146.

Time = 3.44 (sec) , antiderivative size = 152, normalized size of antiderivative = 2.08

/(a + bese(c + dx))® dx
_ 8aPc+ 8a’dx — 12ab? cot (3(c + dx)) — b® csc? (3(c+ dx)) — 24a”blog (cos (5(c + dx))) — 4b° log (cos (5

[In] Integrate[(a + b*Csc[c + d*x])~3,x]

[Out] (8*a~3*c + 8*a~3*dxx - 12*xa*b~2xCot[(c + d*x)/2] - b~3*Csc[(c + d*x)/2]"2 -
24xa~2*xbxLog[Cos[(c + d*x)/2]] - 4*b~3*Logl[Cos[(c + d*x)/2]] + 24*a”~2xbxLo
glSin[(c + d*x)/2]] + 4xb~3xLog[Sin[(c + d*x)/2]] + b~3xSec[(c + d*x)/2]"2

+ 12%axb~2*Tan[(c + d*x)/2])/(8*d)

Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.16

method result

csc(dz+c) cot(dz+c) | In(— cot(dz+c)+csc(dz+c))
b (_ 2 + 2 )

parts 0,3.’1,' + : _ 3a2bln(csc(dz—;c)-l—cot(dz-i—c)) _ 3a b? co;(d:z:—l—c)
3 2 _ _ 2 3 (_ csc(dz+c) cot(dz+c) | In(— cot(dx+c)+csc(dz+c))
derivativedivides a’(dz+c)+3a?bIn(— cot(dz+c)+csc(dz+c))—3a b? cot(dz+c)+b ( 5 + 5 )
d
3 2 _ _ 2 3 (_ csc(dz+c) cot(dz+c) | In(— cot(dz+c)+csc(dz+c))
default a3 (dz+c)+3a?bIn(— cot(dz+c)+csc(dz+c))—3a b? cot(dz+c)+b ( 5 + 5 )
d
2 2
2 3 de | ¢ 3rd— dr | c)7p3 de | ¢\ p3_ dz | c 2 dz | c 2
arallelrisch 4(6a b+b )ln(tan( 5 +2>>+8a zd cot( 5 +2) b +tan( 5 +2> b 12cot< 5 +2)ab +12tan( 5 +2)ab
p 8d
2 bstan d—w+9 4 3ab2tan de | ¢ 3ab2tan d—w+9 3
i)t D) 0 () ) (1)
norman +
dz | ¢ 2 2d
tan(7+§)
isch 3 + b2(—Giaezi(d“’c)+be3i(dm+°)+6ia+bei(d’”+°)) N 3bln(ei<dg”"'c)+1)a2 . b3 ln(ei(d”‘+c)+1) + 3bln(ei(d’H
risc a'xr d(e2i(dw+c)_1)2 d 2d d

[In] int((atb*csc(d*x+c))”3,x,method=_RETURNVERBOSE)

[Out] a~3*x+b~3/d*(-1/2*csc(d*x+c)*cot (d*x+c)+1/2*1n(-cot (d*x+c)+csc(d*x+c)))-3*a
~2%b/d*1n(csc(d*x+c)+cot (d*x+c))-3*axb~2*cot (d*x+c)/d
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(67) = 134.

Time = 0.25 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.12

/(a + bese(c + dx))® dx

_4adzcos (dz + )* — 4aPdz + 12ab? cos (dz + ¢) sin (dz + ¢) + 2% cos (dz + ¢) + (6a?b + b° — (6.a%b +
B 4 (dcos

[In] integrate((atb*csc(d*x+c))~3,x, algorithm="fricas")

[Out] 1/4*(4*a~3xd*x*cos(d*x + c)~2 - 4*a”~3xd*xx + 12*axb~2*cos(d*x + c)*sin(d*x +
c) + 2*%b"3*cos(d*x + c) + (6%a”2%b + b~3 - (6*%a”2xb + b~3)*cos(d*x + c)~2)
*xlog(1/2*cos(d*x + c) + 1/2) - (6%a”2%b + b~3 - (6%a"2%b + b~3)*cos(d*x + c
)"2)*log(-1/2%cos(d*x + c) + 1/2))/(d*cos(d*x + ¢)"2 - d)

Sympy [F]
/(a + besc(c + dr))d dr = / (a + besc (c + dz))® dx

[In] integrate((a+b*csc(d*x+c))**3,x)

[Out] Integral((a + b*csc(c + d*x))**3, x)

Maxima [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.30

/(a + besc(c + dx))? dx
b3 (% — log (cos (dz + ¢) + 1) + log (cos (dz + ¢) — 1))
et 4d
_ 3a*blog (cot (dz +c¢) +csc(dr +¢)) 3 ab?
d dtan (dz + c)

[In] integrate((atb*csc(d*x+c))~3,x, algorithm="maxima")
[Out] a™3*x + 1/4*%b~3*(2*cos(d*x + c)/(cos(d*x + c)~2 - 1) - log(cos(d*x + c) + 1

) + log(cos(d*x + c) - 1))/d - 3*a"2xbxlog(cot(d*x + c) + csc(d*x + c))/d -
3*%a*b~2/(d*tan(d*x + c))
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Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.84

/(a + bese(c + dx))® dx

36 a2

b®tan (3 dz + %0)2 + 8 (dz + c)a® + 12ab’ tan (5 dz + 1 ¢) + 4 (6a?b + b*) log (|tan (2 dz + 3 ¢)|)
N 8d

[In] integrate((a+b*csc(d*x+c))~3,x, algorithm="giac")

[Out] 1/8*(b~3*tan(1/2*d*x + 1/2*%c)"2 + 8x(d*x + c)*a~3 + 12*a*xb~2xtan(1/2*d*x +
1/2%c) + 4%(6*xa~2*%b + b~3)*log(abs(tan(1/2*d*x + 1/2%c))) - (36*a~2xb*tan(1l
/2%d*x + 1/2*c)”"2 + 6*%b~3*tan(1/2*d*x + 1/2*c)”"2 + 12*a*xb~2*tan(1/2*d*x + 1
/2%c) + b~3)/tan(1/2*xd*x + 1/2%c)"2)/d

Mupad [B] (verification not implemented)

Time = 18.59 (sec) , antiderivative size = 234, normalized size of antiderivative = 3.21

c dx
c )2 c z\2 b3 n (—Sln(2+2) )

3, s +%) 2t % cos(§+47
(a+besc(c+dz))  de = Ptan(s + %) Boot(5+5) (3+%)

_|_

8d 8d 2d
2 cos((§+%7) a® 6 sin( 5+ %4 ) a2 bhsin (54 ) °
—2 sin(§+42) a?+6 cos(§+47) a2 broos (55 )
2 sin(%+ )
o0 (S04) _sapen(s+4)
d 2d
3ab*tan(g + L)
2d

2a® atan (

+

IS
8

u
[V
""a ‘

+

[In] int((a + b/sin(c + d*x))~3,x)

[Out] (b~3*tan(c/2 + (d*x)/2)72)/(8*%d) - (b~ 3*cot(c/2 + (d*x)/2)72)/(8*d) + (b~3x%
log(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/(2*d) + (2*a~3*atan((2*a~3*cos(

c/2 + (d*x)/2) + b~ 3*sin(c/2 + (d*x)/2) + 6*a”2*b*sin(c/2 + (d*x)/2))/(b"3%*
cos(c/2 + (d*x)/2) - 2*xa~3*sin(c/2 + (d*x)/2) + 6*a~2*b*cos(c/2 + (d*x)/2))

))/d + (3*a~2%b*log(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (3*axb~2xco
t(c/2 + (d*x)/2))/(2xd) + (3*axb~2*xtan(c/2 + (d*x)/2))/(2*d)
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3.38 [(a+ besc(c+ dz))* dx

Optimal result . . . . . . . . . . . 223]
Rubi [A] (verified) . . . . . . . . .
Mathematica [B] (verified) . . . . . . . . ... L 227
Maple [A] (verified) . . . . . . . .. 224
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 225
Sympy [F] . . o o 225
Maxima [A] (verification not implemented) . . . . . . . ... ... .. L. 2261
Giac [B] (verification not implemented) . . . . . . . . ... .. ... L. 226
Mupad [B] (verification not implemented) . . . . .. ... .. ... .. ....... 226

Optimal result

Integrand size = 12, antiderivative size = 34

2
/(a + besc(c + dz))? dx = o’z — 2aba,rctanh(;os(c + dz)) b cot(; + dx)

[Out] a~2*x-2*axb*arctanh(cos(d*x+c))/d-b~2*cot (d*x+c)/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00, number
_ _ 4 humber of rules _ —

of steps used = 4, number of rules used = 4, integrand size 0.333, Rules used = {3858,

3855, 3852, 8}

2
/(a + besc(c+ dz))? dz = o’z — 2abarCtanhSOS(C +dz)) b COt(Z + dx)

[In] Int[(a + b*Csc[c + d*x])~2,x]

[Out] a™2xx - (2%axb*ArcTanh[Cos[c + d*x]])/d - (b"2xCot[c + d*x])/d
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && I1GtQ[n/2, 0]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3858

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
(Dist[2*a*b, Int[Csc[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rubi steps

integral = az + (2ab) / csc(c + dz) dz + b* / csc’(c + dx) dx

N 2abarctanh(cos(c +dz))  b*Subst(/ 1dz,z, cot(c + dz))

d d
T 2abarctanh(cos(c +dz))  b*cot(c + dx)
d d

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 76 vs. 2(34) = 68.

Time = 0.71 (sec) , antiderivative size = 76, normalized size of antiderivative = 2.24

/(a + bese(c + dx))? dx

—b? cot (3(c+ dz)) + 2a(ac + adz — 2blog (cos (1(c+ dz))) + 2blog (sin (1 (c+ dz)))) + b* tan (3(c +a
2d

[In] Integratel[(a + b*Cscl[c + d*x])~2,x]

[Out] (-(b~2*Cot[(c + d*x)/2]) + 2*a*x(a*c + axd*x - 2*xbxLog[Cos[(c + d*x)/2]] + 2
*xbxLog [Sin[(c + d*x)/2]]) + b~ 2+Tan[(c + d*x)/2])/(2*d)

Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.24
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method result size
parts a2z — 2 °°tfid””+c) _ 2ab ln(CSC(dw-i';)-f-Cot(dz-l-C)) 49
. . . . 2 2ablIn(— _ 2
derivativedivides | % (dz+c)+2abin( °°t(dx+§)+csc(dw+0)) cot(dz+c)b 46
default o*(da-+c)+2abIn(~ cot{da o) osc(dr+o))—cot(da+)t” 46
2 dr 4 c dz | c\p2_ dz 4 c\p2
. 2a wd+4ln<tan<2 +2>>ab+tan<2+2>b cot<2+2>b
parallelrisch ¥ 55
i 2, 2ib? _ 2ab In(e?(dzte)41) 2ab In (ei(dete) 1)
risch O°T — o) . + - 67
2 b2 t dzx 4 2
a2ztan(d§+%)—%+w 2abln<tan(%’”+§))
norman y + 3 73
tan(7z+%>

[In] int((at+b*csc(d*x+c))~2,x,method=_ RETURNVERBOSE)
[Out] a~2*xx-b~2*cot (d*x+c)/d-2*a*b/d*1n(csc(d*x+c)+cot (d*x+c))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 77 vs. 2(34) = 68.

Time = 0.25 (sec) , antiderivative size = 77, normalized size of antiderivative = 2.26

/(a + bese(c + dx))? dx

_a’dzsin (dz + ¢) — ablog (5 cos (dz + ¢) + 3 ) sin (dz + ¢) + ablog (—34 cos (dz + ¢) + 3) sin (dz + ¢) —
B dsin (dz + ¢)

[In] integrate((a+b*csc(d*x+c))~2,x, algorithm="fricas")

[Out] (a~2#d*x*sin(d*x + c) - axbxlog(l/2*cos(d*x + c) + 1/2)*sin(d*x + c) + axbx
log(-1/2*cos(d*x + c) + 1/2)*sin(d*x + c) - b"2*cos(d*x + c))/(d*sin(d*x +
c))

Sympy [F]
/(a +besc(c+ dx))dz = / (a +besc (c+dz))? dz

[In] integrate((a+b*csc(d*x+c))**2,x)

[Out] Integral((a + b*csc(c + d*x))*x2, x)
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Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.26

2 ablog (cot (dx + ¢) + csc (dz + ¢)) b?
25 _ 2 _
/(a+ bese(c+ dx))* dr = a’x y dtan (dz + 0)

[In] integrate((a+b*csc(d*x+c))~2,x, algorithm="maxima")

[Out] a~2*x - 2%a*b*log(cot(d*x + c) + csc(d*x + c))/d - b~2/(d*tan(d*x + c))

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(34) = 68.

Time = 0.28 (sec) , antiderivative size = 74, normalized size of antiderivative = 2.18

/(a + besc(c+ dr))? dx
2 (dz + c)a® +4ablog ([tan (3 dz + Lc)|) + b*tan (Jdr+ 1c) — tanédaﬁ-i B)
- 2d

[In] integrate((at+b*csc(d*x+c))~2,x, algorithm="giac")

[Out] 1/2%(2x(d*x + c)*a”2 + 4*axbxlog(abs(tan(1/2*d*x + 1/2%c))) + b~2*tan(1/2*d
*x + 1/2%c) - (4*xaxbxtan(1/2%d*xx + 1/2%c) + b~2)/tan(1/2*xd*x + 1/2%c))/d

Mupad [B] (verification not implemented)

Time = 18.67 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.09

/(a + bese(c + dx))? dr =

d + d

[In] int((a + b/sin(c + d*x))~2,x)

[Out] (2*a~2*atan((a*cos(c/2 + (d*x)/2) + 2*bxsin(c/2 + (d*x)/2))/(2*bxcos(c/2 +
(d*x)/2) - axsin(c/2 + (d*x)/2))))/d - (b~2*cot(c + d*x))/d + (2*axbxlog(si
n(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d
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3.39 [0 gy

a+bcsc(x)
Optimal result . . . . . . . . .. e 227
Rubi [A] (verified) . . . . . . . . . 227
Mathematica [A] (verified) . . . . . . . . . ... 2301
Maple [A] (verified) . . . . . . . . . . 230
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 231
Sympy [F] . . o o 23T
Maxima [F(-2)] . . . . . o o e 232
Giac [A] (verification not implemented) . . . . . . . .. ... .. L. 232
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 233

Optimal result

Integrand size = 13, antiderivative size = 112

a+btan(Z)
/ csc?(x) dp — a(2a® + b*) arctanh(cos(z)) 2a4arctanh( Va5 )
a + besc(x) 2b* bivaZ — b2
_ (3a® + 2b?) cot(z) N acot(z) csc(z)  cot(z) csc?(x)
3b3 2b2 3b

[Out] 1/2*xax(2*xa~2+b~2)*arctanh(cos(x))/b~4-1/3*(3*a~2+2%b"2) *cot (x) /b~3+1/2*a*co
t(x)*csc(x)/b~2-1/3*cot (x) *csc(x) "2/b-2*xa~4*arctanh((a+b*tan(1/2*x))/(a~2-b
~2)~(1/2))/b~4/(a"2-b"2)"(1/2)

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,

_ _ o humber of rules _
number of steps used = 9, number of rules used = 9, integrand size 0.692, Rules used

= {3936, 4177, 4167, 4083, 3855, 3916, 2739, 632, 212}

/ csc?(x) dp — a(2a® + b?) arctanh(cos(z))  (3a® 4 2b*) cot(x)

a + besc(x) v 2b* 3b°
9 4 tanh a—}-btan(%)
_ 2arctanh( —55— acot(z) csc(z)  cot(z) csc?(x)
bi/a2 — b2 262 3b

[In] Int[Csc[x]~5/(a + b*Csc[x]),x]

[Out] (ax(2*xa~2 + b~2)*ArcTanh[Cos[x]])/(2xb~4) - (2*a~4xArcTanh[(a + b*Tan[x/2])
/Sqrt[a”2 - b~2]])/(b"4*Sqrt[a~2 - b~2]) - ((3*¥a”2 + 2*b~2)*Cot[x])/(3*xb~3)
+ (axCot[x]*Csc[x])/(2%b"2) - (Cot[x]*Csc[x]~2)/(3%*b)
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Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*bkexx + ax
e~2xx~2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + £*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3936

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (
a_)), x_Symbol] :> Simp[(-d~3)*Cot[e + fxx]*((d*Cscle + f*x])~(n - 3)/(bxf*
(n - 2))), x] + Dist[d"3/(bx(n - 2)), Int[(d*Csc[e + f*x])~(n - 3)*(Simp[ax
(n - 3) + b¥(n - 3)*Cscl[e + f*x] - a*x(n - 2)*Cscle + f*x]~2, x]/(a + b*xCsc[
e + fxx])), x], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && GtQ
[n, 3]

Rule 4083

Int[(cscl(e_.) + (f_.)*(x_)I*(cscl(e_.) + (f_.)*(x_)I*(B_.) + (A_)))/(cscl(
e_.) + (f_)*x(x)]1*(_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscl[e + f*x],

x], x] + Dist[(A*b - a*B)/b, Int[Cscl[e + f*x]/(a + b*Cscl[e + f*x]), x], x]

/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[Axb - ax*B, 0]



229

Rule 4167

Int[cscl(e_.) + (£_.)*(x_)I*((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e
_) + (E_)*(x)172%(C_.))*(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(m_), x_S
ymbol] :> Simp[(-C)*Cot[e + f*x]*((a + bxCsc[e + f*x])~(m + 1)/(bxfx(m + 2)
)), x] + Dist[1/(b*(m + 2)), Int[Csc[e + f*x]*(a + b*Csc[e + f*x]) m*Simp[b
*Ax(m + 2) + b*Cx(m + 1) + (b*Bx(m + 2) - a*xC)*Cscl[e + fxx], x], x], x] /;
FreeQ[{a, b, e, £, A, B, C, m}, x] & !LtQ[m, -1]

Rule 4177

Int[cscl[(e_.) + (£_.)*(x_)]1"2x((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl[
(e_.) + (£_)*(x_)172%(C_.))*(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m ), x
_Symbol] :> Simp[(-C)*Cscl[e + f*x]*Cot[e + fxx]*((a + b*Csc[e + f*x])~(m +
1)/ (bxfx(m + 3))), x] + Dist[1/(bx(m + 3)), Int[Cscl[e + f*x]*(a + b*Cscl[e +
f*x]) “m*Simp[a*C + b*(Cx(m + 2) + Ax(m + 3))*Cscle + f*x] - (2%a*C - b*Bx(

m + 3))*Cscle + £*x]172, x], x], x] /; FreeQ[{a, b, e, £, A, B, C, m}, x] &&
NeQ[a"2 - b~2, 0] && !'LtQ[m, -1]

Rubi steps

csc?(z) (2a+2b csc(xz) —3a csc? (x
cot(z) csc?(z) N J ) a+bcsi(:2:) <) dg

3b 3b

csc(z) (—3a24ab csc(x)+2(3a24-2b2) csc?(x
acot(z) csc(z)  cot(z) csc?(x) / (=)( aJr(bzsc(é) Jes®(@) ..

2b2 3b 6b2

integral = —

(—3a2b—3a(2a2+b?) csc(z)) dr

B (3a? + 2b?) cot(zx) L0 cot(z) csc(z)  cot(z) csc?(x) N J ot atbese()

3b3 2b2 3b 6b°
(3a? 4 2b*) cot(z) L8 cot(z) csc(z)  cot(z) csc?(z)
3b3 2b? 3b
n a' [ a—:z((::(s?(z) dx _ (a(2a® +0%)) [ csc(z) dz
b* 2b*
a(2a® +b°) arctanh(cos(z))  (3a® 4 2b*) cot(z)
2b* 3b3
acot(z) csc(z)  cot(x) csc?(x) 4 a* | @ de
2b? 3b b5
a(2a® + b?) arctanh(cos(z))  (3a® 4 2b*) cot(x) N a cot(x) csc(x)
2b* 3b3 2b2
_ cot(z) csc?(a) .\ (2a*) Subst (f H%ﬁ dz,z,tan (%))
3b b5
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a(2a® +b°) arctanh(cos(z))  (3a® + 2b*) cot(z) N a cot(x) csc(x)
2b* 33 2b?
(40,4) Subst <f m dw, z, 27(1 + 2tan (%))

_cot(z) esc®(x) 0
3b b5
b(§+tan(3))
a(2a? + b%) arctanh(cos(z)) 2a4arctanh< e )

B 2b4 biv/aZ — b2
(3a? + 2b?) cot(x) L8 cot(z) csc(x)  cot(z) csc*(z)
3b3 2b? 3b

Mathematica [A] (verified)

Time = 2.10 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.12

cscd(x)
/ a + besc(x) de
a+btan(%)

V—a2+4b2
v—a2+b2

24a* arctan( >
+ b(3a? + 2b?) cos(3x) csc®(x) — 3bcot(z) cse(x) (—2ab + (a® + 2b%) csc(x)) + 6a(2a?

12v*

[In] Integrate[Csc[x]~5/(a + bxCsc[x]),x]

[Out] ((24*a~4*ArcTan[(a + bxTan[x/2])/Sqrt[-a"2 + b~2]])/Sqrt[-a”2 + b~2] + b*(3
*a~2 + 2xb~2)*Cos [3*x]*Csc[x] "3 - 3*b*Cot [x]*Csc[x]*(-2*%a*b + (a~2 + 2*b~2)
*Csc[x]) + 6*%ax(2*¥a”2 + b~2)*(Log[Cos[x/2]] - Logl[Sin[x/2]1]1))/(12%b~4)

Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.39

method | result
3 4 2b tan(%) +2a
tan(Z) b2 2a* arctan | ——=4_—
an(%) —abtan(£)2+4tan(§)a2+3tan(§)b2 < 2vV/-a2+b2 1 4a2+3b°
default 3 2 2 2)” 4 _ _ _4a243 a
8b3 b4yv/—aZ+b2 24btan(2)®  8b3tan(3) | 8b2tan(Z)”
- i(V/=a24b2 b+a2 b2 (v =a25b2b-
. . ) ) ) iatln| e+ Z( a _ a2 ) iatln ezw+1(072
risch i(3iab €517 _Bg2etiT _3igb i* +12a2e2i 41202621 —6a2 —4b2) aVv —a®+b 4 av/—a?+
33 (e2iz—1)3 V—a24b2 bt V—a2+b2 bt

[In] int(csc(x)~5/(a+b*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/8/b73%(1/3*tan(1/2#*x) "3*xb~2-a*b*tan(1/2*x) ~2+4xtan(1/2*x)*a”~2+3*tan(1/2*x
)*b~2)+2/b"4*a"4/(-a~2+b"2) " (1/2) *arctan (1/2* (2xbxtan (1/2*x)+2*a) / (-a~2+b"2
)"(1/2))-1/24/b/tan(1/2*x) ~3-1/8*(4*xa~2+3%b~2) /b~3/tan(1/2*x)+1/8*a/b~2/tan
(1/2%x)"2-1/2/b"4*xa*x(2*xa~2+b"2) *1n(tan(1/2*x))



231

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 280 vs. 2(98) = 196.

Time = 0.35 (sec) , antiderivative size = 607, normalized size of antiderivative = 5.42

/ csc®(z) i
a + besc(z)
4 (3 a*b — a2b® — 2 b5) COS (11)3 _6 <a4 COS (CL‘)Z . a4) mlog <_ (a2—2b2) cos(z)?+2 absin(z)+a2+b2—2 (b cos(

a2 cos(z)?—2 absin(z)—a

[In] integrate(csc(x)~5/(atbxcsc(x)),x, algorithm="fricas")

[Out] [1/12%(4*(3*%a"4*b - a~2*%b~3 - 2*b~5)*cos(x)~3 - 6x(a"4*cos(x)"2 - a"4)*sqrt
(2”2 - b™2)*1log(-((a"2 - 2%¥b"2)*cos(x) "2 + 2*axb*sin(x) + a~2 + b™2 - 2x(b*
cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2*a*b*sin(x) - a
~2 - b72))*sin(x) + 6%(a”3*%b”2 - axb~4)*cos(x)*sin(x) + 3*(2*a"5 - a~3*b"2
- a*b™4 - (2%xa”5 - a"3*b"2 - axb”~4)*cos(x)"2)*log(1/2*cos(x) + 1/2)*sin(x)
- 3%(2%xa”5 - a”3*b"2 - axb™4 - (2*¥a”5 - a"3%b"2 - a*b~4)*cos(x)~2)*log(-1/2
*xcos(x) + 1/2)*sin(x) - 12*(a"4xb - b~5)*cos(x))/((a"2*¥b"4 - b6 - (a"2*b"4
- b"6)*cos(x)"2)*sin(x)), 1/12x(4%(3*xa~4%b - a~2*b~3 - 2xb~5)*cos(x)"3 + 1
2x(a"4*cos(x)"2 - a"4)*sqrt(-a”2 + b~2)*arctan(-sqrt(-a"2 + b~2)*(b*sin(x)
+ a)/((a”2 - b"2)*cos(x)))*sin(x) + 6%(a~3*%b"2 - axb~4)*cos(x)*sin(x) + 3*(
2%a”5 - a”"3*%b"2 - a*b”4 - (2%a”5 - a”3*%b"2 - a*b”4)*cos(x)~2)*log(1l/2*cos(x
) + 1/2)*sin(x) - 3*(2*a”5 - a~3*%b"2 - a*b”™4 - (2%a”5 - a~3*%b"2 - a*b”4)*co
s(x)~2)*1log(-1/2%cos(x) + 1/2)*sin(x) - 12*x(a"4*b - b~5)*cos(x))/((a~2%b"4
- b76 - (a”2%b”4 - b~6)*cos(x)~2)*sin(x))]

Sympy [F]
cscd(x) B csc® (z)
/ a + besc(z) de = / a+ besc (z) dz

[In] integrate(csc(x)**5/(at+b*csc(x)),x)

[Out] Integral(csc(x)**5/(a + bxcsc(x)), x)
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Maxima [F(-2)]

Exception generated.

5
/ _cesc(z) dx = Exception raised: ValueError
a + besc(x)

[In] integrate(csc(x)~5/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.73

/ csc®(z) dp — 2 (W 5% + 3] sgn(b) + arctan <%))a4
a + bese(z) v—a? + b2b*
b2 tan (L z)° — 3abtan (1 z)” + 1242 tan (1 z) + 952 tan (L z)
24 b3
(2a® + ab?) log ([tan (3 z)|)
24

[In] integrate(csc(x)~5/(atbxcsc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a”~2 +
b~2)))*a~4/(sqrt(-a”2 + b~2)*b~4) + 1/24%(b~2*tan(1/2*x)~3 - 3*axb*tan(1/2*
Xx)72 + 12*%a"2xtan(1/2*x) + 9xb~2*tan(1/2%x))/b"3 - 1/2%(2%¥a"3 + axb~2)*log(
abs(tan(1/2*x)))/b"4 + 1/24x(44*a"3*tan(1/2*x)~3 + 22*%axb~2*tan(1/2*x)"3 -
12*a”~2xb*tan(1/2*x) "2 - 9*b~3*tan(1/2%x) "2 + 3*axb~2*tan(1/2*x) - b~3)/(b"4

*xtan(1/2%x) ~3)
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Mupad [B] (verification not implemented)

Time = 19.02 (sec) , antiderivative size = 588, normalized size of antiderivative = 5.25

/de:

a + besc(z)

N8
N8

3a sin(3x) ln<::;E %) Va2—b? 9a ln(ir;% %) sin(z) Va2 —b2

+ - 8

N8
N8

2 | 3asin(2z)vaZ-—b2 3 ( cos(3z)va2—b? 3 cos
b i +b (f -

o

[In] int(1/(sin(x)~5*(a + b/sin(x))),x)

[Out] -(b™2x((3*a*sin(2*x)*(a"2 - b~2)"(1/2))/4 + (3*a*sin(3*x)*log(sin(x/2)/cos(
x/2))*(a”2 - b2)7(1/2))/8 - (9*a*log(sin(x/2)/cos(x/2))*sin(x)*(a"2 - b~2)
~(1/2))/8) + b~3*((cos(3*x)*(a"2 - b~2)"(1/2))/2 - (3*cos(x)*(a"2 - b"2)"(1
/2))/2) - b*((3*a"2*cos(x)*(a"2 - b"2)7(1/2))/4 - (3*a"2*cos(3*x)*(a"2 - b~
2)7(1/2))/4) + (a“4*atan((a~4*sin(x/2)*(a"2 - b2)~(1/2)*8i - b~4*sin(x/2)*
(a2 - b"2)"(1/2)*1i + a*b~3*cos(x/2)*(a"2 - b"2)"(1/2)*1i + a~3*bxcos(x/2)
x(a”2 - b"2)"(1/2)*41i)/(b~b*cos(x/2) - 8*a~b*sin(x/2) + a~2*b~3*cos(x/2) +
4*xa~3xb"2xsin(x/2) - 4*a~4xb*cos(x/2) + 2*xaxb~4*sin(x/2)))*sin(x)*9i)/2 - (
a~4xatan((a”4*sin(x/2)*(a”2 - b"2)"(1/2)*8i - b 4*sin(x/2)*(a"2 - b"2)~(1/2
)*1i + a*b~3*cos(x/2)*(a"2 - b"2)7(1/2)*1i + a~3*b*cos(x/2)*(a"2 - b~2)"(1/
2)*4i)/(b"5*cos(x/2) - 8*a~bxsin(x/2) + a~2*b~3*cos(x/2) + 4*a~3*xb~2*sin(x/
2) - 4xa~4xbxcos(x/2) + 2*a*b~4*sin(x/2)))*sin(3*x)*31)/2 - (9*a~3*log(sin(
x/2)/cos(x/2))*sin(x)*(a"2 - b72)7(1/2))/4 + (3*a~3*sin(3*x)*log(sin(x/2)/c
os(x/2))*(a"2 - b™2)~(1/2))/4)/((3%b~4*sin(3*x)*(a"2 - b~2)"(1/2))/4 - (9*b
“4xsin(x)*(a”2 - b"2)7(1/2))/4)
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3.40 [0 gy

a+bcsc(x)
Optimal result . . . . . . . . . . e 234
Rubi [A] (verified) . . . . . . . . . 234
Mathematica [A] (verified) . . . . . . ... ... Lo 236
Maple [A] (verified) . . . . . . ... 237
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..., 237
Sympy [F] . . o 238
Maxima [F(-2)] . . . . . .o 238
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 238
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 239

Optimal result

Integrand size = 13, antiderivative size = 84

/ csc(x) dp — — (2a?% + b?) arctanh(cos(z))

a + bese(z) 2b°
a—l—btan(%)
. 2a3arctanh<ﬁ> N acot(z)  cot(z)csc(x)
b3vaZ — b2 b2 2b

[Out] -1/2%(2*a~2+b~2)*arctanh(cos(x))/b~3+a*xcot(x)/b~2-1/2*cot (x) *csc(x)/b+2*a"~3
*arctanh ((a+b*tan(1/2#*x))/(a"2-b"2)~(1/2))/b~3/(a"2-b"2)~(1/2)

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , 615 Ryles used = {3936,

' integrand size
4167, 4083, 3855, 3916, 2739, 632, 212}

/ csct(x) o — (2a2 + b?) arctanh(cos(z))

a + besce(z) e 2b°
a+btan(%)
N 2a3arctanh< JaZ b2 ) N a cot(x) B cot(x) csc(x)
b3v/a2 — b2 b2 2b

[In] Int[Csc[x]~4/(a + b*Csc[x]),x]

[Out] -1/2*x((2*a~2 + b~2)*ArcTanh[Cos[x]])/b~3 + (2*a~3*ArcTanh[(a + b*Tan[x/2])/
Sqrt[a™2 - b"2]])/(b~3*Sqrt[a"2 - b"2]) + (a*Cot[x])/b"2 - (Cot[x]*Cscl[x])/
(2%b)

Rule 212
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e"2%x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3936

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(-d~3)*Cot[e + fxx]*((d*Cscle + f*x])~(n - 3)/(bxf*
(n - 2))), x] + Dist[d"3/(bx(n - 2)), Int[(d*Csc[e + f*x])~(n - 3)*(Simp[ax
(n - 3) + bx(n - 3)*Cscle + f*x] - ax(n - 2)*Cscl[e + f*x]~2, x]/(a + b*Csc|[
e + f*x])), x], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a~2 - b~2, 0] && GtQ
[n, 3]

Rule 4083

Int[(cscl(e_.) + (f_.)*(x_)I*(cscl(e_.) + (f_.)*(x_)]*(B_.) + (A_)))/(cscl(
e_.) + (£_)*(x_)1*(_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + fx*x],
x], x] + Dist[(A*b - a*B)/b, Int[Cscl[e + f*x]/(a + b*Cscl[e + f*x]), x], x]
/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[Axb - ax*B, 0]

Rule 4167
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Int[cscl(e_.) + (£_.)*(x_)I*((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e
_) + (f_)*x(x)]172%(C_.))*(cscl(e_.) + (£_.)*(x_)1*(p_.) + (a_))"(m_), x_S
ymbol] :> Simp[(-C)*Cot[e + f*x]*((a + bxCsc[e + f*x])~(m + 1)/(b*f*x(m + 2)
)), x] + Dist[1/(b*(m + 2)), Int[Csc[e + f*xx]*(a + b*Csc[e + f*x]) m*Simp[b
*Ax(m + 2) + b*Cx(m + 1) + (b*Bx(m + 2) - a*C)*Cscle + fxx], x], x], x] /;
FreeQ[{a, b, e, f, A, B, C, m}, x] && !'LtQ[m, -1]

Rubi steps

f csc(z) (a+bcsc(z)—2a csc?(z)) dr

cot(z) csc(zx) atbesc(z)
2b 2b

csc(z) (ab+(2a2+b2) csc(z))
f a+bcsc(z) dx

2 % 207
acot(z) cot(z)csc(z) a [ a-:%(s?(z) dx N (2a® + v?) [ cse(z) dz
b? 2b b3 2b3

integral = —

_acot(z)  cot(z)csc(z)

2b3 b? 2b b*
(2a2 + b?) arctanh(cos(x)) N acot(z)  cot(z)csc(x)
2b3 b? 2b
(2a®) Subst (f H%ﬁ dz,z,tan (%))
bl
(2a2 + b?) arctanh(cos(z)) N acot(z) cot(z

(2a® + b%) arctanh(cos(z)) acot(z)  cot(z) csc(z) a | 1+@ dz
+ _ b

)
2b3 b? 2b
(4a®) Subst <f m dz,z, %a + 2tan (g))
b4

b2

+

b(g+tan(3))
(2a? + b?) arctanh(cos(z)) N 2a3arctanh< W > acot(z) cot(z)csc(x)

263 b3v/a2 — b2 b2 2b

Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.71

4
/ csc*(z) i

a + besc(x)
a+btan(%)

16a3 arctan( N )
— — + 4abcot (

) — b%csc? (£) — 8a®log (cos (£)) — 4b? log (cos (£)) + 8a?log (sin ()
8b3

z
2
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[In] Integrate[Csc[x]~4/(a + b*Csc[x]),x]

[Out] ((-16*%a~3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a"2 + b~2] + 4*a
*xbxCot [x/2] - b~2xCsc[x/2]72 - 8*a~2+Log[Cos[x/2]] - 4xb~2+Log[Cos[x/2]] +
8*a~2*Log[Sin[x/2]] + 4*b~2+Log[Sin[x/2]] + b~2%Sec([x/2]"2 - 4*a*b*Tan[x/2]

)/ (8%b~3)

Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.33

method | result
2 3 2btan ( % ) +2a

btan( L 2a° arctan| ——=4——

default _ gz) +2atan(%) 1 @a2+2b%ln@an(%))_% @ < 2v/—aZ1b2
elau 4b2 8btan(%)2 4b3 252 tan(%) v —a2 102
. ‘ 31 [ eiw 4 i0V/a2—b2+a? b2 31p [ gie o ibVaZ—b2—a?+b?
risch 2ia e *+be® —2iatbe'” In(e**+1)a? _ In(e**+1) + ol (e + Va2-b2a . a”In( et Va2 b2 a
(e2i7—1)"p? b 2 T 3 TR

[In] int(csc(x)~4/(a+b*csc(x)),x,method= RETURNVERBOSE)

[Out] -1/4/b"2%(-1/2*bxtan(1/2*xx) ~2+2*a*xtan(1/2*x))-1/8/b/tan(1/2*x)~2+1/4/b"3*(4
*a"2+2%b"2) *1n(tan(1/2*x))+1/2*a/b~2/tan(1/2*x) -2/b"3*a~3/(-a~2+b"2) ~(1/2) *
arctan(1/2*(2*b*tan(1/2*x)+2*a)/(-a~2+b~2)~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 239 vs. 2(74) = 148.

Time = 0.36 (sec) , antiderivative size = 524, normalized size of antiderivative = 6.24

/ csct(z) i

a + besc(z)
a2 —2b?) cos(z)?+2 absin(z)+a2+b2 cos(x) sin(:
4 (a®b — ab®) cos (z) sin (z) — 2 (a® cos (z)° — a®) Va2 — B2 log (( 26%) cos(a) +2 22 C(fs(i;Q_;l;bti((l;)_;)_bQ(

[In] integrate(csc(x)~4/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/4%(4x(a"3*b - a*b~3)*cos(x)*sin(x) - 2*(a"3*cos(x)"2 - a~3)*sqrt(a”2 - b
~2)*log(((a™2 - 2xb~2)*cos(x) "2 + 2*ax*bxsin(x) + a”2 + b~2 + 2*(b*cos(x)*si

n(x) + a*cos(x))*sqrt(a”2 - b72))/(a"2xcos(x)~2 - 2*axb*sin(x) - a"2 - b~2)

) - 2x(a"2*xb"2 - b~4)*cos(x) - (2%¥a"4 - a"2%b"2 - b™4 - (2%a"4 - a~2*%b"2 -
b~4)*cos(x) "2)*log(1/2*cos(x) + 1/2) + (2%a”4 - a"2*b"2 - b™4 - (2*a"4 - a~

2¥b"2 - b~4)*cos(x)"2)*log(-1/2*cos(x) + 1/2))/(a"2*¥b"3 - b~5 - (a"2*%b"3 -
b~5)*cos(x)~"2), 1/4x(4%(a~3*%b - a*xb~3)*cos(x)*sin(x) - 4x%(a~3*cos(x)"2 - a~
3)*sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(bxsin(x) + a)/((a"2 - b~2)*co
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s(x))) - 2x(a"2*b"2 - b"4)*cos(x) - (2%a"4 - a"2%b”"2 - b4 - (2*¥a”4 - a™2%b
~2 - b74)*cos(x)"2)*log(1/2xcos(x) + 1/2) + (2%¥a”4 - a™2%b"2 - b™4 - (2xa~4
- a"2%b”2 - b~4)*cos(x)"2)*log(-1/2*cos(x) + 1/2))/(a”2xb"3 - b~5 - (a"2*b
~3 - b”B)*cos(x)"2)]

Sympy [F]

/%dx:/%dw

[In] integrate(csc(x)**4/(at+b*csc(x)),x)

[Out] Integral(csc(x)**4/(a + bxcsc(x)), x)

Maxima [F(-2)]

Exception generated.

4
/ _esci(z) dx = Exception raised: ValueError
a + besc(x)

[In] integrate(csc(x)~4/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.68

/ csct(z) o _2 (WL% + 1] sgn(b) + arctan (%))a:”
a + besc(x) v—a2 + b2b3
btan (1 x)2 —4atan (3 z) N (2a® + b?) log (|tan (1 z)|)
8 b2 263
124 tan (4 x)2 + 66 tan (3 m)2 —4abtan (3 z) + b
8 b3 tan (%m)2

[In] integrate(csc(x)~4/(atbxcsc(x)),x, algorithm="giac")
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[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a~3/(sqrt(-a"2 + b"2)*b~3) + 1/8*(b*tan(1/2*x)"2 - 4*a*xtan(1/2*x))/

b~2 + 1/2%x(2*%a”2 + b~2)*log(abs(tan(1/2*x)))/b~3 - 1/8x(12xa~2xtan(1/2*x) "2

+ 6*%b~2*%tan(1/2%x) "2 - 4*xaxbxtan(1/2*x) + b~2)/(b~3*tan(1/2%x)~2)

Mupad [B] (verification not implemented)

Time = 17.92 (sec) , antiderivative size = 515, normalized size of antiderivative = 6.13

4
/ csct(x) dp —
a + besc(x)
Sin(%)> Va2-b? cos(2z) ln<sm(%)> a?—b2 a? ln<Sin(%)

In 2_p2
b2 cos(z) vVa2—b? _ <C°S(%) + COS(%) . COS(%) > ¢ __absin(2z) va2—b2
2 4 4 2 2

[In] int(1/(sin(x)~4*(a + b/sin(x))),x)

[Out] -(a"3*atan((a"4*sin(x/2)*(a"2 - b72)~(1/2)*8i - b~4*sin(x/2)*(a"2 - b"2)~(1
/2)*1i + a*b~3*cos(x/2)*(a”2 - b"2)"(1/2)*1i + a~3*bxcos(x/2)*(a"2 - b~2)"(
1/2)*4i)/(b~5*cos(x/2) - 8*a~b*sin(x/2) + a~2*%b~3*cos(x/2) + 4*a”~3*b~2*sin(
x/2) - 4xa”4xb*cos(x/2) + 2*axb~4*xsin(x/2)))*1i + b™2x((cos(x)*(a"2 - b~2)~
(1/2))/2 - (log(sin(x/2)/cos(x/2))*(a"2 - b"2)"(1/2))/4 + (cos(2*x)*log(sin
(x/2)/cos(x/2))*(a"2 - b~2)"(1/2))/4) - (a"2xlog(sin(x/2)/cos(x/2))*(a"2 -
b"2)"(1/2))/2 - a~3*cos(2*x)*atan((a"4*sin(x/2)*(a"2 - b~2)"(1/2)*8i - b~ 4x*
sin(x/2)*(a”2 - b"2)"(1/2)*1i + a*b~3*cos(x/2)*(a"2 - b"2)~(1/2)*1i + a~3*b
*cos(x/2)*(a"2 - b"2)"(1/2)*4i)/(b"5*cos(x/2) - 8*a~b*sin(x/2) + a~2*b~3*co
s(x/2) + 4*a~3*xb"2*sin(x/2) - 4*a~4xbxcos(x/2) + 2*xa*xb~4*sin(x/2)))*1i - (a
*bxsin(2*x)*(a"2 - ©72)7(1/2))/2 + (a"2*cos(2*x)*log(sin(x/2)/cos(x/2))*(a~
2 - 172)7(1/2))/2)/((b~3*x(a"2 - b"2)"(1/2))/2 - (b~3*cos(2*x)*(a"2 - b~2)~(
1/2))/2)
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3.41  [-=0@ gy

a+bcsc(x)
Optimal result . . . . . . . . . . . e 240
Rubi [A] (verified) . . . . . . . . 2401
Mathematica [A] (verified) . . . . . . . . ... L L 242
Maple [A] (verified) . . . . . . . .. 242
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 243
Sympy [F] . o o o 243
Maxima [F(-2)] . . . . . . 243]
Giac [A] (verification not implemented) . . . . . . . ... ... L. 244
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 244

Optimal result

Integrand size = 13, antiderivative size = 62

a+btan(%)
/ csc3(z) dp — aarctanh(cos(z)) 2a2arctanh< JaZb? > _ cot(z)
a+besc(z) b? b2v/a? — b2 b

[Out] a*arctanh(cos(x))/b~2-cot(x)/b-2*%a”~2*arctanh((a+bxtan(1/2*x))/(a~2-b"2)~(1/
2))/b"2/(a"2-b"2)"(1/2)

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7 number of rules _ 0.538, Rules used = {3875,

’ integrand size
3874, 3855, 3916, 2739, 632, 212}

a+btan(%)
/ csc3(x) - _2a2arctanh< Va2 ) 4 aarctanh(cos(z))  cot(z)
a+bese(r) b2+/aZ — b2 b2 b

[In] Int[Csc[x]~3/(a + b*Csc[x]),x]

[Out] (a*ArcTanh[Cos[x]]1)/b~2 - (2*a~2*ArcTanh[(a + b*Tan[x/2])/Sqrt[a~2 - b~2]1])
/(b~2%Sqrt[a~2 - b~2]) - Cot[x]/b

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 632
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*e*xx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3874

Int[cscl(e_.) + (£_.)*(x_)172/(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscl[e + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3875

Int[cscl(e_.) + (f_.)*(x_)173/(cscl(e_.) + (£_.)*(x_)1*(_.) + (a_)), x_Sym
bol] :> Simp[-Cot[e + f*xx]/(bxf), x] - Dist[a/b, Int[Cscle + f*x]~2/(a + bx*
Cscle + f*x]), x], x] /; FreeQ[{a, b, e, £}, x]

Rule 3916

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rubi steps
cot(z) _ @) airats 4@
integral = — —
b b
__cot(z) a[esc(z) dx a® [ af:i(s?x)
N b b2 b2
[ 1
_ aarctanh(cos(z))  cot(z) N asn(w)
N b2 b B3

aarctanh(cos(z))  cot(z) N (20%) Subst (f 1+2”+ z dz, 7, tan (%))

b2 b b3
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(4a2) Subst (f W d.’L', T, QTa + 2tan (g)>

aarctanh(cos(z))  cot(z) 52

b? b b3
b(§+tan($))
aarctanh(cos(z)) 2a2arctanh< Voo ) _ cot(z)

b b*va? — b2 b

Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.71

csc3(x)
/ a + besc(x) de
csc (£) sec (%) <2a2 arctan <a;it:27r:_(é)) sin(z) + v/—a? + b%(—bcos(z) + a(log (cos (£)) — log (sin (£))) s
202\/—a? + b2

[In] Integrate[Csc[x]~3/(a + b*Csc[x]),x]

[Out] (Csc[x/2]*Sec[x/2]*(2*a~2*ArcTan[(a + b*Tan[x/2])/Sqrt[-a"2 + b~2]]*Sin[x]
+ Sqrt[-a”2 + b~2]*(-(b*Cos[x]) + a*(Logl[Cos[x/2]] - Logl[Sin[x/2]])*Sin[x])
))/(2%b~2xSqrt[-a”2 + b~2])

Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.24

method | result Siz

2btan(§)+2a
2a2 arctan <2>

2102

default tan (%) + 2v—at+b _ 1 __ aln(tan(§)) e

2b b2v/—a2+b2 2btan (%) b2
o 1(V=aZ+b2 b—a?4b?) i 1(V=aZ4b2 bta?—b?)
. ) ia?ln| e+ — ia?ln| e+ —
isch % + aln(e“”-i—l) aln(e“:—l) + aV —a“+b aVv—a®+b 17
Tise b(e?ic—1) B2 02 V=a 1572 V=a157 2

[In] int(csc(x)~3/(at+b*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/2xtan(1/2*x)/b+2*a~2/b"2/(-a"~2+b"2)~(1/2)*arctan(1/2*(2«bxtan(1/2*x)+2*a)
/(-a~2+b~2)~(1/2))-1/2/b/tan(1/2*x)-a/b"2*x1n(tan(1/2*x))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 131 vs. 2(56) = 112.

Time = 0.30 (sec) , antiderivative size = 308, normalized size of antiderivative = 4.97

3
/ csc? () i
a + besc(x)
a2—2b2) cos(z)2 42 absin(z)+a2+b2—2 (b cos(z) sin(z)+a cos(z))v/aZ—b2 .
Va? — b%a’ log <_( R )Sm (2) + (® — ab")log (5 «
- 2 (a?b? — b*) sin (z)
2+v/—a? + b2’ arctan (— : _‘(’j;'_l’;(l)’?;(é))Jra)) sin (z) — (a® — ab?)log (% cos (z) + 3) sin (z) + (a® — ab?
B 2 (a?b? — b*) sin (z)

[In] integrate(csc(x)~3/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a™2 - b~2)*a"2*log(-((a~2 - 2xb~2)*cos(x) "2 + 2*axb*sin(x) + a™2
+ b™2 - 2% (b*cos(x)*sin(x) + a*cos(x))*sqrt(a™2 - b72))/(a"2*cos(x)"2 - 2%
axbxsin(x) - a”2 - b72))*sin(x) + (2”3 - axb~2)*log(1/2*cos(x) + 1/2)*sin(x

) - (273 - a*xb~2)*log(-1/2*cos(x) + 1/2)*sin(x) - 2x(a"2xb - b~3)*cos(x))/(
(a”2%b"2 - b"4)*sin(x)), -1/2x(2*sqrt(-a”~2 + b~2)*a"2xarctan(-sqrt(-a"2 + b
~2)*(b*sin(x) + a)/((a"2 - b"2)*cos(x)))*sin(x) - (a"3 - a*b~2)*log(1l/2*cos

(x) + 1/2)*sin(x) + (a”3 - a*b”2)*log(-1/2%cos(x) + 1/2)*sin(x) + 2*(a~2*Db

- b™3)*cos(x))/((a”2%b"2 - b~4)*sin(x))]

Sympy [F]

csc3(x) B csc3 (z)
/ a + besc(z) de = / a+ besc (z) de
[In] integrate(csc(x)*#*3/(a+b*csc(x)),x)

[Out] Integral(csc(x)**3/(a + b*csc(x)), x)

Maxima [F(-2)]

Exception generated.

3
/ L(x) dx = Exception raised: ValueError
a + bese(x)

[In] integrate(csc(x)~3/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.58

/ csc3(x) i 2 <7r |5% + 3] sgn(b) + arctan (%))az

a + besc(x) - V/—a2 + b2b2
_alog(|tan (32)]) +tan (1z) 2atan(iz)—b
b? 2b 2 b2 tan (%x

[In] integrate(csc(x)~3/(a+b*csc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a"2/(sqrt(-a"2 + b~2)*b~2) - a*log(abs(tan(1/2*x)))/b~2 + 1/2xtan(1/

2*%x) /b + 1/2%(2xaxtan(1/2*x) - b)/(b~2*tan(1/2%x))

Mupad [B] (verification not implemented)

Time = 18.11 (sec) , antiderivative size = 135, normalized size of antiderivative = 2.18

——  _dxr = — —_
a + besc(x) btan (z) b2
2 a? tan(%) VaZ—b2 4i—b2 tan(%) va2—b2 li+ab+/a2—b2 2i .
a“ atan Tt T 2313 a2 LS AT 2i
an(i)a +2a b—3tan(§)ab —b

- b2V — B

/ csc®(x) 1 a In (tan(%))

[In] int(1/(sin(x)"3*(a + b/sin(x))),x)

[Out] - 1/(b*tan(x)) - (axlog(tan(x/2)))/b~2 - (a"2*atan((a"2*tan(x/2)*(a"2 - b~2
)7(1/2)*4i - b~2*tan(x/2)*(a”2 - b72)7(1/2)*1i + a*bx(a™2 - b72)7(1/2)*2i)/
(4*a~3xtan(x/2) + 2*xa"2xb - b~3 - 3xa*b~2*tan(x/2)))*2i)/(b"2*(a"2 - b~2)"(

1/2))
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3.42  [-=C@ gy

a+bcsc(x)
Optimal result . . . . . . . . . . . e 245
Rubi [A] (verified) . . . . . . . . . . 2451
Mathematica [A] (verified) . . . . . . .. ... L L 247
Maple [A] (verified) . . . . . . . .. 247
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 247
Sympy [F] . . o 248
Maxima [F(-2)] . . . . . . 248]
Giac [A] (verification not implemented) . . . . . . . .. ... ... 248
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 249

Optimal result

Integrand size = 13, antiderivative size = 53

a+btan(Z)
/ csc?(x) o — _ arctanh(cos(z)) N 2aarctanh( Va5 )
a+besc(z) b baZ — b2

[Out] -arctanh(cos(x))/b+2*a*arctanh((a+bxtan(1/2*x))/(a~2-b"2)~(1/2))/b/(a~2-b"2
)~(1/2)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6 number of rules _ 0.462, Rules used = {3874,

’ integrand size
3855, 3916, 2739, 632, 212}

a+btan(%)
/ csc?(x) dp — 2aarctanh< Vai—b? ) _ arctanh(cos(z))
a+besc(z) aZ — b2 b

[In] Int[Csc[x]~2/(a + b*Csc[x]),x]

[Out] -(ArcTanh[Cos[x]]/b) + (2*a*ArcTanh[(a + bxTan[x/2])/Sqrt[a"2 - b~2]]1)/(b*S
qrt[a™2 - b~2])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 632
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2*bkexx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3874

Int[cscl(e_.) + (£_.)*(x_)1"2/(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscle + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rubi steps

Jesc(z)dz af afii(s% dz
b b

integral =

1
_arctanh(cos(z)) af 14 25 dz

b b2
_ arctanh(cos(z)) (2a)Subst <f H%ﬁ dz, z, tan (g))
= ) -
4a)Subst | [ ———4d 2a 4 9tan (Z
__ arctanh(cos(z)) (4a)Subs (f —4(1-23 )22 T, T, 5 +atan (2))
B b b2
b(§+tan(3))
__ arctanh(cos(z)) 2aarctanh<bazﬁ )

b b —
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.17

2a arctan ( a%) >
/ csc?(x) - Warvass: L log (cos (%)) +log (sin (5))
dr =
a + besc(x) b

[In] Integrate[Csc[x]~2/(a + b*Csc[x]),x]

[Out] ((-2*axArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]]1)/Sqrt[-a"2 + b~2] - Logl[Co
s[x/2]] + Logl[Sin[x/2]]1)/b

Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00

method | result size
9 " (2btan(%)+2a>
aarctan| ———-——-=— — 5.5 z
default | — e + In(tan(3)) 53
bV —a2+b2 b
iz ibV/a2—b2—a?+4b2 iz ibvVa2—b2+a2—b? ) )
risch _aln(e + -2, 4 aln( e*®+ 72 b2 4 _ 1n(e””+1) " ln(ezz_l) 152
Va2—b2b Va2=b2b b b

[In] int(csc(x)~2/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] -2*a/b/(-a~2+b~2) " (1/2)*arctan(1/2*x(2xbxtan(1/2*x)+2*a)/(-a~2+b"2)~(1/2))+1
/b*1n(tan(1/2%x))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 100 vs. 2(47) = 94.

Time = 0.29 (sec) , antiderivative size = 245, normalized size of antiderivative = 4.62

[ ey

a2—2b2) cos(z)?+2 absin(z)+a2+b2 cos(z) sin(z)+a cos(x a’—
'/a2—62alog<( 2b?) cos(x)”+2 absin(z)+a’+b?+2 (bcos(z) sin(x)+ ())VZbz)—(az—bz)log(%cos(m)—l—%)

a2 cos(x)?—2 absin(z)—a2 —b2

- 2 (a2b — b3)

[In] integrate(csc(x)~2/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/2*(sqrt(a”2 - b~2)*axlog(((a~2 - 2*%b~2)*cos(x)"2 + 2*a*b*sin(x) + a”2 +
b~2 + 2% (b*cos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)~2 - 2*axb
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*sin(x) - a”2 - b72)) - (2”2 - b"2)*log(1/2*cos(x) + 1/2) + (a”2 - b~2)*log
(-1/2%cos(x) + 1/2))/(a"2*%b - b~3), 1/2x(2*sqrt(-a~2 + b~2)*axarctan(-sqrt(
-a"2 + b"2)*(b*sin(x) + a)/((a"2 - b™2)*cos(x))) - (2”2 - b~2)*Llog(1/2*cos(
x) + 1/2) + (a2 - b~2)*log(-1/2%cos(x) + 1/2))/(a"2xb - b~3)]

Sympy [F]

/%dm=/%dw

[In] integrate(csc(x)**2/(a+b*csc(x)),x)

[Out] Integral(csc(x)**2/(a + b*csc(x)), x)

Maxima [F(-2)]

Exception generated.

2
/ L(x) dz = Exception raised: ValueError
a + bese(z)

[In] integrate(csc(x)~2/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.19

btan(% a:)+a

/ csc?(z) p 2 <7" 55 + 5] sgn(b) + arctan (W))a N log (|tan (1))

a + besc(z) T vV —a? + b%b b

[In] integrate(csc(x)~2/(atbxcsc(x)),x, algorithm="giac")

[Out] -2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a/(sqrt(-a”2 + b"2)*b) + log(abs(tan(1/2*x)))/b
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Mupad [B] (verification not implemented)

Time = 18.29 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.43

2
/ csc?(z) s
a + besce(z)
sin(%) ) < Va2—b2? (4i sin(%) a®+2i cos(Z) ab—1i sin(%) b?) )
In <cos(§) 2aatanh a? sin(Z) 4i+b cos(Z) (a2—b?) li+a2 b cos(%) li—ab? sin(Z) 3i

b B bv/aZ — b2

[In] int(1/(sin(x)~2*(a + b/sin(x))),x)

[Out] log(sin(x/2)/cos(x/2))/b - (2*a*atanh(((a"2 - b72)~(1/2)*(a"2*sin(x/2)*4i -
b"2*sin(x/2)*1i + axbxcos(x/2)*2i))/(a"3*sin(x/2)*4i + bxcos(x/2)*(a"2 - b
“2)*1i + a~2xb*cos(x/2)*1i - axb~2*sin(x/2)*31i)))/(bx(a"2 - b~2)"(1/2))



250

3.43 [0 gy

a+bcsc(x)
Optimal result . . . . . . . . . . . e 250
Rubi [A] (verified) . . . . . . ... . 250
Mathematica [A] (verified) . . . . . . . . . .. L 2511
Maple [A] (verified) . . . . . . . . . . 252
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 2521
Sympy [F] . . o o 252
Maxima [F(-2)] . . . . . o o 253
Giac [A] (verification not implemented) . . . . . . .. ... ... L L. 253
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 253

Optimal result

Integrand size = 11, antiderivative size = 40

a—l—btan(%)
/ csc(z) o 2arctanh< N )
a + bese(x) a? — b?

[Out] -2*arctanh((at+b*tan(1/2*x))/(a"2-b"2)"(1/2))/(a"2-b"2)"(1/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4 number of rules _ 0.364, Rules used = {3916,

’ integrand size
2739, 632, 212}

csc(z) _ a?—
/ a + besc(z) de = a? — b?
[In] Int[Csc[x]/(a + b*Csc[x]),x]
[Out] (-2*%ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]])/Sqrt[a”2 - b~2]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*e*xx + ax*
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3916

Intlcscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_)*(x_)]1*(_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[2a"2 - b~2, 0]

Rubi steps
1
—=r d
/ 17 esnG) €L
b
2Subst ( S/

integral =

dz, z, tan (%))

1
s,

b

4Subst (f W dz,z, 2%t + 2tan (%))
b
2arctanh (—b(%%aff ) >
Va2 — b2
Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

a+btan(%)
/ csc(x) i 2 arctan ( o e )
a+besc(z) v—aZ + b2

[In] Integrate[Csc[x]/(a + b*Csc[x]),x]
[Out] (2*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a"2 + b~2]



Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.98
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method | result size
2btan(%)+2a
d f lt 2arctan<2_az+b2> 39
erau V—aZ i
. ) 2,2
iln eim+z<\/—a2+b2 b+a2—b2) iln eim+z(\/—a2+b2 b—a“+b )
. h av/—a2+4b2 aV/—a24b2 122
risc — e + W

[In] int(csc(x)/(atb*csc(x)),x,method=_RETURNVERBOSE)
[Out] 2/(-a~2+b~2)~(1/2)*arctan(1/2*(2xbxtan(1/2*x)+2*a)/(-a~2+b"2)~(1/2))

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 154, normalized size of antiderivative = 3.85

/

(a?—2b?) cos(z)?+2 absin(z)+a2+b2—2 (b cos(z) sin(z)+a cos(z))vaZ—b?
a2 cos(z)?—2 absin(z)—a2 —b2

2va? — b2

log (—

csc(z)
a + besc(x)

VEET Farctan (- T
— a2 — b2

[In] integrate(csc(x)/(at+b*csc(x)),x, algorithm="fricas")
[Out] [1/2%log(-((a"2 - 2%b~2)*cos(x) "2 + 2*axb*sin(x) + a”2 + b2 - 2x(b*cos(x)*

sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2%a*b*sin(x) - a2 - b~
2))/sqrt(a”2 - b72), -sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) +

a)/((a”2 - b™2)*cos(x)))/(a"2 - b~2)]

Sympy [F]

csc (x)

csc(z)
a+ besc(z)

a + besc(x) d@

J e

[In] integrate(csc(x)/(a+b*csc(x)),x)

[Out] Integral(csc(x)/(a + b*csc(x)), x)
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Maxima [F(-2)]

Exception generated.

/ L(x) dr = Exception raised: ValueError
a + besce(x)

[In] integrate(csc(x)/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

x btan %z a
/ cse(x) o 2 (71' | £ + %] sgn(b) + arctan (%))
a + besce(x) VvV—a?+ b2

[In] integrate(csc(x)/(atb*csc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))/sqrt(-a”2 + b~2)

Mupad [B] (verification not implemented)

Time = 18.13 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.90

a+btan(%)
/ csc(z) dr — — Zatanh ( Vat+b \/a—b>
a + bese(x) vVa+bva—b

[In] int(1/(sin(x)*(a + b/sin(x))),x)
[Out] -(2*atanh((a + b*tan(x/2))/((a + b)~(1/2)*(a - b)~(1/2))))/((a + b)~(1/2)*(
a - b)~(1/2))
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3.44  [— L1 ——dz

a+b csc(c+dx)
Optimal result . . . . . . . . . . e 254
Rubi [A] (verified) . . . . . . . . . . 2541
Mathematica [A] (verified) . . . . . . .. ... L L 255
Maple [A] (verified) . . . . . . . .. 250
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 250
Sympy [F] . o o o 257
Maxima [F(-2)] . . . . . 2571
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 257
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 258

Optimal result

Integrand size = 12, antiderivative size = 57

/ 1 P 2barctanh<—a+btar;(2%_(z—: dz>)>
a + besce(c + dx) T ava? — b*d

[Out] x/a+2xb*arctanh((a+b*tan(1/2*xd*x+1/2*xc))/(a~2-b"2)"(1/2))/a/d/(a~2-b"2)~(1/
2)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4, number of rules _ 0.333, Rules used = {3868,
integrand size

2739, 632, 212}

a+b tan(%(c+dax))
/ 1 i 2barctanh<W) N z
a+besc(c+dz) adva? — b? a

[In] Int[(a + b*Cscl[c + d*x])~(-1),x]

[Out] x/a + (2¥bxArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrt[a"2 - b~2]])/(a*Sqrt[a~2 -
b~2]*d)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632



255

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*bkexx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868
Int[(cscl(c_.) + (d_.)*x(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]

- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
1 && NeQ[a"2 - b~2, 0]

Rubi steps

1
f 1+asin(;+dw) dx

) x
integral = — —
a

a
oz 2Subst (f H%ﬁ dz,z,tan (1(c+ dz)))
T a ad
4Subst <f m dz,z,2 + 2tan (3(c+ d:c)))
b
" a + ad
2barctanh ( b(%H?/r;(z%_(:; ) )
T a N ava? — b%d

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.04

a+btan l(c—‘,—dac)
. 2barctan <\/—(a§7+b?)>
/ : dr = ate- V—a?+b2d
a + besc(c+ dx) a

[In] Integrate[(a + b*Csc[c + d*x])~(-1),x]

[Out] (c/d + x - (2%b*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a~2 + b~2]1]1)/(Sqrt[-a
"2 + b"2]%*d))/a



Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.19
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method result size
2arctan(tan(d7m+%)) 2v/—a2+4b2
. . .. a - — 22252
derivativedivides y av —atth 68
2btan(d—z+9)+2a
2barctan A2 T2) T
2arctan(tan(d7w+%)) 2v/—a24b2
B a\v/—a2+b2
default 2 y b 68
i(dote)y ibVaZ—b2+a?—b? i(detc) ibVaZ—b2—a?4b2
risch z 4 o (e ML — e . a?-b%a 146
a VaZ2=b2da Va2=b2da

[In] int(1/(atb*csc(d*x+c)) ,x,method=_RETURNVERBOSE)

[Out] 1/d*x(2/a*arctan(tan(1/2*d*x+1/2*c))-2xb/a/(-a~2+b"2) ~(1/2) *arctan(1/2* (2xb*

tan(1/2*d*x+1/2*c)+2*a)/(-a~2+b~2)"(1/2)))

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 238, normalized size of antiderivative = 4.18

| vraceran
a + besc(c + dx) v
2 (a2 — b?)dz + v/a2 — B%blog (

(a2—2b2%) cos(dx+c)2+2 absin(dz+c)+a2+b242 (b cos(dz+c) sin(dz+c)+a cos(dz+c))vVaZ —b2

a2 cos(dz+c)?—2 absin(dz+c)—a2—b2

)

2 (a® — ab?)d

[In] integrate(1/(atb*csc(d*x+c)),x, algorithm="fricas")

[Out] [1/2%(2%(a”2 - b~2)*d*x + sqrt(a”2 - b~2)*b*log(((a"2 - 2*b~2)*cos(d*x + c)
2 + 2*a*b*sin(d*x + c) + a”2 + b2 + 2x(b*cos(d*x + c)*sin(d*x + c) + axco
s(d*x + c))*sqrt(a”2 - b72))/(a"2*cos(d*x + c)~2 - 2*a*b*sin(d*x + c) - a2
- 172)))/((a"3 - a*xb”2)*d), ((a”2 - b~2)*d*x + sqrt(-a~2 + b~2)*b*arctan(-

sqrt(-a”2 + b~2)*(b*sin(d*x + c) + a)/((a”2 - b~2)*cos(d*x + ¢))))/((a"3 -

axb~2) *xd)]

y
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Sympy [F]

/ ! dx—/ ! dz
a+besc(c+dz) ) a+besc(c+ dx)

[In] integrate(1/(a+b*csc(d*x+c)),x)
[Out] Integral(1l/(a + b*csc(c + d*x)), x)

Maxima [F(-2)]

Exception generated.

1
/ dx = Exception raised: ValueError
a + bese(c + dx)

[In] integrate(1/(atb*csc(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.35
btan( % do+3 c)+a
der4c 1 (2 2
2 <7rL o +2Jsgn(b)+arctan<_l12+b2 >>b dote

1 vV—a2+b2a a
dr = —
/a—l—bcsc(c—i—dz) v d

[In] integrate(1/(atb*csc(d*x+c)),x, algorithm="giac")

[Out] -(2x(pi*floor(1/2x(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*tan(1/2xd*x + 1/2%
c) + a)/sqrt(-a”2 + b~2)))*b/(sqrt(-a”2 + b"2)*a) - (d*x + c)/a)/d
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Mupad [B] (verification not implemented)

Time = 18.59 (sec) , antiderivative size = 184, normalized size of antiderivative = 3.23

e1l8

1
/ Fhoseletdo) ©
a CSc(C X
dz (a2—b2)—2b4 sin(%—i—%)—sz sin(%—i—dm) (a2—b2)+ab3 cos(%—i—d%C +3a? b2 sin(%—i—%)—i—ab cos(§+%
c
2

2b h 2a? sin(%—i—T o
atan ( a (2 sin( +d2—“”) a?+b cos(%—l—%) a) Va2—b2

B ad+/a? — b?

N——

[In] int(1/(a + b/sin(c + d*x)),x)

[Out] x/a - (2xb*xatanh((2*a~2*sin(c/2 + (d*x)/2)*(a”2 - b~2) - 2*b~4x*sin(c/2 + (d
*x)/2) - 2%b"2*sin(c/2 + (d*x)/2)*(a”2 - b~2) + a*xb~3*xcos(c/2 + (d*x)/2) +
3*%a”~2xb"2*sin(c/2 + (d*x)/2) + axbxcos(c/2 + (d*x)/2)*(a"2 - b~2))/(ax(2*xa~
2xsin(c/2 + (d*x)/2) + axb*cos(c/2 + (d*x)/2))*(a"2 - b~2)"(1/2))))/(axd*(a

"2 - b72)7(1/2))
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3.45 | _sin(@) _ 7.

a+bcsc(x)
Optimal result . . . . . . . . . . 259
Rubi [A] (verified) . . . . . . . . . 2591
Mathematica [A] (verified) . . . . . . .. . ... L 261]
Maple [A] (verified) . . . . . . . .. 261]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 262
Sympy [F] . . o o 262
Maxima [F(-2)] . . . . . . 2621
Giac [A] (verification not implemented) . . . . . . . .. ... ... 263
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 263

Optimal result

Integrand size = 11, antiderivative size = 61

a+btan(%)
/ sin(z) g — — br 2b2arctanh( Va2 ) _ cos(z)
a+besc(z) ~  a? a?va? — b? a

[Out] -b*x/a~2-cos(x)/a-2*b~2*arctanh((a+bxtan(1/2*x))/(a~2-b"2)"(1/2))/a~2/(a~2-
b~2)~(1/2)

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 545 Ryjes ysed = {3938,

' integrand size
12, 3868, 2739, 632, 212}

a + bese(z) a2v/a2 — b? a? a

a+btan(%)
/ sin(z) 2b2arctanh< a2—b2> bx  cos(x)

[In] Int[Sin[x]/(a + b*Csc[x]),x]

[Out] -((b*x)/a~2) - (2xb~2*ArcTanh[(a + b*Tan[x/2])/Sqrt[a"2 - b~2]]1)/(a"2*Sqrt[
a”2 - b™2]) - Cos[x]/a

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 212
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e"2%x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
1 && NeQ[a~2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])"n/(axf*n)), x] - Dis
t[1/(axd*n), Int[((d*Cscle + f*x])~"(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscl[e + f*x] - bx(n + 1)*Cscle + f*xx]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] & NeQ[a"2 - b2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rubi steps
—b  _dr
integral = _COS(',L.) _ f a+bcsc(z)
a a
- _COS(:L') _ bfmdx
a a

1
bx  cos(x) L bJ 14 25 dx
a2 a a2

b cos(x) (2b)Subst (fwdx z, tan (%))

a? a a?
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b2

S S 2a z
bx  cos(x) (4b)Subst (f (1) a2 dzr,x, 5 +2tan(2))
a2 a

a?

+tan(3))

5(
be 2b2arctanh<W> B cos(x)

a? a?va? — b? a

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.92

2b2 arctan ( a;%) )
/ sin(z) bx — T + acos(z)
————dr = —
a + besc(x) a?

[In] Integrate[Sin[x]/(a + b*Csc[x]),x]
[Out] -((b*x - (2xb~2*ArcTan[(a + b*Tan[x/2])/Sqrt[-a”"2 + b~2]])/Sqrt[-a~2 + b~2]

+ a*Cos[x])/a"2)

Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20

method | result size
2btan(§)+2a
2 ki W A ——28____9barctan(tan(2
. 2b arctan< P > 1+tan(%)2 arctan (tan(%))
default PN e > 73
ib“ In| e+ ib“In| e+

isch b ei® e—iT av/—a24b2 av/—a2+b2 161

T1S¢ @ 2@ 2 T V—a21b2 a2 - V—a2102 a2

[In] int(sin(x)/(a+b*csc(x)),x,method=_RETURNVERBOSE)
[Out] 2/a"2*xb~2/(-a~2+b~2)~(1/2) *arctan(1/2*(2xbxtan(1/2*x)+2+*a)/(-a"~2+b~2)~(1/2)
Y+2/a"2x(-a/(1+tan(1/2*x) ~2)-b*arctan(tan(1/2*x)))
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Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 235, normalized size of antiderivative = 3.85

/ sin(z) i
a + besc(x)
\/mb2 log (_ (a2—2b2) cos(z)?+2 absin(z)+a2+b2—2 (bcos(z) Sin(z)+acos(w))\/a2—b2> _9 (azb _ b3)1' -9 (a3 — ab?

a2 cos(x)?—2 absin(z) —a2—b?

B 2 (a* — a?b?)
v/—a? + b2b? arctan (— : _?jj_b;(;’zg;((?;ra)) + (a®b — b*)z + (a® — ab?) cos ()
o at — a2b?

[In] integrate(sin(x)/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/2*(sqrt(a”™2 - b~2)*b~2*xlog(-((a~2 - 2*b"2)*cos(x) "2 + 2*a*b*sin(x) + a”2
+ b~2 - 2*%(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2%
axbxsin(x) - a”2 - b72)) - 2%x(a"2*%b - b~3)*x - 2%(a”"3 - a*b~2)*cos(x))/(a"4

- a"2xb~2), -(sqrt(-a”"2 + b~2)*b~2*arctan(-sqrt(-a"2 + b~2)*(b*sin(x) + a)
/((a”2 - b™2)*cos(x))) + (a”2%b - b~3)*x + (a”3 - a*b”™2)*cos(x))/(a"4 - a~2
*b~2)]

Sympy [F]

sin(z) B sin ()
/ a + besc(x) de = / a+ besc(z) dz
[In] integrate(sin(x)/(at+b*csc(x)),x)

[Out] Integral(sin(x)/(a + bxcsc(x)), x)

Maxima [F(-2)]

Exception generated.

/ _ sin(z) dx = Exception raised: ValueError
a + besc(x)

[In] integrate(sin(x)/(at+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de
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Giac [A] (verification not implemented)
none

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.26

btan(% :t:)+a

/ sin(x) o 2 <7r | £ + 1] sgn(b) + arctan (W»b? b 5

a + besc(z) V—a? + b%a? a’ (tan (1 x)2 + 1>a

[In] integrate(sin(x)/(atb*csc(x)),x, algorithm="giac")

[Out] 2*(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a"2 +
b~2)))*b~2/(sqrt(-a"2 + b~2)*a"2) - b*x/a"2 - 2/((tan(1/2%x)"2 + 1)*a)

Mupad [B] (verification not implemented)

Time = 19.00 (sec) , antiderivative size = 766, normalized size of antiderivative = 12.56

/ sin(z) dr = — 2 _ bz

2 2
a + bese(z) a (tan (2)* + 1) a
7
bzm(32a3b2+32tan(%) (3; b—2.
a
b2\/a2—b2 32a2b2+64ab3tan(%)+ P S
4 32tan(Z) (2ab5-24303
b2 /a2—b2 32ab _ (2) (a3 )+ S
b% atan af—a??

32tan( %
2 /a2 —b2 (32 a3 b2+7an( 5)

2 ./a2_p2 2p2 3
b a“—b 32a4b4+64ab tan(%){— A 022

32tan( %) (2ab5—2a3 b3
/312 | 3264 (2) (
b2 Va2-p2 | 320 23 + A 252

T
128 b5 tan(f) .
23 A 282

[In] int(sin(x)/(a + b/sin(x)),x)

[Out] - 2/(a*(tan(x/2)"2 + 1)) - (b*x)/a"2 - (b™2*atan(((b"2*%(a"2 - b~2)~(1/2)*((
32%b"4)/a - (32xtan(x/2)*(2*a*b”5 - 2*a~3*xb~3))/a~3 + (b"2%(a"2 - b~2)"(1/2
)*(32%a"2%b"2 + 64*a*xb”~3*tan(x/2) + (b™2*%(a"2 - b"2)~(1/2)*(32*%a"3*b"2 + (3
2xtan(x/2) *(3*a~7xb - 2*a~5xb~3))/a"3))/(a"4 - a~2%b"2)))/(a"4 - a~2xb~2))*
1i)/(a”4 - a~2%b"2) - (b"2*%(a"2 - b™2)~(1/2)*((32*tan(x/2) *(2*a*xb~5 - 2*xa”~3
*b~3))/a"3 - (32*b"4)/a + (b~2*x(a"2 - b~2)~(1/2)*(32*xa"2*xb"2 + 64*axb~3*tan
(x/2) - (®™2%(a"2 - b"2)"(1/2)*(32*%a~3*%b"2 + (32*«tan(x/2)*(3*a~7xb - 2*xa~5*
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b~3))/a"3))/(a"4 - a~2*b~2))) /(a4 - a~2%b"2))*1i)/(a~4 - a~2*xb~2))/((128*b
“Bxtan(x/2))/a"3 + (b"2x(a"2 - b~2)"(1/2)*((32%b~4)/a - (32*tan(x/2)*(2*a*b
5 - 2*xa”3*%b~3))/a"3 + (b™2x(a"2 - b~2)~(1/2)*(32*%a~2*b"2 + 64*axb~3*tan(x/
2) + (b"2%(a"2 - b72)"(1/2)*(32*%a"3*%b"2 + (32xtan(x/2)*(3*a~7*b - 2*a~5*b~3
))/a~3))/(a”4 - a~2xb~2)))/(a"4 - a~2%b~2)))/(a"4 - a~2%b"2) + (b~2%(a"2 -
b~2) "~ (1/2) *((32%tan(x/2) * (2*xa*b~5 - 2xa~3%b~3))/a"3 - (32%b~4)/a + (b~2*(a"
2 - b™2)"(1/2)*(32%xa~2xb~2 + 64*a*xb~3*tan(x/2) - (b~2%(a"2 - b~2)~(1/2)*(32
*a~3%b~2 + (32%xtan(x/2)*(3*a"~7xb - 2*xa~5xb~3))/a~3))/(a"4 - a~2xb~2)))/(a"4
- a”™2%b~2))) /(a4 - a~2%b"2)))*x(a"2 - b"2)"(1/2)*2i)/(a”~4 - a~2xb"2)
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3.46  [-90@) gy
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Optimal result . . . . . . . . . . . e 265
Rubi [A] (verified) . . . . . . . . . . 2651
Mathematica [A] (verified) . . . . . . .. ... L L 267
Maple [A] (verified) . . . . . . . .. 267
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 268
Sympy [F] . . o 268
Maxima [F(-2)] . . . . . . 2691
Giac [A] (verification not implemented) . . . . . . . .. ... ... 269
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 269

Optimal result

Integrand size = 13, antiderivative size = 82

a+btan(Z)
/ sin?(x) i — (a®> +2b%) z 2b3arctanh< Va5 ) beos(z)  cos()sin(z)
a+besc(r) 2a3 adv/a? — b2 a? 2a

[Out] 1/2*(a"2+2*b~2)*x/a"3+b*cos(x)/a"~2-1/2*cos(x)*sin(x)/a+2*xb~3*arctanh((a+b*t
an(1/2xx))/(a"2-b"2)"(1/2))/a"3/(a"2-b"2)~(1/2)

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.00, number

of steps used = 7, number of rules used = 7, number of rules _ 0.538, Rules used = {3938,
integrand size

4189, 4004, 3916, 2739, 632, 212}

a—l—btan(%)
/ sin?(z) i — b cos(x) N 2b3arctanh< a2—b2 ) 4 z(a® +2b%)  sin(z) cos(z)
a+besc(z)  a? a3v/a2 — b2 2a3 2a

[In] Int[Sin[x]~2/(a + b*Csc[x]),x]

[Out] ((a”2 + 2%b~2)#*x)/(2*a"3) + (2*b~3*ArcTanh[(a + b*Tan[x/2])/Sqrt[a~2 - b~2]
1)/(a"3xSqrt[a”2 - b~2]) + (b*Cos[x])/a"2 - (Cos[x]*Sin[x])/(2%*a)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 632
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*xx]*((d*Cscl[e + f*x])~n/(axf*n)), x] - Dis
t[1/(axd*n), Int[((d*Cscle + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscl[e + f*x] - bx(n + 1)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] & NeQ[a"2 - b2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0]

Rule 4189

Int[((A_.) + cscl(e_.) + (£_.)*(x )]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_)*(x_)]1*(d_.))"(n_)*(cscl(e_.) + (f_)*x(x_)]1*(b_.) + (a
))~(m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + bxCscle + f*x])~(m + 1)*((d
*Cscle + f*xx])"n/(axf*n)), x] + Dist[1/(ax*d*n), Int[(a + b*Cscl[e + f*xx]) mx
(dxCscle + fxx])~(n + 1)*Simp[a*B*n - A*xbx(m + n + 1) + a*(A + A*n + C*n)*C
scle + fxx] + A*xb*x(m + n + 2)*Cscle + f*x]"2, x], x], x] /; FreeQ[{a, b, d,
e, f, A, B, C, m}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1]

Rubi steps

—2b+4-a csc(z)+besc?(x)) sin(z
cos(x) sin(z) J ( a(+)bcsc(x)( Do) gy

2a 2a

integral = —
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f —a?—2b%—abcsc(x) dz

_ bcos(z)  cos(z)sin(z) a+bcsc(a)

- a? 2a 20?2

_ (a® +20°) N beos(z)  cos(z)sin(z) b [ afZZ(sﬁ}x) dx
2a3 a? 2a a®

2 1
(a® 4 2b°) N beos(z)  cos(z)sin(z) b J 1 et dz

= 2a3 a? 2a a?
(2%) Subst ([ 13z da,, tem (3))

(a? +20*) N beos(z)  cos(z)sin(z)

- 2a3 a? 2a a3
40%) Subst | [ ——L,—— dz,z, % + 2tan (2
(a2+2b2)ac+bcos(ac)_cos(z)sin(a:)+( ) Subs (f i) T T an(z))
(13

2a3 a? 2a

gtan(3))

b
(a® + 20 x 2b3arctanh( JaE 5 ) N beos(z)  cos(x)sin(z)

- 2a3 + a3va2 — b2 a? 2a

Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.95

8b3 arctan <a+bta2n(§2) )
—a b
sin?(z) 20°x + 4b°z — W ™/ 4 dabcos(z) — a?sin(2z)
/ a + besc(z) o 4a3

[In] Integrate[Sin[x]~2/(a + b*Csc[x]),x]
[Out] (2%a~2*x + 4xb~2*x - (8*%b~3xArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt
[-a”2 + b~2] + 4xaxb*xCos[x] - a~2*Sin[2*x])/(4*a~3)

Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.37

method | result size
2t z)3 t z), 2
2(%““&“(%)2@“5)

+(a2+2b%) arctan(tan(%)) 3 2btan(§)+2a

2 2 N2

<1+tan(%)2) 2b° arctan e xul
default — 112

a? a3/ —a2+b2
3 iz ibVa2—b2—a?+b2 3 iz | ibvVaZ—b2+a2—p2
i h z _|_ M + be'a: + be_” _ b hl(e +Z i/ﬁzu + bIn(e +1 : a2—b2aa _ Sin(2(1»') 176
IS¢ 2a a3 2a2 2a? Vaz—b2 a3 VaZ—b2 a3 4a
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[In] int(sin(x)~2/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] 2/a"3%((1/2*a~2*tan(1/2*x) ~3+a*bxtan(1/2*x) ~2-1/2*tan(1/2*x)*a"~2+a*xb)/(1+ta
n(1/2%x)"2)"2+1/2%x(a~2+2*b~2) *arctan(tan(1/2%x)))-2*xb~3/a"3/(-a"~2+b"2) ~(1/2
Y*arctan(1/2%(2xb*xtan(1/2*x)+2%a)/(-a~2+b~2)~(1/2))

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 285, normalized size of antiderivative = 3.48

12
/ sin®(z) i
a + besc(z)
2 . .
/a2 — b2b3 ].Og ((a2—2 b2) cos(z)*+2 al;zl:(fsw()x—i)-gi—lz—l();-ls—ii((l;t):(isif)_ﬁzs(w)+a cos(x))V a2—b2> N (CL4 _ (1,2b2) coS (117) sin (x) +
2 (a® — a3b?)

[In] integrate(sin(x)~2/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a”2 - b~2)*b~3xlog(((a™2 - 2¥b~2)*cos(x) "2 + 2kaxb*sin(x) + a~2
+ b~2 + 2% (b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2*a
xb*sin(x) - a2 - b™2)) - (2”4 - a"2xb"2)*cos(x)*sin(x) + (a"4 + a~2%b~2 -
2¥b~4)*x + 2x(a”3%b - a*b~3)*cos(x))/(a”"5 - a~3%b~2), 1/2%(2*sqrt(-a"2 + b~
2)*b~3*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)/((a"2 - b 2)*cos(x))) - (a~4

- a”2xb"2)*cos(x)*sin(x) + (a4 + a™2%b"2 - 2*%b74)*x + 2%(a"3*b - axb”"3)*c
0s(x))/(a”5 - a~3%b~2)]

Sympy [F]

/%dm=/%dz

[In] integrate(sin(x)*#*2/(a+b*csc(x)),x)

[Out] Integral(sin(x)**2/(a + b*csc(x)), x)
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Maxima [F(-2)]

Exception generated.

.2
/ sm—(a:) dx = Exception raised: ValueError
a + besc(x)

[In] integrate(sin(x)~2/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4%b~2>0)°’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.37

T btan(%a:)+a
/ sin2(x) . _2 (ﬁ\_ﬂ + 1| sgn(b) + arctan <—\/T+b2 >>b3 N (a 4+ 28%)z
a+besc(z) V/—a? + b2a3 243

atan (3 x)3 + 2btan (%x)z —atan (z) +2b
(tan (2 x)2 + 1>2a2

[In] integrate(sin(x)~2/(atbxcsc(x)),x, algorithm="giac")

[Out] -2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b~3/(sqrt(-a"2 + b~2)*a~3) + 1/2*(a"2 + 2xb~2)*x/a"3 + (a*xtan(1/2*x
)73 + 2*bxtan(1/2*x)"2 - axtan(1/2*x) + 2%b)/((tan(1/2*x)"2 + 1)~2*a~2)

Mupad [B] (verification not implemented)

Time = 20.24 (sec) , antiderivative size = 1147, normalized size of antiderivative = 13.99

sin? (:1:) .
/ a—l—b—csc(:v) dz = Too large to display

[In] int(sin(x)~2/(a + b/sin(x)),x)

[Out] ((2*b)/a"2 - tan(x/2)/a + tan(x/2)"3/a + (2xb*tan(x/2)~2)/a~2)/(2*tan(x/2)"
2 + tan(x/2)"4 + 1) - (atan((40*b~3*tan(x/2))/(8*a~2xb + 40%b~3 + (48%b~5)/

a~2) + (48*xb~5xtan(x/2))/(8*a~4%b + 48*%b~5 + 40*a~2xb~3) + (8*axb*tan(x/2))
/(8%axb + (40*%b~3)/a + (48%b~5)/a"3))*(a"2*1i + b~2x2i)*1i)/a"3 + (b~ 3*atan
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(((~3*%(a"2 - b™2)"(1/2)*((8*x(4*xa~2*xb~6 + 4*a~4*%b"4 + a~6*b~2))/a"5 + (8*xta
n(x/2)*(2*a~8*b - 8*%a~2*%b~7 + 4*xa~4*xb~5 + T*a~6%b"3))/a"6 + (b~3*x(a"2 - b~2
)~ (1/2)*(64*xb~4*xtan(x/2) + (8%(2*a~8*b + 2*a~6xb~3))/a"5 + (b"3*(a”2 - b~2)
~(1/2)*(32*%a"3%b"2 + (8xtan(x/2)*(12*a~10*%b - 8*a~8*b~3))/a"6))/(a”5 - a~3x
b~2)))/(a”5 - a~3%b~2))*1i)/(a"5 - a"3*%b~2) + (b~3*(a"2 - b~2)"(1/2)*((8%(4
*a"2*b”"6 + 4*xa~4*xb”4 + a~6xb”2))/a"5 + (8*tan(x/2)*(2*a”8*b - 8*a"2*b"7 + 4
*a~4%b"5 + T*a"6*xb~3))/a"6 - (b~3*x(a"2 - b"2)"(1/2)*(64*xb~4*xtan(x/2) + (8x*(
2%a~8xb + 2*a~6xb~3))/a"5 - (b"3*(a”2 - b~2)"(1/2)*(32*a"3*%b"2 + (8*tan(x/2
)*(12*xa~10*xb - 8*a~8*b~3))/a"6))/(a"5 - a~3%b~2)))/(a"5 - a~3*xb~2))*1i)/(a"
5 - a”3xb~2))/((16*%(2*xb~7 + a~2*b~5))/a"5 + (16*tan(x/2)*(8%b"8 + 8*a~2*b~6
+ 2%a”~4xb~4))/a"6 + (b"3*%(a"2 - b"2)"(1/2)*((8*x(4*a~2%b"6 + 4*a~4*b"4 + a~
6%b~2))/a"5 + (8xtan(x/2)*(2*xa"8*b - 8*a~2*b~7 + 4*xa~4*b~5 + 7*a~6*b~3))/a”
6 + (b"3%x(a"2 - b™2)"(1/2)*(64%b"4xtan(x/2) + (8*x(2*a~8*b + 2*a~6*b~3))/a"5
+ (b™3x(a"2 - b™2)"(1/2)*(32*%a"3*b"2 + (8*tan(x/2)*(12*a~10*b - 8*a~8*b~3)
)/a”6))/(a”5 - a”3%b~2)))/(a”5 - a~3*b"2)))/(a”5 - a"3*%b"2) - (b"3*(a"2 - b
“2)7(1/2) (8% (4*a~2*xb~6 + 4*a~4*%b~4 + a~6*b~2))/a"5 + (8xtan(x/2)*(2*a"8*b
- 8*%a”2*%b”7 + 4*xa~4*xb~5 + 7*a~6%b"3))/a"6 - (b"3x(a"2 - b~2)"(1/2)*(64*xb"4
xtan(x/2) + (8*x(2*a"8%b + 2*xa”~6%b~3))/a"5 - (b~3*(a"2 - b~2)~(1/2)*(32*a"~3x*
b2 + (8*tan(x/2)*(12*¥a”~10*b - 8*a~8*b~3))/a"6))/(a”5 - a~3*b~2)))/(a"5 - a
~3*b~2)))/(a"5 - a"3*%b~2)))*(a”2 - b~2)"(1/2)*2i)/(a”5 - a~3%b~2)
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Optimal result

Integrand size = 13, antiderivative size = 110

a+btan(Z)
/ sin’(z) o b(a? + 20%) z 2b4arctanh< N )
a+besc(zr) 2a4 a*vaZ — b2
(2a® 4 3b%) cos(z)  bceos(z)sin(z)  cos(z)sin?(z)
— + —
3a3 2a? 3a

[Out] -1/2*xbx(a~2+2*%b~2)*x/a"~4-1/3*%(2*a"~2+3*b~2) *cos (x) /a~3+1/2*b*cos (x) *sin(x)/a
~2-1/3*cos(x)*sin(x) "2/a-2*xb~4*xarctanh((a+b*tan(1/2*x))/(a~2-b"2)~(1/2))/a~
4/(a"2-b"2)"(1/2)

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Bumber of rules _ 53¢ Ryles uged

' integrand size
= {3938, 4189, 4004, 3916, 2739, 632, 212}

) 2b*arctanh (af/l’&(? )

/ sin?(x) g — bsin(z) cos(z) a2—b
a + besc(x) 2a? a*vaZ — b2
br(a®+2b%)  (2a® + 3b?) cos(z)  sin?(z) cos(x)
a 2a4 B 3a3 B 3a

[In] Int[Sin[x]~3/(a + b*Csc[x]),x]

[Out] -1/2%(b*x(a”2 + 2%b~2)*x)/a~4 - (2¥b~4*ArcTanh[(a + bxTan[x/2])/Sqrt[a"2 - b
~2]11)/(a"4xSqrt[a~2 - b~2]) - ((2%¥a~2 + 3*b~2)*Cos[x])/(3*a~3) + (bxCos[x]*
Sin[x])/(2*xa~2) - (Cos[x]*Sin[x]~2)/(3*a)
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Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e"2%x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[2a"2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*xx]*((d*Cscl[e + f*x])~n/(axf*n)), x] - Dis
t[1/(axd*n), Int[((d*Csc[e + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscl[e + f*x] - bx(n + 1)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4189

Int[((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl(e_.) + (£_.)*(x_)]"2x*(C_.
))*(cscl(e_.) + (£_.)*(x_)I*(d_.))"(n_)*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a
_))"(m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Cscl[e + f*x])~(m + 1)*((d
*Cscle + f*xx])"n/(axfxn)), x] + Dist[1/(a*d*n), Int[(a + b*Cscl[e + f*xx]) mx
(dxCscle + £xx])~(n + 1)*Simp[a*B*n - Axbx(m + n + 1) + a*(A + A*n + C*n)*C
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scle + f*xx] + A*xbx(m + n + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a, b, d,
e, f, A, B, C, m}, x] && NeQ[a"2 - b2, 0] && LeQ[n, -1]

Rubi steps
. (—3b+2a csc(z)+2bcsc?(x)) sin? (x)
integral = _cos(m) sz(m) + f atbosce(z) &
3a 3a
—2(2a2+43b%) —ab csc(x)+3b2 csc(z)) sin(z
__ bceos(z)sin(x)  cos(z) sin®(z) J R a+b(§sc)(-1x-) @) gy
N 2a? 3a 6a?
9 9 . . 9 —3b(a2+2b%) —3ab? csc(z)
(2a* + 3b*) cos(x) 4 beos(z)sin(xz)  cos(z) sin?(z) n J atbose() dzx
B 3a? 2a? 3a 6a®
__b(a®+20*)x  (20” + 3b*) cos(z) N bcos(z)sin(z)  cos(z) sin®(z) N bt [ a-:%(sﬁzx) dz
2a* 3a? 20?2 3a a*

3 1
_b(a® +20°)z  (2a% + 3b°) cos(z) N beos(z) sin(x) cos(x)sin?(z) N b/ 14250 dz

2a* 3a3 2a? 3a at
_ b(@®+20°)z  (2a® + 3b?) cos(z) N b cos(z) sin(z)
B 2a4 3a3 2a?
_ cos(z) sin*(z) N (26°) Subst <f 1+%+z2 dz,z, tan (%))
3a at
_ b@®+20)x  (20° + 3b°) cos(x) N b cos(z) sin(z)
B 2a* 3a3 2a?
46%) Subst | [ —— L dz, z, 2% + 2tan (2
_ cos(z) sin*(x) _( ) Subs <f ~4(1-%) 22 T2, % + an(z))
3a at
b(§+tan(3))
B b(a2 + 2b2) T B 2b4arctanh<”azﬁ>
- 2a4 ‘a2 — b2

(2a2 + 3b%) cos(xz)  bceos(z)sin(z)  cos(z)sin?(z)
_|_ —
3a3 2a? 3a
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Mathematica [A] (verified)

Time = 0.79 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.89

.3

/ sin®(z) i
a + besc(x)

a+btan(%)

e

V—a?+b?

24b* arctan < >
— 3a(3a* + 4b?) cos(z) + a® cos(3z) + 3a?bsin(2z)

12a%

—6b(a? + 2b?) z +

[In] Integrate[Sin[x]~3/(a + b*Csc[x]),x]

[Out] (-6*%bx(a”2 + 2%b~2)*x + (24xb~4*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/
Sqrt[-a”2 + b~2] - 3*ax(3*a”2 + 4*b~2)*Cos[x] + a~3*Cos[3*x] + 3*a~2*b*Sin[
2%x])/(12xa~4)

Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.32

method | result
2b z)% 2b x
2(—*2701 tan(j) —ab2tan(%)4+(—2a3—2ab2) tan(%)z-k*zia tan(j)—l‘3’3—¢zb2)
2btan(z)+2a —b( 2+2b2) . (t.‘
4 2 3 a arctan
defond 2b arctan< Wy > (1+tan(%)2)
efault PO pr
(v =aZ+b2 b+a2—b2 i V=aZ¥b2 b—a2 +b
ib%In e“—}-z( ¢ > a2 ) ib*In e””-l——z( ¢ 5 a2
. xb b3 3ei:v eiTp2 3e—i:v e—tzp2 av/—a2+b aV —a“+b
risch — 55 — 4 — o — — — — +
2a? at 8a 2a3 8a 2a3 V—a2+b2 gt V—a2+b2 gt

[In] int(sin(x)~3/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] 2*b~4/a"4/(-a~2+b"2)~(1/2)*arctan(1/2*(2*b*tan(1/2*x)+2*a)/(-a"2+b"2)~(1/2)
)+2/a" 4% ((-1/2*%a"2*bxtan(1/2*x) “5-axb”~2*tan (1/2*x) ~4+(-2*xa~3-2*a*b~2) *tan (1

/2%x) ~2+1/2*a~2xbxtan (1/2*x)-2/3*%a"3-a*xb”~2) / (1+tan(1/2+*x) ~2) "3-1/2*b* (a~2+2
*b~2)*arctan(tan(1/2*x)))
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Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 329, normalized size of antiderivative = 2.99

03
/ sin®(z) i
a + besc(x)
2 . .
3 mb4 log <_ (a2—2b2) cos(z)’+2 absin(z)+aZ+b2—2 (bcos(z) sm(w)—i—acos(w))\/a2—b2> +2 (a5 _ a3b2) oS (CE)3 +

a2 cos(z)?—2 absin(z)—a2—b?

- 6 (a® — a*h?)

6 v/ —a? + b2b* arctan <— ' _?jjfZ§;’zZI;((z))+“) ) —2(a® — a®b?) cos (z)° — 3 (a*h — a®b®) cos (z) sin (z) + 3
B 6 (a® — a*b?)

[In] integrate(sin(x)~3/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/6%(3*sqrt(a”2 - b~2)*b~4xlog(-((a"2 - 2*xb~2)*cos(x)"2 + 2*axb*sin(x) + a
"2 + b2 - 2*%(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 -
2%axbxsin(x) - a2 - b72)) + 2*x(a”"5 - a~3*b"2)*cos(x)”"3 + 3*(a"4*xb - a~2xb”
3)*cos(x)*sin(x) - 3*(a”4*b + a~2*%b"3 - 2*xb~5)*x - 6*(a”"5 - a*b~4)*cos(x))/

(a”6 - a"4*b~2), -1/6%(6xsqrt(-a”2 + b~2)*b~4*arctan(-sqrt(-a~2 + b~2)*(bxs

in(x) + a)/((a"2 - b"2)*cos(x))) - 2x(a”5 - a"3*b"2)*cos(x)"3 - 3*x(a~4xb -
a~2*b~3)*cos(x)*sin(x) + 3*(a"4xb + a~2*b~3 - 2xb~5)*x + 6*(a~5 - axb”4)*co
s(x))/(a”6 - a~4xb~2)]

Sympy [F(-1)]
Timed out.

.3
/ _sin’(z) dr = Timed out
a + besc(x)

[In] integrate(sin(x)**3/(at+b*csc(x)),x)

[Out] Timed out

Maxima [F(-2)]

Exception generated.

.3
/ L(x) dx = Exception raised: ValueError
a + besc(x)

[In] integrate(sin(x)~3/(atb*csc(x)),x, algorithm="maxima")
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[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4%b~2>0)°’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.35

/ sin3(z) i 2 <7r L% + %J sgn(b) + arctan (%))b‘l (a2b + 20%)z

a+ besce(x) v V—a2 + bat 2a4

_3abtan (% x)5 + 6b%tan (% :r)4 +12a?tan (%x)z +12b%tan (%x)Q — 3abtan (% :c) +4a%+ 602
3 (tan (% z)2 + 1>3a3

[In] integrate(sin(x)~3/(a+b*csc(x)),x, algorithm="giac")

[Out] 2*(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b~4/(sqrt(-a”2 + b~2)*a"4) - 1/2x(a"2%b + 2*b~3)*x/a"4 - 1/3*(3*axb*
tan(1/2*x) "5 + 6xb"2*tan(1/2*x) "4 + 12*xa~2xtan(1/2*x)"2 + 12*b~2*%tan(1/2*x)

~2 - 3xa*bxtan(1/2*x) + 4*a”~2 + 6xb~2)/((tan(1/2*x)"2 + 1)~3*a~3)

Mupad [B] (verification not implemented)

Time = 19.02 (sec) , antiderivative size = 1218, normalized size of antiderivative = 11.07

.3
/ a—is—ul;—c(::)(x) dx = Too large to display

[In] int(sin(x)~3/(a + b/sin(x)),x)

[Out] - ((2x(2%¥a~2 + 3*b~2))/(3*a~3) + (bxtan(x/2)°5)/a"2 + (2*xb~2*tan(x/2)"4)/a"
3 + (4xtan(x/2)"2x(a"2 + b~2))/a"3 - (bxtan(x/2))/a~2)/(3*tan(x/2)"2 + 3*ta
n(x/2)"4 + tan(x/2)"6 + 1) - (b~ 4*xatan(((b~4*(a"2 - b~2)~(1/2)*((8*%(4*a~3*b
~8 + 4*a"5xb”"6 + a”~T7*b"4))/a"8 + (8xtan(x/2)*(4*a"5xb~7 - 8*a~3*b~9 + T*xa"7
*b~5 + 2%a”"9*%b"3))/a"9 + (b~4x(a"2 - b"2)"(1/2)*((8*x(2*xa~8*xb~4 + 2*a~10*b"2
))/a~8 + (64*b~5*tan(x/2))/a + (b™4*x(a"2 - b~2)"(1/2)*(32*a"3*b"2 + (8*tan(
x/2)*(12*xa~13*%b - 8*a~11%b"3))/a"9))/(a"6 - a~4*b~2)))/(a"6 - a~4*xb~2))*1i)
/(a"6 - a”4*xb~"2) + (b™4*x(a"2 - b2)"(1/2)*((8*x(4*a~3*b~8 + 4*a~5*%b~6 + a~7x*
b~4))/a"8 + (8*tan(x/2)*(4*a~5*b~7 - 8*xa~3*b~9 + 7*a~7*b~5 + 2*a~9%b~3))/a”
9 - (b™4*x(a"2 - b™2)"(1/2)*((8x(2%a~8*%b~4 + 2*%a~10*%b"2))/a"8 + (64*b~5xtan(
x/2))/a - (b™4x(a"2 - b"2)"(1/2)*(32*xa"3*xb"2 + (8*tan(x/2)*(12*a"~13*b - 8*a
~11%b~3))/a"9))/(a"6 - a~4*b~2)))/(a"6 - a~4*b~2))*1i)/(a"6 - a~4*b~2))/((1
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6*%(2xb~10 + a~2xb”8))/a"8 + (16*tan(x/2)*(8*b~11 + 8*a~2*%b~9 + 2*a~4%b~7))/
a”9 + (b™4*x(a"2 - b™2)"(1/2)*((8%(4*a~3*b"8 + 4*xa~bxb~6 + a~7*b"4))/a"8 + (
8xtan(x/2) *(4*a~5xb~7 - 8*a~3%b~9 + 7*a~7*b~5 + 2%a~9%b~3))/a"9 + (b~4x(a~2
- b"2)7(1/2)*((8*(2*a~8*b~4 + 2*a~10%b~2))/a"8 + (64*b~5xtan(x/2))/a + (b~
4%x(a”2 - b~2)"(1/2)*(32*%a"3*%b"2 + (8xtan(x/2)*(12*a~13*%b - 8*a~11*b~3))/a"9
))/(a”6 - a”4xb~2)))/(a"6 - a"4xb~2)))/(a"6 - a"4*b"2) - (b"4*x(a"2 - b~2)"(
1/2)*((8*(4*a~3%b~8 + 4*a"5%b~6 + a"7*b~4))/a"8 + (8+tan(x/2)*(4*xa~5xb~7 -

8%a~3*%b~9 + 7*xa~7xb~5 + 2*%a~9%b"3))/a"9 - (b"4x(a"2 - b~2)"(1/2)*((8%(2*a"8
*b~4 + 2%a~10*%b"2))/a"8 + (64*b~5+tan(x/2))/a - (b"4*x(a"2 - b~2)~(1/2)*(32%
a~3*b”"2 + (8xtan(x/2)*(12*a~13*%b - 8*a~11*b~3))/a~9))/(a"6 - a~4*xb~2)))/(a~
6 - a~4%b"2))) /(a6 - a~4%b~2)))*(a"2 - b"2)"(1/2)*2i)/(a"6 - a~4%b~2) - (b
*atan ((8*b~4*xtan(x/2))/(8*b~4 + (40%b"6)/a"2 + (48*b~8)/a~4) + (40*b~6*tan(
x/2))/(40%b"6 + 8*a~2%b~4 + (48*b~8)/a"2) + (48*b~8*tan(x/2))/(48*xb~8 + 40%
a~2*%b”"6 + 8*a~4*xb~4))*x(a"2 + 2%b~2))/a"4
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3.48  [-90@ gy

a+bcsc(x)
Optimal result . . . . . . . . . . . e 78]
Rubi [A] (verified) . . . . . . . . . 278
Mathematica [A] (verified) . . . . . . . . . .. L 28]
Maple [A] (verified) . . . . . . . . . 28]
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ... ....
Sympy [F] . . o o 282
Maxima [F(-2)] . . . . . o 282
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L. 283
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 283

Optimal result

Integrand size = 13, antiderivative size = 144

a+btan(%)
/ sin(x) = (3a* + 4a%* + 8b*) z N 2b5arctanh( aZ—b? ) N b(2a* + 3b?) cos(z)
a + besc(z) - 8ab a®va2 — b2 3at
(3a? + 4b?) cos(z) sin(x)  bcos(z)sin?(z)  cos(z)sin®(z)
— + —
8a3 3a? 4a

[Out] 1/8*(3*a~4+4*a~2%b~2+8*b~4)*x/a"~5+1/3*b* (2*%a~2+3*%b"2) *cos(x)/a~4-1/8*(3*xa~2
+4xb~2) *cos (x) *sin(x)/a~3+1/3*b*cos (x) *sin(x) "2/a"2-1/4*cos(x)*sin(x) ~3/a+2
*b~b*arctanh((a+b*xtan(1/2*x))/(a~2-b"2)~(1/2))/a"5/(a~2-b"2)~(1/2)

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 7 number of rules _ 0.538, Rules used

' integrand size
= {3938, 4189, 4004, 3916, 2739, 632, 212}

a+btan(%)
/ sin(x) dp — bsin?(x) cos(z) N 2b5arctanh< JaZ—b2 ) 4 b(2a* + 3b?) cos(z)
a+besc(z) 3a? aSvVa2 — b2 34

(3a? + 4b?) sin(z) cos(z) = x(3a* + 4a?b* + 8b*)  sin3(z) cos(x)
— + —
8a3 8a’ 4a

[In] Int[Sin[x]"4/(a + b*Csc[x]),x]

[Out] ((3*a"4 + 4xa~2*b"2 + 8*b~4)*x)/(8%a~5) + (2*b~5*ArcTanh[(a + b*Tan[x/2])/S
qrt[a™2 - b~2]1)/(a"5*Sqrt[a™2 - b™2]) + (b*(2*a~2 + 3*b~2)*Cos[x])/(3*a"4)

- ((3%a"2 + 4%b~2)*Cos[x]*Sin[x])/(8%a~3) + (b*Cos[x]*Sin[x]"2)/(3%a"2) -
(Cos[x]*Sin[x]~3)/(4*a)
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Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e"2%x72), x], x, Tan[(c + d*x)/2]/e], x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[2a~"2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*xx]*((d*Cscl[e + f*x])~n/(axf*n)), x] - Dis
t[1/(axd*n), Int[((d*Cscle + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscl[e + f*x] - bx(n + 1)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*(x_)]1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4189

Int[((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl(e_.) + (£_.)*(x_)]"2x*(C_.
))*(cscl(e_.) + (£_.)*(x_)I*(d_.))"(n_)*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a
_))"(m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Cscl[e + f*x])~(m + 1)*((d
*Cscle + f*xx])"n/(axf*n)), x] + Dist[1/(a*d*n), Int[(a + b*Cscl[e + f*xx]) mx
(dxCscle + fxx])~(n + 1)*Simp[a*B*n - Axbx(m + n + 1) + a*(A + A*n + Cxn)*C
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scle + f*xx] + A*xbx(m + n + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a, b, d,

e, f, A, B, C, m}, x] & NeQ[a"2 - b2, 0] && LeQ[n, -1]

Rubi steps
. (—4b+3a csc(z)+3bcsc?(x)) sin3(x)
integral = _cos(m) s1n3(x) + f atbosce(z) e
4a 4a
—3(3a2+4b%) —ab csc(x)+8b? csc?(z)) sin?(z
_ beos(z)sin’(z)  cos(z)sin’(z) J ) a+b(cst):-(i-x) @) g
B 3a? 4a 1202
_ (3a® + 4b?) cos(z) sin() N beos(x)sin®(x)  cos(z) sin®(z)
- ( 28a32) ( 2 2 (3%2 2 2 4a
—8b(2a%+3b?)+a(9a?—4b?) csc(x)+3b(3a?+4b?) csc?(x)) sin(z)
+ f a+bcsc(z) dx
24a3
b(2a% + 3b%) cos(z)  (3a® + 4b%) cos(z) sin(z)  bcos(z) sin?(z)
— - +
3a4 4 2 28a34 2 2 3a2
—3(3a*+4a°b“+8b*) —3ab(3a“+4b*) csc(x
_ cos(z) sin®(x) B / (3ot +a+b)csc(z)( ) esele) iy
4a 2404
(3a* + 4a%® + 8b*) . b(2a? + 3b*) cos(z)  (3a® + 4b?) cos(z) sin(x)
= —+ —
8a® 3at 8a3
bcos(z) sin’*(z)  cos(z)sin’(z) b [ aﬁ%(:czx) dzx
3a? 4a ad
(3a* + 4a%® + 8v*) z  b(2a? + 3b*)cos(z)  (3a® + 4b?) cos(z) sin(x)
= + —
8a® 3at X 8a3
4
beos(z)sin?(z)  cos(z)sind(z) U ) remm 4
3a? 4a ad
(3a* + 4a%® + 8b*) . b(2a® + 3b*) cos(z)  (3a® + 4b?) cos(z) sin(x)
— T+ —
8a® 3at 8a3
1 T
bcos(z) sin’*(z)  cos(z)sin’(z) (2b") Subst (f 14252 142 dz,z, tan (5))
3a? 4a ad
(3a* + 4a%* + 8b*) z  b(2a? + 3b?) cos(x)
= +
8a® 3at
(3a® + 4b%) cos(x) sin(z) = bcos(z)sin?(z)  cos(x)sin3(z)
—_ + —_
8a3 3a? 4a
(4b4) Subst <fmdx,x,%a + 2tan (%))
n bz

ab
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b(g+tan(3))
(3a* + 4a?b% + 8b*) x N 2b5arctanh( o > b(2a® + 3b%) cos(z)

- 8a® aVaZ — b2 + 3q4
(3a? + 4b®) cos(z) sin(z)  bcos(z)sin®(z)  cos(z)sin®(z)
+ —_
8a3 3a? 4a

Mathematica [A] (verified)

Time = 1.45 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.90

/ sin*(x) i

a + besc(x)
192b° arctan ( a;%) >
36a*z + 48a%b*x + 96bz — = + 24ab(3a® + 4b%) cos(z) — 8a3b cos(3x) — 24a* sin(2z)

- 96a°

[In] Integrate[Sin[x]~4/(a + bxCsc[x]),x]

[Out] (36*%a~4xx + 48%a~2*%b~2xx + 96%b~4*x - (192*b~5*ArcTan[(a + b*Tan[x/2])/Sqrt
[-a~2 + b"2]])/Sqrt[-a"2 + b~2] + 24*axbx(3*a~2 + 4*b~2)*Cos[x] - 8*a~3*b*C
os[3*x] - 24*a~4*Sin[2*x] - 24xa”2%b~2*Sin[2*x] + 3*a~4*Sin[4%x])/(96*a"5)

Maple [A] (verified)

Time = 0.98 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.62

method | result
bt (x)+2 2((%a4+%a2b2) tan(%)7+ab3tan(%)6+(%a2b2+%a4)tan(%)5+(2a3b+3ab3)tan(%)4+(—%a2b2
2b arctan(z\/m > (1+tan(%)2)
default | — +
a5/ —a2+4b2
5 iz, ibv/a2—b2+a?—b? 5 iz | by a2—b2—a24b2
isch 3z zb? zbt 3bei® blei® 3be~® ble—i® b ln<e”-|— Va2-b2a 5% In{ e+ a2—b2a
risc 8a T28 T T %z + 50 T2 + 2+ Voo - Va2 a

[In] int(sin(x)~4/(a+b*csc(x)),x,method=_RETURNVERBOSE)

[Out] -2*b~5/a~5/(-a"2+b~2) ~(1/2) *arctan(1/2*(2xb*tan(1/2*x)+2*a)/(-a"~2+b~2)~(1/2
))+2/a” 5% (((3/8*%a~4+1/2*%a"~2xb~2) *tan (1/2*x) ~7+a*b~3*tan(1/2*x) “6+(1/2*a~2*b
~2+11/8%a~4)*tan(1/2*x) “5+(2*a"~3*b+3*axb”3) *tan(1/2*x) ~4+(-1/2*a"~2%b"2-11/8
*a~4)*tan (1/2*x) "3+ (3*a*xb~3+8/3*a"3*b) *tan (1/2*x) ~2+(-3/8*a~4-1/2*a"2%b~2) *
tan(1/2*x)+2/3*a~3*b+a*b~3) / (1+tan(1/2*x) ~2) “4+1/8* (3*a~4+4*a~2*b~2+8*b~4) *
arctan(tan(1/2%*x)))
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Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 410, normalized size of antiderivative = 2.85

.4
/ sin®(z) i
a + besc(x)
2 ; .
12 /—(12 — b2b5 log ((a2_2 b2) cos(z)*+2 absin(z)+a?+b2+2 (bcos(z) sin(z)+a cos(z))\/a2_b2> _g (a5b _ a3b3) cos ($)3 +3

a2 cos(x)?—2 absin(z)—a2 —b2

[In] integrate(sin(x)~4/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/24*(12*sqrt(a”2 - b~2)*b~5xlog(((a”2 - 2*%b~2)*cos(x)”2 + 2xa*b*sin(x) +
a"2 + b™2 + 2x(b*cos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b72))/(a"2*cos(x)"2 -
2*xaxbxsin(x) - a2 - b72)) - 8*(a”5*b - a"3*b~3)*cos(x)”3 + 3*(3*a”"6 + a~4

*b~2 + 4*a"2xb~4 - 8*b~6)*x + 24x(a"bxb - a*b”5)*cos(x) + 3*x(2*x(a"6 - a~4x*b
~2)*cos(x)"3 - (5%a”"6 - a~4*xb”2 - 4*a~2*xb"4)*cos(x))*sin(x))/(a"7 - a~5%b"2

), 1/24x(24*sqrt(-a”2 + b~2)*b~b*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)/((

a”2 - b™2)*cos(x))) - 8*%(a”5xb - a~3*%b~3)*cos(x)"3 + 3*(3*a”6 + a~4*b"2 + 4
*a"2%b"4 - 8*%b~6)*x + 24%(a"5*%b - a*b~b)*cos(x) + 3*x(2*%(a”6 - a~4*b~2)*cos(

x)73 - (b*xa”6 - a~4%b~2 - 4*a~2*b"4)*cos(x))*sin(x))/(a”7 - a~5*b~2)]

Sympy [F]

/%dx:/%dx

[In] integrate(sin(x)**4/(a+b*csc(x)),x)

[Out] Integral(sin(x)**4/(a + b*csc(x)), x)

Maxima [F(-2)]

Exception generated.

4
/ L(x) dr = Exception raised: ValueError
a + besc(x)

[In] integrate(sin(x)~4/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de
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Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.75

.4
/ sin®(z) s

a + besc(z)
btan(% x) +a

2 (WL% + 1] sgn(b) + arctan (W»bf’ N (3at + 4a2b® + 8b)z

V—a2 + Bab 8ab

+9a3tan (% z)7 + 12 ab? tan (%x)7 + 24 b3 tan (%x)ﬁ +33a3tan (% z)5 + 12 ab? tan (% x)5 + 48 a’btan

[In] integrate(sin(x)~4/(a+b*csc(x)),x, algorithm="giac")

[Out] -2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b~5/(sqrt(-a”2 + b~2)*a~5) + 1/8*%(3*a~4 + 4*a~2xb~2 + 8*b~4)*x/a"b

+ 1/12x(9*a"3*tan(1/2*x) "7 + 12*xaxb~2*tan(1/2*x)"7 + 24xb~3*tan(1/2*x)"6 +
33*a~3*xtan(1/2*x) "5 + 12*axb~2*xtan(1/2*x)~5 + 48*a~2xbxtan(1/2*x)"4 + 72xb~
3*xtan(1/2*x) "4 - 33*a~3*tan(1/2*x) "3 - 12*xaxb~2*tan(1/2*x) "3 + 64*a”2*b*tan
(1/2%x)"2 + 72*%b"3*tan(1/2*x) "2 - 9*a~3*tan(1/2*x) - 12*axb~2xtan(1/2*x) +
16*%a~2xb + 24xb~3)/((tan(1/2*x)~2 + 1)~4xa~4)

Mupad [B] (verification not implemented)

Time = 19.32 (sec) , antiderivative size = 1639, normalized size of antiderivative = 11.38

4
/ a—ls—lz—c(sz)(x) dxz = Too large to display

[In] int(sin(x)~4/(a + b/sin(x)),x)

[Out] ((2x(2*a~2xb + 3*b~3))/(3*a"4) - (tan(x/2)*(3*a"2 + 4%b~2))/(4*a"3) + (tan(
x/2)"T*(3*xa"2 + 4xb~2))/(4*a~3) - (tan(x/2)"3*(11*a~2 + 4*b~2))/(4*xa"3) + (
tan(x/2) “5x(11*a~2 + 4%b~2))/(4*a~3) + (2*xb~3*tan(x/2)76)/a"4 + (2*xtan(x/2)
~4x%(2*%a”~2%b + 3*%b~3))/a"4 + (2xtan(x/2) 2% (8*a~2%b + 9%b~3))/(3*a~4))/(4xta
n(x/2)"2 + 6xtan(x/2)"4 + 4xtan(x/2)"6 + tan(x/2)"8 + 1) - (atan((81*%b~3xta
n(x/2))/(8x((27*a~2%b)/8 + (81*xb~3)/8 + (63*b~5)/(2*¢a~2) + (35*xb~7)/a~4 + (
40*b~9)/a"~6)) + (63*b~5*xtan(x/2))/(2x((27*a~4*b)/8 + (63*%b~5)/2 + (81*xa~2*b
~3)/8 + (35%b~7)/a"2 + (40%xb~9)/a"4)) + (35*%b~7*xtan(x/2))/((27*a"6%xb)/8 + 3
5xb~7 + (63*a~2xb~5)/2 + (81*a~4xb~3)/8 + (40*b~9)/a"2) + (40%b~9*tan(x/2))
/((27*a"8%b) /8 + 40*b~9 + 35%a~2*%b~7 + (63*a~4*xb~5)/2 + (81*a~6%b~3)/8) + (
27*axbxtan(x/2))/(8*((27*a*b)/8 + (81*%b~3)/(8*a) + (63*b~5)/(2*xa~3) + (35%b
~7)/a”5 + (40%b~9)/a"7)))*(a~4*3i + b~4%8i + a~2xb"2x4i)*1i)/(4*a~5) + (b"5
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xatan(((b"5%(a"2 - b™2)~(1/2)*((32*a~4%b~10 + 32*a”~6*b~8 + 32*%a~8*b~6 + 12%
a~10%b"4 + (9*a~12xb~2)/2)/a"11 + (tan(x/2)*(18*a~14xb - 128*a~4*b~11 + 64x*
a~6xb~9 + 64*a~8xb~7 + 104*a~10*b"5 + 39*a~12%b~3))/(2*a"12) + (b~"5*%(a"2 -
b~2)~(1/2)*((12*%a~14*%b + 16*a~10*b~5 + 4*a~12%b~3)/a"11 + (64*xb~6*tan(x/2))
/a”2 + (b”™5%x(a"2 - b"2)"(1/2)*(32*a"3*b"2 + (tan(x/2)*(192*xa"~16*xb - 128*a”1
4%¥b~3))/(2*a~12)))/(a"7 - a~5*xb"2)))/(a”7 - a~5%b"2))*1i)/(a”7 - a~5%b~2) +

(b~5x(a”2 - b2)"(1/2)*((32*xa~4*xb~10 + 32*a~6%b~8 + 32*a~8*xb~6 + 12*a~10%*b
~4 + (9%a~12%b"2)/2)/a"11 + (tan(x/2)*(18%a"14*xb - 128*a~4*b~11 + 64*a"6%b~
9 + 64*%a”8*b”7 + 104*a~10%b~5 + 39*%a~12*b~3))/(2*a~12) - (b~5*(a"2 - b~2) " (
1/2)*((12*xa~14*b + 16*a~10*%b~5 + 4*a~12*xb~3)/a~11 + (64*b~6*tan(x/2))/a"2 -

(b75x(a”2 - b™2)"(1/2)*(32*xa~3*xb"2 + (tan(x/2)*(192*a"~16*b - 128*a~14*b~3)
)/ (2%xa~12)))/(a~7 - a~5%b~2))) /(a7 - a~5xb~2))*1i)/(a~7 - a~5%b~2))/((32%b
~13 + 40%a"2%b"11 + 24*a~4*b~9 + 9*a~6%b"7)/a"11 + (tan(x/2)*(128+*b"14 + 12
8*a~2xb~12 + 128*a”~4*b~10 + 48*a~6*%b~8 + 18*a~8*b~6))/a"12 + (b~5*(a"2 - b~
2)"(1/2)*((32*xa~4*b~10 + 32*a~6*%b~8 + 32*%a”"8*b"6 + 12*a~10%b~4 + (9*a~12*b~
2)/2)/a"11 + (tan(x/2)*(18*a~14%b - 128*%a”~4*xb~11 + 64*a~6*%b~9 + 64*a~8*b~7
+ 104*a~10*%b~5 + 39*a~12%b"3))/(2*a~12) + (b~5x(a"2 - b~2)~(1/2)*((12*a~14x*
b + 16%a~10%b"5 + 4%a~12*xb~3)/a"11 + (64*b~6*tan(x/2))/a"2 + (b"5x(a"2 - b~
2)"(1/2)*(32*xa~3*b~2 + (tan(x/2)*(192*xa~16xb - 128*a~14%b~3))/(2*a~12)))/(a
~7 - a”5*%b”2)))/(a"7 - a~5%b"2)))/(a”7 - a”5*b~2) - (b"5x(a”2 - b72)"(1/2)*
((32*%a~4%b~10 + 32*a"6*b"8 + 32*%a~8*b~6 + 12*a~10*b"4 + (9*a~12xb~2)/2)/a"1
1 + (tan(x/2)*(18*a~14*xb - 128*a~4*xb~11 + 64*a”~6*b~9 + 64*a~8*b~7 + 104*a"1
0%b~5 + 39*%a~12xb~3))/(2*a~12) - (b"5x(a"2 - b~2)~(1/2)*((12*a~14*xb + 16*a~
10%xb~5 + 4*a~12%b~3)/a"11 + (64*xb~6xtan(x/2))/a"2 - (b"5%x(a"2 - b~2)~(1/2)*
(32%a~3*%b"2 + (tan(x/2)*(192*%a~16xb - 128*a~14xb~3))/(2*a~12)))/(a”7 - a~b*
b~2)))/(a~7 - a”5%b~2))) /(a7 - a~5*xb"2)))*(a"2 - b~2)"(1/2)*2i)/(a"7 - a”5
*b~2)
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Optimal result

Integrand size = 12, antiderivative size = 108

2b(2a? — b?) arctanh <%\/igdm)

1
/ (a + besc(c+ dx))? do = a? + a2 (a2 — b2)*2 d
B b% cot(c + dx)
a(a? — b?) d(a + besc(c + dz))

[Out] x/a”2+2%b*(2*xa~2-b~2)*arctanh((a+b*tan(1/2*d*x+1/2%c))/(a~2-b"2)~(1/2))/a"2
/(a~2-b"2)~(3/2) /d-b~2*cot (d*x+c) /a/(a"2-b"2) /d/ (a+b*csc (d*x+c))

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 554 Ryles used

' integrand size
= {3870, 4004, 3916, 2739, 632, 212}

1 2b(2a% — v?) arctanh(%)
de —
/ (a + besc(c+dx))? v a2d (a2 — b2)*/?
b% cot(c + dx) T

 ad(a® — ) (a + besc(c + dz)) + a?
[In] Int[(a + b*Cscl[c + d*x])~(-2),x]

[Out] x/a~2 + (2*bx(2*a~2 - b~2)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrt[a~2 - b~2]
1D/@2x(a"2 - b72)°(3/2)*%d) - (b"2*Cot[c + d*x])/(ax(a”2 - b~2)*d*(a + b*C
sclc + d*x]))

Rule 212
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3870

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + bxCsc[c + d*x])"(n + 1)/(a*d*x(n + 1)*(a"2 - b"2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])"(n + 1)*Simp[(a~™2 - b
“2)*%(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Csclc + d*x]~2, x], x]
, x]1 /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2#n]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_)*(x_)]1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x
1/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0]

Rubi steps
b% cot(c + dx) J _GQIIZZZIEEicﬁgd@ dz
integral = — -
a(a? —b?)d(a + besc(c+ dx)) a(a? — b?)
x b? cot(c + dz) (b(2a” - 8%)) [ _afzcc(siﬁglz) dz

a®  a(a? —b?)d(a+ besc(c+ dz)) a? (a? — b?)
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(2a* = V?) [ —kay do

_ T b% cot(c + dx) B || asm(etdz)
= (12 a (a2 — b2) d(a + bCSC(C 4+ d.’L')) (12 (a2 _ b2)
T b? cot(c + dz)

a2 a(a®—b?)d(a+ besc(c+ dx))
(2(2a* — b?)) Subst (f e dz, z, tan (§(c + dw)))

_ 14292 4 52
a? (a2 — b?)d
T b% cot(c + dx)

a®  a(a®—b?)d(a+ besc(c+ dz))
(4(2a% — %)) Subst (f W dz,z,2% + 2tan (3(c+ dx)))

+

a?(a? —b?)d
b(%+tan %(c+dw)
N 2b(2a? —bQ)arctanh( G \/ag_bQ ))> - B2 cot(c + dz)
T a2 a2 (a2 — b2)*%d a(a? —b?)d(a + besc(c+ dx))

Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.29

L d
i
(a + besc(c+ dx))?
a+btan( i (c da:))
2b(—2a2+b?) arctan <+b<§(+> (a+bcsc(c+dz))
ab? cot(ct+dx V—a?+b?
csc(c + dx) —ia+2§(:fb)) + (¢ +dz)(a + besc(c + dx)) — Carr (t

a?d(a + besc(c + dx))?

[In] Integrate[(a + b*Csc[c + d*x])~(-2),x]

[Out] (Csclc + d*x]*((axb~2*Cot[c + d*x])/((-a + b)*(a + b)) + (c + d*x)*(a + bxC
sclc + d*x]) - (2xbx(-2*a"2 + b~2)*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a~

2 + b"2]]*(a + bxCsc[c + d*x]))/(-a"2 + b~2)"(3/2))*(b + axSin[c + d*x]))/(
a~2xdx(a + b*Csc[c + d*x])~2)
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Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.56

method result
dz | ¢
o? tan(4£+5) 2(242 -2 2tan(4f+5)+2
+ ab a ) arctan zm
” (dmzaiagf Py (2a2—262) v/ 2+(:,2
tan 74-? a2 — —a
fﬁ-atan(%’:*‘%)*‘% +2arctan(tan(d7x+%))
derivativedivides a? d o2
dz | ¢
o tan (445 2 2 2oten(4F+5)+20
o 2‘12(_72112 ﬁ) + 2a2a_2b2 N 2(2a b ) arctan ( Py

2 2 2 212
tan d%-&—% b (20. —2b ) —a24b
( ) +ataﬂ(d7x+%)+% +2&rctan(tan(d7"’+%))
default o2 . =
; i(do+e) 4 ibvVa2—bZ+a? b2 310 [ ei(dz+e) | ibv/aZ—t
ri h z 2ib2(ia+bez(da&+c)) + 2bln(e + Ja? b2 a bln(e + N
S¢ a?  a2(—a2+b2)d(2bei(dmte) —ig e2i(detc) 1iq) Va2—b2 (a+b)(a—b)d Va2—b? (a+b) (a1

[In] int(1/(a+b*csc(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/dx(-2/a~2xb*((1/2*a~2/(a"~2-b"2)*tan(1/2*xd*x+1/2*c)+1/2*axb/(a~2-b"2))/(1/
2xtan (1/2*d*x+1/2*xc) ~2*b+axtan(1/2*d*x+1/2*%c)+1/2xb) +2* (2%a~2-b"2) / (2*a~2-2
*b~2)/(—a~2+b"2) " (1/2) *arctan (1/2* (2xbxtan (1/2*d*x+1/2%c)+2*a) /(-a"~2+b~2) ~(
1/2)))+2/a"2*%arctan(tan(1/2*xd*x+1/2*c)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 212 vs. 2(103) = 206.

Time = 0.28 (sec) , antiderivative size = 493, normalized size of antiderivative = 4.56

1
(a + besc(c+ dx))?
2 (a® — 2a3b* + ab*)dz sin (dz + ¢) + 2 (a*b — 2a?V® + b%)dz + (2a?b* — b* + (2ab — ab®) sin (dz + ¢))A
B 2((a” — 2a%b? + a®b*)d six

dz

[In] integrate(1/(at+b*csc(d*x+c))~2,x, algorithm="fricas")

[Out] [1/2%(2x(a”5 - 2*%a~3*b~2 + a*b~4)*d*x*sin(d*x + c) + 2x(a"4xb - 2*%a~2*b~3 +
b~5)*d*x + (2%a”2*%b"2 - b"4 + (2*%a"3*b - a*b~3)*sin(d*x + c))*sqrt(a”2 - b

~2)*log(((a™2 - 2xb~2)*cos(d*x + c)~2 + 2%a*b*sin(d*x + c) + a”2 + b™2 + 2%
(b*cos(d*x + c)*sin(d*x + c) + a*cos(d*x + c))*sqrt(a”2 - b~2))/(a"2*cos(d*

X + ¢)72 - 2xa*xbxsin(d*x + ¢c) - a™2 - b"2)) - 2*%(a”3*b”"2 - a*b~4)*cos(d*x +
c))/((a~7 - 2*a”~5*b~2 + a~3*b~4)*d*sin(d*x + c) + (a”6xb - 2*a~4*b~3 + a~2
*b~5)*d), ((a~5 - 2¥a~3%b~2 + axb~4)*d*x*sin(d*x + c) + (a~4*b - 2%a~2%b~3

+ b75)*d*xx + (2%a”2*%b"2 - b74 + (2*%a”"3*b - a*b~3)*sin(d*x + c))*sqrt(-a~2 +
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b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(d*x + c) + a)/((a"2 - b~2)*cos(d*x +
c))) - (a”3%b"2 - a*b”4)*xcos(d*x + ¢c))/((a”7 - 2%a~5xb"2 + a~3*b~4)*d*sin(d
*x + ¢c) + (a"6%b - 2*xa~4*xb~3 + a~2*xb~5)*d)]

Sympy [F]

1 1
/ (@ + besc(c+ dx))? do = / (a+besc(c+ dac))2 dz

[In] integrate(1/(at+b*csc(d*x+c))**2,x)
[Out] Integral((a + bx*csc(c + d*x))**(-2), x)

Maxima [F(-2)]

Exception generated.

> dz = Exception raised: ValueError

1
/ (a + bese(c+ dx))

[In] integrate(1/(a+b*csc(d*x+c))~2,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.46

1
5 dr =
(a + bese(c+ dx))
btan 1 dm+1 c)+a
2(2a2b—b3 M_Fl b)+ t (j—f
(2 )<7r{ " stgn( JFarctan v—a?4b? 2 (abtan(% dm+%c)+b2) _ dz+c
(a*—a?b?)v—a2+b2 (aB—ab?) (b tan(% dz+% c)2+2 atan(% dz+% c) +b> a?

B d

[In] integrate(1/(atb*csc(d*x+c))~2,x, algorithm="giac")

[Out] -(2x(2%a~2*b - b~3)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*ta
n(1/2*%d*x + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((a"4 - a~2*b~2)*sqrt(-a~2 + b~2

)) + 2%(axbxtan(1/2xd*x + 1/2xc) + b~2)/((a"3 - axb~2)*(b*tan(1/2*xd*x + 1/2

*C) 72 + 2%axtan(1/2*d*x + 1/2xc) + b)) - (d*x + c)/a"2)/d
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Mupad [B] (verification not implemented)

Time = 22.69 (sec) , antiderivative size = 2677, normalized size of antiderivative = 24.79

dxz = Too large to display

1
/ (a + bese(c+ dx))?

[In] int(1/(a + b/sin(c + d*x))~2,x)

[Out] (b*atan(((b*(2*a~2 - b~2)*((a + b)"3*(a - b)~3)~(1/2)*((32*x(a*b~6 - 2*a~3*b
~4 + a~5%b"2))/(a"6 + a~2xb~4 - 2*a~4%b"2) - (32xtan(c/2 + (d*x)/2)*(2*a*xb”
7 - 2xa”7*b - 8*xa~3*b"5 + 9*a~5*%b~3))/(a”7 + a~3*%b~4 - 2*a~5xb"2) + (b*(2*a
"2 - b™2)*%((a + b)"3*%(a - b)~3)"(1/2)*((32%(a"8*b - a"6%b~3))/(a"6 + a~2xb~
4 - 2*xa~4xb~2) + (32*tan(c/2 + (d*x)/2)*(2*a~4*b~6 - 6*a~6*%b~4 + 4*a”~8*xb~2)
)/ (@7 + a~3xb~4 - 2xa~5xb"2) + (bx(2*a"2 - b~2)*((a + b)~"3x(a - b)~3)"(1/2
Y*x((32%(a~5*%b"6 - 2*%a"7*b"4 + a~9*b~2))/(a"6 + a~2*%b"4 - 2%a"~4*xb"2) + (32*t
an(c/2 + (d*x)/2)*(3*a"11%b — 2*a"5%b~7 + 7*a~7*b~5 - 8*a~9%b~3))/(a"7 + a~
3%¥b~4 - 2*a~5xb"2)))/(a"8 - a~2%b"6 + 3*a~4*xb~4 - 3*xa~6xb"2)))/(a"8 - a~2*b
~6 + 3*a"4%b"4 - 3*a"6xb"2))*1i)/(a”8 - a"2%b”6 + 3*a~4*xb"4 - 3*a~6%b"2) -
(b*x(2*%a"2 - b~2)*((a + b)~3*(a - b)~3)"(1/2)*((32xtan(c/2 + (d*x)/2)*(2*a*b
7 - 2*%a”7*b - 8*a”3%b~5 + 9*a”5%b~3))/(a”7 + a~3*b"4 - 2*a~5xb”"2) - (32x(a
*b~6 - 2*%a”~3*%b"4 + a~5xb"2))/(a”6 + a~2*%b"4 - 2*a~4*xb"2) + (b*(2*a"2 - b~2)
*((a + b)"3x(a - b)"3)"(1/2)*((32%(a"8%b - a~6*xb~3))/(a"6 + a~2%b"4 - 2*xa~4
*b~2) + (32*tan(c/2 + (d*x)/2)*(2*a~4%b"6 - 6*%a”6*%b~4 + 4*a~8xb~2))/(a~7 +
a~3*b~4 - 2*xa”5%b"2) - (b*(2*a"2 - b~2)*((a + b)"3*(a - b)~3)"(1/2)*((32*(a
“B5*xb~6 - 2*%a”7*b"4 + a~9*b~"2))/(a”6 + a~2*%b"4 - 2*%a~4xb"2) + (32*tan(c/2 +
(d*x)/2)*(3*a~11%b - 2*%a”~5xb~7 + 7*a~7*b~5 - 8*%a~9*b~3))/(a”~7 + a~3*b~4 - 2
*a~5%b"2)))/(a"8 - a~2*xb"6 + 3*a~4*b"4 - 3*a~6*xb"2)))/(a"8 - a~2*%b"6 + 3*a”
4xb~4 - 3%a~6*%b"2))*1i)/(a"8 - a~2*xb"6 + 3*a~4*xb~4 - 3*%a~6xb~2))/((64*(b"5
- 2%a"2%b"3))/(a"6 + a"2%b~4 - 2*a~4xb~2) + (64xtan(c/2 + (d*x)/2)*(2%b"6 -
6*%a~2*%b"4 + 4*a~4xb~2))/(a”7 + a~3*%b"4 - 2*a"5xb"2) + (b*(2*xa"2 - b"2)*((a
+ b)"3x(a - b)~3)"(1/2)*((32%(a*b”"6 - 2*xa~3*b~4 + a~5*%b~2))/(a"6 + a~2xb~4
- 2xa"4*xb"2) - (32*%tan(c/2 + (d*x)/2)*(2xa*b”7 - 2*xa”~7*b - 8*a~3*b~5 + 9*a
~5xb~3))/(a”7 + a~3%b~4 - 2*xa~5xb"2) + (b*x(2*a~2 - b~2)*((a + b)"3*x(a - b)~
3)7(1/2)*((32%(a"8*b - a"6*%b~3))/(a"6 + a~2*xb~4 - 2xa~4%b~2) + (32xtan(c/2
+ (d*x)/2)*(2*a~4*b~6 - 6*%a”6*%b~4 + 4*a~8xb~2))/(a”7 + a~3*b"4 - 2*xa~5*xb"2)
+ (bx(2*xa"2 - b~2)*((a + b)~"3*(a - b)~3)~(1/2)*((32*%(a~5*%b"6 - 2%a”~7*b~4 +
a~9xb~2))/(a”6 + a"2*%b"4 - 2*xa"4%b~2) + (32*tan(c/2 + (d*x)/2)*(3*a"11%b -
2xa~5*b~7 + 7*a~7x*b"5 - 8*a~9%b~3))/(a”7 + a~3*%b”"4 - 2*xa~5*b"2)))/(a"8 - a
“2%b"6 + 3*a"4*b"4 - 3*a"6xb"2)))/(a"8 - a"2*b”"6 + 3*a~4*b~4 - 3*a~6%b"2)))
/(a”8 - a”2%b~6 + 3*a"4%b~4 - 3*a”6%b"2) + (b*(2*¥a"2 - b"2)*((a + b)"3*(a -
b)~"3) " (1/2)*((32*tan(c/2 + (d*x)/2)*(2*a*b~7 - 2*a”7+b - 8*a~3*b~5 + 9*a~5
*b~3))/(a"7 + a~3*b"4 - 2xa~5xb~2) - (32%(axb”6 - 2*xa~3*xb~4 + a~5*b"2))/(a”
6 + a”2%b”"4 - 2xa~4xb"2) + (b*(2*¢a"2 - b"2)*((a + b)~3*x(a - b)"3)"(1/2)*((3
2% (a"8*b - a”6xb~3))/(a"6 + a~2*xb"4 - 2*xa~4*xb~2) + (32xtan(c/2 + (d*x)/2)*(
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2*%a"~4*b”"6 - 6*xa~6xb~4 + 4*a~8%b"2))/(a”"7 + a~3*%b~4 - 2*xa~5*%b"2) - (b*(2*xa”~2
- b™2)%((a + b)"3x(a - b)~3)"(1/2)*((32%(a"5*xb"6 - 2*xa~7*b~4 + a~9*%b~2))/(
a6 + a"2*b”4 - 2*xa”4*b"2) + (32*tan(c/2 + (d*x)/2)*(3*a”~11%b - 2*a"5*b~7 +
T*a~7*b~5 - 8%a~9%b~3))/(a”~7 + a~3*%b™4 - 2%a~5%xb"2)))/(a"8 - a~2%b"6 + 3*a
~4xb~4 - 3*a~6%b"2)))/(a"8 - a"2*%b"6 + 3*a~4*xb~4 - 3*%a~6*b"2)))/(a”8 - a~2%
b~6 + 3*a~4%b~4 - 3*a"6*b"2)))*(2*xa"2 - b~2)*((a + b)"3*(a - b)~3)"(1/2)*2i
)/(@*(a”8 - a"2*%b"6 + 3*a"4*b~4 - 3*a"6%b"2)) - ((2*b*tan(c/2 + (d*x)/2))/(
a”2 - b72) + (2xb"2)/(a*x(a”2 - b2)))/(d*x(b + 2*axtan(c/2 + (d*x)/2) + bxta
n(c/2 + (d*x)/2)"2)) - (2*atan((64*a~5*bxtan(c/2 + (d*x)/2))/((64*a~3*b~9)/
(2”6 + a™2%b~4 - 2*%a~4xb”"2) - (192*%a~5*xb~7)/(a"6 + a~2*%b~4 - 2*xa~4*b~2) + (
128*a”~7*b~5)/(a”6 + a~2*%b"4 - 2*a~4*xb~2) + (64*a~9%b"3)/(a"6 + a~2xb~4 - 2%
a~4xb~2) - (64*xa~11xb)/(a”6 + a~2%b~4 - 2*%a~4*xb~2)) - (64*axb~5*tan(c/2 + (
d*x)/2))/((64*%a~3%b"9) /(a6 + a~2*b~4 - 2xa~4xb~2) - (192*%a"5*xb"7)/(a"6 + a
~2%b"4 - 2%a"4*b”2) + (128*%a~7*b~5)/(a"6 + a"2*b"4 - 2*xa~4xb~2) + (64*a”9*b
~3)/(a"6 + a~2*xb"4 - 2¥a~4*xb~2) - (64*a”~11%b)/(a"6 + a~2%b~4 - 2*a~4%b"2))
+ (64*a~3*xb"3*tan(c/2 + (d*x)/2))/((64*%a~3*b"9)/(a"6 + a~2*b"4 - 2*xa~4*b~2)
- (192%a"5%b"7)/(a"6 + a~2xb~4 - 2*%a~4*xb~2) + (128*a~7*b~5)/(a”6 + a~2*b"4
- 2%a"4xb"2) + (64*xa~9*b~3)/(a”6 + a~2«b"4 - 2*a~4xb~2) - (64*a~11%b)/(a"6
+ a”"2*b"4 - 2*xa~4xb~2))))/(a"2*d)
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3.50 f (a+bcsc(ct+dz))3 dx
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Maxima [F(-2)] . . . . . . .o 297
Giac [A] (verification not implemented) . . . . . . .. .. ... Lo L 297
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 298

Optimal result

Integrand size = 12, antiderivative size = 170

1 o b(6a* —5ab® + 2b%) arctanh(%@)
/ (a+ bese(c+ dx))? TS a3 (a2 — b2)*%d
b? cot(c + dzx)

2a (a? — b%) d(a + besc(c + dx))?
B b%(5a* — 2b?) cot(c + dz)
2a2 (a2 — b2)* d(a + besc(c + dx))

[Out] x/a”3+b*(6*a~4-5*a~2*xb~2+2*b~4) *arctanh ((a+b*tan(1/2*d*x+1/2*c))/(a"2-b~2)"
(1/2))/a~3/(a~2-b"2)~(5/2)/d-1/2xb"2*cot (d*x+c) /a/(a~2-b"2) /d/ (a+b*csc (d*x+
c))"2-1/2%b" 2% (5%a~2-2xb~2) *cot (d*x+c) /a~2/(a"2-b"2) ~2/d/ (a+b*csc (d*x+c))

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 7, Lumber of rules _ () 5g3 Ryles used

' integrand size
= {3870, 4145, 4004, 3916, 2739, 632, 212}

/ 1 T b*(5a? — 2b?) cot(c + dx)
gdT =3 — 2
(a + besc(c+ dzx)) a’®  2a2d(a? — b2)° (a + bese(c + dx))
b? cot(c + dzx)

" 2ad (a® — b2) (a + bese(c + dx))?
4 212 4 a+btan(3(c+dx))
b(6a* — 5% + 20*) arctanh  “ ) )
add (a® — 172)5/2

+

[In] Int[(a + b*Cscl[c + d*x])~(-3),x]
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[Out] x/a"3 + (bx(6*%a~4 - 5%a~2*b~2 + 2*b~4)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqr
t[a”™2 - b72]])/(a"3*(a"2 - b"2)"(5/2)*d) - (b"2*Cot[c + d*x])/(2*ax(a"2 - b
~2)xd*(a + bxCscl[c + d*x])~2) - (b™2x(5*xa"2 - 2xb~2)*Cot[c + d*xx])/(2*a~2*(

a"2 - b"2)"2xd*x(a + b*Cscl[c + d*x]))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*bkexx + ax
e~2xx~2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(n_), x_Symbol] :> Simp[b~2xCot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*d*(n + 1)*(a"2 - b72))), x] + Dis
t[1/(ax(n + 1)*(a”2 - b72)), Int[(a + bxCsclc + d*x])"(n + 1)*Simp[(a”2 - b
“2)*x(n + 1) - axbx(n + 1)*Csc[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (f_.)*x(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4145
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Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
N x(cscl(e_.) + (£_)*(x)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

axb*B + a”"2xC)*Cot[e + f*x]*((a + b*Cscle + f*x])"(m + 1)/(a*fx(m + 1)*(a"2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + bxCscle + f*x]) " (m
+ 1)*Simp[A*x(a”2 - b™2)*(m + 1) - a*x(Axb - a*xB + b*xC)*(m + 1)*Cscle + fx*x]
+ (A*xb™2 - a*bxB + a~2*C)*(m + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, f, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rubi steps
—2(a?—b2)+2ab csc(c+dz)—b? csc?(c+dz)
integral = — b? cot(c + dx) N de
B = "o (a2 — b?) d(a + besc(c + dx))? 2a (a? — b?)
b? cot(c + dx)

~ 2a(a? — ) d(a + besc(c + dx))?
b%(5a* — 2b?) cot(c + dz) J 2(a2_bZ)za;i)bé:ca(:rzzz))CSC(Cerw) dx
2a2 (a2 — b2)* d(a + bese(c + dx)) 2a2 (a2 — b2)*
oz b? cot(c + dx) b%(5a2 — 2b%) cot(c + dx)
a®  2a(a2 —b?)d(a+besc(c+dr))? 242 (a2 — ) d(a + bese(c + dx))
(b(6a* — 5a2b? + 2b%)) [ —SUHD - gy

_ a+bcsc(ctdz)
2a3 (a2 — b?)*
T b cot(c + dzx)

a3 2a(a? — b?)d(a+ besc(c + dz))?

b%(5a% — 2b?) cot(c + dzx) B
2a2 (a2 — b2)* d(a + besc(c + dx)) 2a3 (a2 — b2)°
T b cot(c + dz) B b?(5a% — 2b?) cot(c + dzx)
a®  2a(a?—b?)d(a+besc(c+dr))? 242 (a? — b2)°d(a + bese(c + dx))

(6a* — 5a?b* + 2b*) Subst( Tz 4z, @, tan (5(c + dx)))
b
a3 (a2 — b2)°d

T b? cot(c + dx) B b?(5a% — 2b?) cot(c + dz)
a®  2a(a?—b?)d(a+besc(c+dr))? 242 (a2 — b2)°d(a + bese(c + dx))

(2(6a* — 5a2b? + 2b*)) Subst (f W dz,z,2% + 2tan (3(c+ dx)))

(6a* — 5a2b? + 2b*) [ @ dx

_|_
a3 (a2 — b2)* d
o b(6a* —5a%b® +2b%) arctanh(b(%ﬂz(f_(;: dm)))>
=t 572
a a3 (a? — 12)°%d
b? cot(c + dx) b%(5a% — 2b?) cot(c + dz)

 2a(a? —b?)d(a+besc(c+dz))? 242 (a2 — b2)*d(a + besc(c + dx))
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Mathematica [A] (verified)

Time = 1.97 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.27

! d
T
(a+ bese(c+ dx))3
csc?(c + dz) (b + asin(c + dz)) “é’zfzggziia)c) _ 3ab? (gaz_bz)(s)_tgj(zfr)lf)l);aSin(c+dx)) + 2(c+ dzx) csc(c + dz)(b-
- 2a3d(a + besc(c + dx))3

[In] Integratel[(a + b*Cscl[c + d*x])~(-3),x]

[Out] (Csclc + d*x]~2*(b + a*Sin[c + d*x])*((axb~3*Cot[c + d*x])/((a - b)*(a + b)
) - (3*a*b~2x(2%¥a"2 - b~2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b)"2x(a

+ b)"2) + 2x(c + d*x)*Csc[c + d*x]*(b + a*Sin[c + d*x])"2 - (2*b*(6*a~4 -
5*a~2xb~2 + 2xb~4)*ArcTan[(a + bxTan[(c + d*x)/2])/Sqrt[-a"2 + b~2]]*Csclc

+ d*x]*(b + a*Sin[c + d*x])"2)/(-a"2 + b~2)7(5/2)))/(2*xa~3*d*(a + b*Csc[c +
d*x])~3)

Maple [A] (verified)

Time = 1.05 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.85

method result
4a2b(4a2—b2) tan(djm-i-%)?’ 4a(10a4+a2b2—2b4) tan(%+%)2 4a2b(16a2—7b2) tan(%”-ﬁ-%)
% 8a%—16a2b248b% + 8a%—16a2b248b% + 8a§—16a2b2 +8b% ]
tan (92 +5 2b+2a tan (92 +5 +b)
2arctan(tan(d7z+%)) ( (T 7) (T 7)
derivativedivides a? . 3
4‘1217(4‘12—1)2) tan(%@-k%)?’ 4a(10a4+a2b2—2b4) tan(%+%)2 4a2b(16a2—7b2) tan(%@-k%)
% 8a%—16a2b248b% 8a%—16a2b248b% + 8a§—16a2 b2 1864 ]
tan(9Z + & 2b+2a tan(9Z + & +b)
2arctan(tan(%@+%)) ( (7 7) (7 7)
default a® _ o3
risch z ib2 (7ia3be3i(dw+c) —4ia b3e3i(dz+c) _17443p ei(dr+e) 4 8iq bBei(drte) _ggle2i(date) _gq2p2e2i(date) | gpte2i(de:
a3 (2bei(dz+c) _iae2i(dz+c)+ia)2(_a2+b2)2da3

[In] int(1/(a+b*csc(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(2/a"3*arctan(tan(1/2xd*x+1/2%c))-2/a"3*b*(4*(1/8*%a"~2*b*x(4*xa~2-b"2)/(a~
4-2%a~2xb"2+b"4) *tan (1/2*d*x+1/2*xc) "3+1/8*a*x(10*a~4+a~2xb"2-2+¥b~4) / (a"4-2*a
“2xb~2+b~4) *tan (1/2*d*x+1/2*xc) "2+1/8*a~2xb* (16*a~2-7*b"2) / (a~4-2*a"2*%b~2+b"~
4)*tan(1/2*xd*x+1/2*c)+1/8*a*xb~2x (5%a~2-2%b~2) / (a~4-2*a~2*xb~2+b~4) ) /(tan(1/2
*d*x+1/2%c) " 2*xb+2*xaxtan (1/2*xd*x+1/2%c)+b) ~2+2* (6*a~4-5xa~2xb~2+2*%b~4) / (4*a"~
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4-8%a~2xb~2+4xb~4) / (-a~2+b"2) "~ (1/2) *arctan (1/2* (2*¥b*tan (1/2*d*x+1/2*c) +2*a)
/(-a"2+b~2)"(1/2))))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 433 vs. 2(161) = 322.

Time = 0.30 (sec) , antiderivative size = 933, normalized size of antiderivative = 5.49

/P ! dz
(a + bese(c+ dx))3
4 (a® — 3a%b? + 3a'b* — a?b%)dx cos (dz + c)* — 4 (a® — 2a%b? + 2a?6® — b%)dz — (6.aSh + a?b® — 3a?b’ -

[In] integrate(1/(atb*csc(d*x+c))~3,x, algorithm="fricas")

[Out] [1/4%(4%(a”8 - 3*a"6%b~2 + 3*a~4*b~4 - a~2%b~6)*d*x*cos(d*x + c)~2 - 4*x(a"8
- 2x¥a"6*b"2 + 2*xa"2*b”"6 - b~8)*d*x - (6*a"6*b + a~4*b~3 - 3*a"2xb”"5 + 2*b~
7 - (6%xa”6%b - 5*xa”~4%b~3 + 2*a~2xb~5)*cos(d*x + c)~2 + 2*(6*a~5xb"2 - 5%a”3
*b~4 + 2*%axb~6)*sin(d*x + c))*sqrt(a”2 - b~2)*log(((a"2 - 2xb~2)*cos(d*x +
c)~2 + 2%axbxsin(d*x + c) + a”2 + b™2 + 2*k(b*cos(d*x + c)*sin(d*x + c) + ax
cos(d*x + c))*sqrt(a”2 - b~2))/(a"2*cos(d*x + c)~2 - 2*axb*sin(d*x + c) - a
"2 - b72)) + 2% (5%a”b*b~3 - 7*a~3%b~5 + 2*axb”~7)*cos(d*x + c) - 2*%(4*%(a"T7*b
- 3*%a"5*b”"3 + 3*a~3*b~5 - axb”7)*d*x - 3*(2%a"6*xb"2 - 3*a~4*xb~4 + a~2%b"6)
*cos(d*x + c))*sin(dxx + c))/((a”11 - 3*a~9*b"2 + 3*a~7*b~4 - a~5*b~6)*d*co
s(dxx + ¢c)72 - 2*x(a"10%b - 3*a"8%b~3 + 3*a"6%b~5 - a~4*b~7)*d*sin(d*x + c)
- (2”11 - 2*a~9%b"2 + 2*xa~5*%b"6 - a~3*xb”"8)*d), 1/2*x(2*x(a”8 - 3*a"~6%b"2 + 3%
a~4*xb”"4 - a~2*b”"6)*d*x*cos(d*x + c)”2 - 2x(a"8 - 2*xa"6*%b"2 + 2*%a”"2*b"6 - b~
8)*d*x - (6%a”6%b + a~4*b~3 - 3*%a~2*%b~5 + 2*xb"7 - (6%a~6%b - 5*¥a~4*b~3 + 2%
a~2*b"5)*cos(d*x + c)~2 + 2% (6*%a”5*b"2 - 5*a~3*b~4 + 2*xaxb~6)*sin(d*x + c))
xsqrt(-a”2 + b~2)*arctan(-sqrt(-a"2 + b~2)*(b*sin(d*x + c) + a)/((a"2 - b~2
Y*xcos(d*x + c))) + (5*xa~bxb~3 - 7*a~3*xb~5 + 2*xaxb”~7)*cos(d*x + c) - (4x(a”7
*b - 3*%a"5*%b”3 + 3*a~3*b"5 - axb”7)*d*x - 3*(2%a"6xb"2 - 3*xa~4xb~4 + a~2%b”
6)*cos(d*x + c))*sin(d*x + c¢))/((a”~11 - 3*%a~9*b~2 + 3*a~7*b~4 - a~5xb~6)*d*
cos(d*x + ¢c)~2 - 2x(a"10*%b - 3*a~8%b~3 + 3*a”~6*b"5 - a~4*b~7)*d*sin(d*x + c
) - (a”11 - 2%a"9%b"2 + 2*a~5*xb~6 - a~3*b~8)*d)]
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Sympy [F]

1 1
/ (a + bese(c+ dx))? dz = / (a+besc(c+ dm))3 dz

[In] integrate(1/(a+b*csc(d*x+c))**3,x)
[Out] Integral((a + bk*csc(c + d*x))**x(-3), x)

Maxima [F(-2)]

Exception generated.

1
/ (a + bose(c + dz))? dz = Exception raised: ValueError

[In] integrate(1/(a+b*csc(d*x+c))~3,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.75

1
3 dx =
(a+ bese(c+ dx))
btan 1 da:+1 c)+a
6 a%b—5a2b3+2065) | w| 22tc4 1 Igen(b)+arctan (2—7
( ) { 2w 2J gn(b) V' —a2+b2 + 4a3b2 tan(% dz—}-% c)3—ab4 tan(% dz—}-% c)3—|—10 a4btan(% dx
(a7—2a5b2+a3b%)v—a2+b2 (a5—2
d

[In] integrate(1/(atb*csc(d*x+c))~3,x, algorithm="giac")

[Out] -((6*%a~4*b - 5%a~2*%b~3 + 2*b~5)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) +
arctan((b*tan(1/2*d*x + 1/2xc) + a)/sqrt(-a”"2 + b~2)))/((a”7 - 2*xa~5%b~2 +
a~3*b~4)*sqrt(-a”2 + b~2)) + (4*a”~3*b"2+tan(1/2xd*x + 1/2%c)”3 - a*xb~4*tan(
1/2xd*x + 1/2%c)~3 + 10*a"4*b*tan(1/2*xd*x + 1/2*c)"2 + a~2%b~3*tan(1/2*xd*x
+ 1/2%c)”2 - 2+%b~5xtan(1/2*d*x + 1/2%c)"2 + 16*a”3*b~2xtan(1/2*d*x + 1/2%*c)

- T*axb~4xtan(1/2xd*x + 1/2*c) + 5*a~2*xb~3 - 2%b~5)/((a"6 - 2*%a~4*b~2 + a~
2%b~4)*x (bxtan(1/2*d*x + 1/2%c)”2 + 2%axtan(1/2*d*x + 1/2%c) + b)~2) - (d*x

+ c)/a"3)/d
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Mupad [B] (verification not implemented)

Time = 27.17 (sec) , antiderivative size = 5917, normalized size of antiderivative = 34.81

dxz = Too large to display

1
/ (a+ bese(c+ dx))3

[In] int(1/(a + b/sin(c + d*x))~3,x)

[Out] ((2*b~5 - B5xa~2*b~3)/(a"2*x(a"4 + b~4 - 2*a~2xb~2)) + (tan(c/2 + (d*x)/2)*(7
*b~4 - 16*%a”2*b"2))/(ax(a”4 + b~4 - 2*%a~2+%b"2)) + (tan(c/2 + (d*x)/2)"3*(b~
4 - 4xa~2xb"2))/(ax(a”4 + b4 - 2*a"2%b"2)) - (tan(c/2 + (d*x)/2) " 2x(5*xa"2*
b - 2%b~3)*(2*a"2 + b~2))/(a"2*x(a”4 + b™4 - 2*xa”2*%b"2)))/(d*(tan(c/2 + (d*x
)/2)"2%(4*a"2 + 2%b~2) + b~ 2xtan(c/2 + (d*x)/2)"4 + b~2 + 4*xaxbxtan(c/2 + (
d*x)/2)"3 + 4xaxbxtan(c/2 + (d*x)/2))) + (2xatan((((8*(4*a"2xb~10 - 16%a~4*
b~8 + 24*a~6%b"6 - 16*a”~8*b"4 + 4*xa~10*%b~2))/(a”13 + a~5*b~8 - 4*xa”~7*xb"6 +
6*%a~9*b"4 - 4*a~11xb"2) - (((8*(4*a~14*b + 2*a~6%b~9 — 4*a~8*b~7 + 6*a”10%*b
~5 - 8%a~12%b"3))/(a"13 + a~5*%b"8 - 4*a"T7*b"6 + 6%a"9*b~4 - 4xa~11x%b"2) - (
((8%(4*xa~8%b~10 - 16*%a~10*b~8 + 24*a~12*xb"6 - 16*a~14xb"4 + 4*a~16xb"2))/(a
13 + a”5%b"8 - 4*a"7*b"6 + 6*a”"9%b~4 - 4*a~11%b"2) + (8*tan(c/2 + (d*x)/2)
*(12*%a~18*%b - 8*%a~8*b~11 + 44*a~10%b~9 - 96*a~12*b~7 + 104*a~14xb~5 - 56+*a”
16*xb~3))/(a"14 + a~6%b"8 - 4*a”~8*b~6 + 6*xa~10*%b~4 - 4*a~12%b"2))*1i)/a"3 +
(8xtan(c/2 + (d*x)/2)*(8*a~6xb~10 - 36*%a~8*b~8 + 72*%a”~10*b"6 - 68*a~12*%b~4
+ 24*a”~14xb"2))/(a"14 + a~6*%b”8 - 4*a”"8*b"6 + 6*a~10%b"4 - 4*a~12*b~2))*1i)
/a~3 + (8*xtan(c/2 + (d*x)/2)*(8*a~12%b - 8*a~2%b~11 + 44*a~4*b~9 - 105*%a~6x*
b~7 + 124%a~8%b"5 - 72*a~10*%b"3))/(a"14 + a~6%b"8 - 4*a”~8*%b"6 + 6*xa~10*%b~4
- 4%a"12%b"2))/a"3 + ((8*(4*a~2%b~10 - 16*%a”4*xb~8 + 24*xa~6*xb~6 - 16*a”~8*b~4
+ 4*%a~10%b"2))/(a”13 + a~5%b"8 - 4*a"7*b"6 + 6*xa~9*b~4 - 4*xa~11%b"2) + (((
((8%(4*a~8%b~10 - 16*a”~10*b~8 + 24*a~12%b"6 - 16*%a”14*xb~4 + 4*xa~16*xb~2))/(a
~13 + a"5*b"8 - 4*a”"7*b"6 + 6*%a”9*%b"4 - 4*a~11*b"2) + (8xtan(c/2 + (d*x)/2)
*(12%a~18*%b - 8*%a"8*b~11 + 44*a~10%b~9 - 96*a~12*b~7 + 104*a~14xb~5 - 56#*a”
16*xb~3))/(a"14 + a~6*%b"8 - 4*a”~8*b"6 + 6*xa~10*%b~4 - 4*a~12%b"2))*1i)/a"~3 +
(8*x(4*xa~14%b + 2%a"6*%b”~9 - 4*xa~8*b~7 + 6*a~10%b"5 - 8*a~12*xb~3))/(a"13 + a~
5%b~8 - 4*a"T7*b~6 + 6*%a”~9*%b~4 - 4*a~11xb"2) + (8*tan(c/2 + (d*x)/2)*(8*a~6%
b~10 - 36*%a”"8*%b"8 + 72*a~10*%b"6 - 68*a~12%b"4 + 24*a”~14xb~2))/(a"14 + a~6%b
"8 - 4*a"8%b"6 + 6*%a”~10%b"4 - 4*a~12xb"2))*1i)/a"3 + (8*tan(c/2 + (d*x)/2)*
(8*%a~12%b - 8*a~2*%b~11 + 44*xa~4*xb~9 - 105*%a~6*b~7 + 124*a”~8*xb~5 - 72*xa~10%*b
~3))/(a"14 + a”6*b"8 - 4*xa~8xb~6 + 6*%a”~10%b"4 - 4*xa~12xb~2))/a~3)/((16%(2*b
"9 - 13%a"2%b"7 + 26*a~4*xb~5 - 24*a”6%b"3))/(a"13 + a~5*xb"8 - 4*a~T7*b"6 + 6
*a"9%xb~4 - 4xa~11xb"2) - (((8%(4*a~2*b~10 - 16*a~4*xb~8 + 24*xa~6*b~6 - 16%*a”
8*%b~4 + 4*a~10%b"2))/(a"13 + a~5*xb"8 - 4*a”~7*b"6 + 6*%a~9*%b"4 - 4*a~11*b"2)
- (((8*(4*a~14xb + 2*a"6%b~9 — 4*a~8%b~7 + 6*a~10%b~5 - 8*a~12*b~3))/(a"13
+ a~5%b"8 - 4*a~7*b"6 + 6*%a"9*%b"4 - 4*xa~11xb"2) - (((8%(4*a~8*b~10 - 16*a”1
0%b~8 + 24*a”~12*xb~6 - 16*a~14%b"4 + 4*a~16xb"2))/(a”13 + a~5%b~8 - 4*a”~7*xb~
6 + 6*%a”"9*%b"4 - 4*xa~11xb"2) + (8*tan(c/2 + (d*x)/2)*(12*a~18%b - 8*a~8*b~11
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+ 44%a”~10*%b"9 - 96*a~12%b"7 + 104*a”~14*xb~5 - 56*a~16%b"3))/(a"14 + a~6xb”8
- 4xa”~8*%b"6 + 6*xa~10*%b"4 - 4*a~12%b"2))*1i)/a"3 + (8xtan(c/2 + (d*x)/2)*(8
*a"6*xb~10 - 36*%a”"8*b"8 + 72*a"10*%b"6 - 68*a~12%b"4 + 24*a”~14%b"2))/(a"14 +
a~6*b”"8 - 4*a~8*b~6 + 6*a~10%b"4 - 4*a~12*b"2))*1i)/a"3 + (8*tan(c/2 + (d*x
)/2)*%(8*%a~12%b - 8*a~2*%b~11 + 44*a~4xb~9 - 105*%a~6*b~7 + 124*a”~8*b~5 - 72*a
~10%b"3))/(a"14 + a~6*xb~8 - 4*xa~8%b~6 + 6*a~10%b"4 - 4xa~12*%b~2))*1i)/a"3 +
(((8x(4*a~2%b~10 - 16*a"4*b"8 + 24*xa~6*xb~6 - 16*a"8*b~4 + 4*xa~10*xb~2))/(a”
13 + a”5%b"8 - 4*%a"7*xb"6 + 6*%a”~9*%b~4 - 4xa~11%xb"2) + (((((8%(4*a~8xb~10 - 1
6*a~10%b”"8 + 24*a~12*%b"6 - 16*a~14*xb~4 + 4*xa~16*b"2))/(a"13 + a~5*%b~8 - 4x*a
“7*b"6 + 6*¥a”9*b"4 - 4xa~11*b"2) + (8xtan(c/2 + (d*x)/2)*(12*xa~18%b - 8*a~8
*b~11 + 44%a~10%b"9 - 96*%a~12*%b~7 + 104*a~14*b"5 - 56*a~16*xb~3))/(a"14 + a~
6*%b~8 — 4*a”8%b"6 + 6*%a”10*%b~4 - 4*a~12*xb"2))*1i)/a"3 + (8*(4*xa”~14*b + 2xa~
6%¥b~9 - 4*a”~8*xb”~7 + 6*%a~10%b~5 - 8*%a~12%b~3))/(a"13 + a~5*%b"8 - 4*a"T7*b"6 +
6*%a”~9*%b"4 - 4*a”~11xb"2) + (8*tan(c/2 + (d*x)/2)*(8*a~6*b~10 - 36*a~8%b~8 +
72%a~10*xb"6 - 68*a~12*b~4 + 24*a~14%b~2))/(a"14 + a~6*xb"8 - 4*a~8*xb~6 + 6%
a~10%b"4 - 4*xa~12xb~2))*1i)/a~3 + (8*tan(c/2 + (d*x)/2)*(8*a~12%b - 8*a~2x*b
~11 + 44%a"4%b"9 - 105%a~6xb~7 + 124*a~8%b~5 - 72*a~10*%b~3))/(a”14 + a~6*b~
8 - 4*xa”8*b"6 + 6*xa~10*%b~4 - 4*xa~12%b~2))*1i)/a"3 + (16*xtan(c/2 + (d*x)/2)*
(8*%b~10 - 36*a"2*%b"8 + 72*xa~4*b~6 - 68*a~6*%b"4 + 24*a~8*b~2))/(a"14 + a~6%*b
~8 - 4%a”8*b"6 + 6*%a~10*b"4 - 4*a~12xb"2))))/(a"3*d) + (b*atan(((b*x((a + b)
“Bx(a - b)"5)"(1/2)*(6*xa~4 + 2x¥b~4 - 5*%a~2*%b~2) *((8*(4*a~2xb~10 - 16*a~4*b~
8 + 24*%a”6*b"6 - 16*%a~8*b~4 + 4*a~10%b"2))/(a"13 + a~5x%b"8 - 4*a~7*b"6 + 6%
a~9xb~4 - 4*a~11xb"2) + (8xtan(c/2 + (d*x)/2)*(8*a~12*b - 8*a~2xb~11 + 44x*a
~4%b~9 - 105%a”~6%b~7 + 124*a~8xb~5 - 72*a~10%b~3))/(a"14 + a~6%b~8 - 4*a~8x
b"6 + 6*%a~10%b"4 - 4*a~12*b"2) - (b*((a + b)~5%(a - b)~"5)"(1/2)*((8*x(4*xa~14
*b + 2%a”6*%b"9 - 4*a”~8*b~7 + 6*%a~10%b~5 - 8*%a~12*b~3))/(a"13 + a~5*%b"8 - 4x
a~7*b"6 + 6*xa~9*b~4 - 4xa~11%b"2) + (8*tan(c/2 + (d*x)/2)*(8*%a~6%b~10 - 36%
a~8%b”"8 + 72*xa~10*b~6 - 68*a~12%b"4 + 24*a”~14xb"2))/(a"14 + a~6%b"8 - 4*a"8
*b~6 + 6*%a”10*%b"4 - 4*a~12xb"2) - (b*((8*(4*a~8*xb~10 - 16*a~10*b"8 + 24xa~1
2%b”6 - 16*a~14*b~4 + 4*xa~16%b"2))/(a"13 + a~b*xb~8 - 4*a~T7*b"6 + 6*%a”~9*b~4
- 4xa”~11*%b"2) + (8*tan(c/2 + (d*x)/2)*(12*a”~18%b - 8*a~8*b~11 + 44*a~10%b~9
- 96*%a”12*b"7 + 104*a~14xb~5 - 56*a~16*b~3))/(a"14 + a~6*%b~8 - 4*a~8*b~6 +
6*a”~10%b"4 - 4*xa~12xb"2))*((a + b)"5%(a - b))~ (1/2)*(6*%a~4 + 2*¥b~4 - 5*a
~2%b"2))/(2%(a"13 - a~3*xb~10 + 5*xa~5%b"8 - 10*%a"~7*b~6 + 10*%a~9*b~4 - 5*a~11
*b~2)))*(6*%a"4 + 2*xb~4 - 5xa~2x%b"2))/(2%(a"13 - a"3*b"10 + 5*xa~5%b~8 - 10*a
“7¥b~6 + 10%a~9%b~4 - 5*a~11%b~2)))*1i)/(2%(a~13 - a~3*%b~10 + 5*a~5*%b"8 - 1
0*a~7*b"6 + 10*%a~9*b~4 - 5xa~11*b~2)) + (b*((a + b)~5*(a - b)~5)~(1/2)*(6*a
~4 + 2%b"4 - 5%a”~2xb"2)*x((8*x(4*a~2%b"10 - 16*a”4*b"8 + 24*xa~6*b~6 - 16*a "8
b~4 + 4*%a~10%b"2))/(a"13 + a~5*xb"8 - 4*xa~7*xb"6 + 6*%a~9*%b"4 - 4*xa~11xb"2) +
(8xtan(c/2 + (d*x)/2)*(8*a~12xb - 8*a~2%b~11 + 44*a~4*xb~9 - 105%a~6*%b~7 + 1
24%xa~8xb~5 - 72*xa~10*b"3))/(a"14 + a~6%b~8 - 4*a"8*b~6 + 6*%a”~10*%b~4 - 4x*a”~1
2%b~2) + (b*((a + b)75*%(a - b)~"5)"(1/2)*((8*(4*a~14*b + 2*a~6*b~9 - 4*a~8%b
7 + 6%a”10%b"5 - 8*a~12%xb~3))/(a”13 + a~5*%b"8 - 4*a”~7*b"6 + 6*xa~9*%b"4 - 4x
a~11xb~2) + (8xtan(c/2 + (d*x)/2)*(8*a~6*xb~10 - 36*a~8*b"8 + 72*xa~10%b"6 -
68*xa~12%b~4 + 24*xa~14*xb"2))/(a"14 + a~6*%b"8 - 4*a"8*%b"6 + 6*%a~10%b"4 - 4*a”
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12%b72) + (b*((8%(4*a~8*b~10 - 16*a”~10*%b~8 + 24*a”12%b"6 - 16*a~14xb~4 + 4%
a~16%xb"2))/(a"13 + a~5*%b"8 - 4*%a"7*b"6 + 6*xa~9*b~4 - 4*xa~11%b"2) + (8*tan(c
/2 + (d*x)/2)*(12*xa”~18%b - 8*a~8*b~11 + 44*a~10%b~9 - 96*a~12%b~7 + 104*a”1
4xb~5 - 56*%a~16*%b~3))/(a"14 + a~6*b~8 - 4*xa~8*b~6 + 6*%a~10%b"4 - 4*xa~12%b"2
))*((a + b)"5*x(a - b)"5)~(1/2)*(6%a~4 + 2*b~4 - 5xa~2%b~2))/(2*(a~13 - a~3*
b~10 + 5*xa~5%b~8 - 10*%a”~7*b"6 + 10*%a~9*b~4 - 5*a~11%b"2)))*(6*a~4 + 2xb~4 -
5%a~2%b"2))/(2*x(a"13 - a~3*b~10 + 5*%a~5%b"8 - 10*a”~7*b~6 + 10*%a~9*b~4 - 5%
a~11xb~2)))*1i)/(2*x(a"13 - a~3*b~10 + 5*xa”~56*b"8 - 10*a”7*b"6 + 10*a~9*%b~4 -
5%a~11%b~2)))/((16%x(2%xb~9 - 13*a”~2%b”~7 + 26%a~4*xb~5 - 24*xa~6%b~3))/(a"~13 +
a~5xb"8 - 4*a~7*b"6 + 6*¥a”9*b"4 - 4*a~11xb"2) + (16xtan(c/2 + (d*x)/2)*(8%
b~10 - 36*a~2*%b"8 + 72*a"4*b"6 - 68*xa~6xb~4 + 24*a~8*%b"2))/(a"14 + a~6xb”8
- 4*%a"8*%b”"6 + 6*xa~10*%b~4 - 4%a~12%b"2) - (b*x((a + b)~5x(a - b)~5)~(1/2)*(6x*
a~4 + 2*xb”~4 - 5xa~2xb"2)*((8*(4*a~2%b~10 - 16*a~4*xb~8 + 24*xa~6*%b"6 - 16*a”8
*b~4 + 4%a”10%b"2))/(a"13 + a~5%b"8 - 4*a"7*b"6 + 6*xa~9*b~4 - 4*a~11%b"2) +
(8*tan(c/2 + (d*x)/2)*(8*a~12%b - 8*a~2%b~11 + 44%a~4%b~9 - 105*%a~6*b"7 +
124*a”~8*b~5 - 72*a~10%b"3))/(a"14 + a~6*xb~8 - 4*xa~8*b~6 + 6*%a”~10*b"4 - 4xa~
12%b72) - (b*((a + b)"5*(a - b)75)"(1/2)*((8*x(4*a~14%b + 2*xa”~6*%b~9 - 4*xa~8%
b~7 + 6%a~10%b"5 - 8%a~12*b~3))/(a"13 + a~5*%b"8 - 4*a"7*b"6 + 6*xa~9*b"4 - 4
*a~11%b"2) + (8*tan(c/2 + (d*x)/2)*(8*%a"~6*%b"10 — 36*a~8*b~8 + 72*a~10%b"6 -
68*a~12*b~4 + 24*xa~14%b"2))/(a"14 + a~6*xb"8 - 4*a~8*b"6 + 6*a~10*b"4 - 4xa
~12%b72) - (b*((8*(4*xa~8*%b~10 - 16*a~10*b"8 + 24*a”~12*b~6 - 16*a~14*%b"4 + 4
*a~16%b"2))/(a"13 + a~5*xb"8 - 4*a~T7*b"6 + 6*%a”~9*%b"4 - 4*xa~11xb"2) + (8*tan(
c/2 + (d*x)/2)*(12*xa~18%b - 8*xa~8*b~11 + 44*a”~10*b~9 - 96%a~12*xb~7 + 104*a"”
14%b~5 - 56*a”~16%b~3))/(a"14 + a~6*xb"8 - 4*xa~8*b”"6 + 6*a~10*b"4 - 4*xa~12*b"
2))*((a + b)"5x(a - b)"5)"(1/2)*(6*%a"4 + 2*b~4 - 5xa~2xb~2))/(2*%(a"13 - a~3
*b~10 + 5*%a”b*b"8 - 10*a~7*b~6 + 10*a~9*%b"4 - 5*%a~11*b~2)))*(6*%a~4 + 2%b~4
- B%a”~2*b"2))/(2*x(a~13 - a~3*%b~10 + 5*%a”~5*xb~8 - 10*a~7*b"6 + 10*a"9*b"4 - 5
*a~11%b"2))))/(2*x(a"13 - a~3*b~10 + 5*%a"5*%b”"8 - 10*a”~7*b"6 + 10*a~9*%b"4 - 5
*a~11%b"2)) + (b*x((a + b)~5x(a - b)75)"(1/2)*(6*%a~4 + 2%b~4 - 5*xa~2%b~2)*((
8% (4*a~2*b"10 - 16*a~4*xb~8 + 24*a~6*%b”6 - 16*a~8*b~4 + 4*a~10%b"2))/(a"13 +
a~5*b”"8 - 4*a”~7*b"6 + 6*%a~9*%b~4 - 4*a~11*%b"2) + (8*tan(c/2 + (d*x)/2)*(8*a
~12%b - 8*a”~2%b~11 + 44*a~4xb~9 - 105*%a"6*b"7 + 124*a~8xb~5 - 72*a~10%b"3))
/(a”14 + a"6%b~8 - 4*a"8%b"6 + 6*%a”~10*%b~4 - 4*a~12xb~2) + (bx((a + b)~5*(a
- b)"5)"(1/2)*((8*x(4*a~14*b + 2*a~6%b~9 - 4*a~8xb~7 + 6*xa~10%b~5 - 8*a~12*b
~3))/(a"13 + a~5*xb"8 - 4*a~7*b"6 + 6*%a”~9*%b"4 - 4*xa~11xb"2) + (8xtan(c/2 + (
d*x)/2)*(8*a”~6*%b~10 - 36*%a~8*b"8 + 72*a~10*b"6 - 68*a~12*xb"4 + 24*xa”~14*b~2)
)/ (@14 + a~6*xb"8 - 4*xa"8*b"6 + 6*xa~10*b"4 - 4*xa~12*%b"2) + (b*x((8*(4*a~8*b~
10 - 16%a~10*%b~8 + 24*a~12*%b"6 - 16*a~14*xb~4 + 4*a~16%b"2))/(a"13 + a~5*xb”8
- 4xa"7*b"6 + 6*xa"9*%b"4 - 4*a~11%b"2) + (8*tan(c/2 + (d*x)/2)*(12*a"~18*b -
8*a~8%b~11 + 44*xa~10*b~9 - 96*a~12*xb~7 + 104*a~14xb~5 - 56*a”~16*%b~3))/(a"1
4 + a"6xb"8 - 4%a"8*xb”"6 + 6*a~10*b"4 - 4xa~12*b~2))*((a + b)~5*x(a - b)~5)"(
1/2)*(6*xa~4 + 2x%b~4 - 5*%a~2*b"2))/(2*x(a~13 - a~3*%b~10 + 5*a”~5*b"8 - 10*a 7%
b~6 + 10*%a~9%b~4 - 5*%a”~11%b~2)))*(6%a~4 + 2*%b~4 - 5%a~2%b"2))/(2x(a~13 - a~
3%¥b~10 + 5%a~5xb~8 - 10*a~7*b"6 + 10%a~9*b~4 - 5xa~11xb"2))))/(2%(a"13 - a~
3*%b~10 + 5*%a”~5*b"8 - 10*a~7*b"6 + 10*a~9*b~4 - 5xa~11xb~2))))*((a + b) 5*(a
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- b)75)"(1/2)*(6*%a~4 + 2%b~4 - 5xa~2%b~2)*1i)/(d*(a"13 - a~3*b~10 + 5xa~b*
b~8 - 10%a~7*b"6 + 10*%a~9%b~4 - 5xa~11xb~2))
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1

3.51 f (a+bcsc(ct+dz))* dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 302
Mathematica [A] (verified) . . . . . . . . . ..
Maple [B] (verified) . . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..., .
Sympy [F] . . o
Maxima [F(-2)] . . . . . . o
Giac [B] (verification not implemented) . . . . . . .. ... .. ... ...
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 239

1 ¢ D(8a® —8a%® + Ta’b* — 2b°) arctanh<w>
/ (a+besc(c + dz))* =gt at (a? — )% d
b% cot(c + dx)

~ 3a(a? — b2) d(a+ besc(c + d))?
b%(8a* — 3b?) cot(c + dz)
~ 6a? (a2 — b2)* d(a + besc(c + dz))?
b?(26a* — 17a?b? 4 6b*) cot(c + dz)
 6a3 (a2 — b2)* d(a + besc(c + dx))

[Out] x/a”4+b*(8*a~6-8*a~4*b~2+7*a~2*¥b~4-2*b~6) *arctanh ((a+b*tan(1/2*d*x+1/2*c))/
(a"2-b"2)"(1/2))/a~4/(a"2-b"2)~(7/2) /d-1/3*b"2*cot (d*x+c) /a/(a~2-b"2) /d/ (a+
bxcsc(d*x+c)) "3-1/6%b"2*(8*%a"~2-3*b~2) *cot (d*x+c)/a"2/(a"2-b"2) ~2/d/ (a+b*csc
(d*x+c))"2-1/6%b" 2% (26*a~4-17*a~2*xb~2+6*b"4) *cot (d*x+c) /a~3/(a~2-b"2) ~3/4d/(
a+b*csc(d*xx+c))

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 239, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 7, number of rules _ 0.583, Rules used
integrand size
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= {3870, 4145, 4004, 3916, 2739, 632, 212}

/ 1 T b*(8a? — 3b?) cot(c + dx)
pdr= - 2
(a + bese(c+ dz)) a*  6a%d(a® — b%)" (a + besce(c+ dx))?
b? cot(c + dz)

~ 3ad (a? — b?) (a + besc(c + da))?
b(8a® — 8a*b? + Ta?b* — 2b°) arctanh<_“+bta‘;(2%_(zjdw))>
atd (a? — b2)7/2
b?(26a* — 17a%b? + 6b*) cot(c + dx)
 6a3d (a2 — b2)° (a + bese(c + dx))

+

[In] Int[(a + b*Cscl[c + d*x])~(-4),x]

[Out] x/a"4 + (b*(8*a"6 - 8*a~4*xb~2 + T*a~2*xb"4 - 2xb~6)*ArcTanh[(a + b*Tan[(c +
d*x)/2])/Sqrt[a~2 - b~2]]1)/(a~4*(a"2 - b™2)~(7/2)*d) - (b~2*Cot[c + d*x])/(
3*xax(a”2 - b"2)*dx(a + b*Cscl[c + d*x])~3) - (b"2*(8*a"2 - 3*b~2)*Cot[c + dx*
x])/(6*xa~2*(a"2 - b~2)"2*d*(a + b*Csc[c + d*x])~2) - (b"2*(26%a~4 - 17*a"2%

b~2 + 6%b~4)*Cot[c + d*x])/(6*a~3*(a"2 - b~2)"3*d*(a + b*Csc[c + d*x]))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*bkexx + ax
e"2%x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(axd*x(n + 1)*(a”2 - b72))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 - b
“2)x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2*%(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] &% LtQ[n, -1] && Intege
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rQ[2*n]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x
1/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x )]1*(B_.) + cscl(e_.) + (£f_.)*x(x_)]"2x(C_.
))*(cscl(e_.) + (£_)*(x_)I*(_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

a*b*B + a~2xC)*Cot[e + f*x]*((a + b*Cscl[e + f*x])~(m + 1)/(a*f*x(m + 1)*(a"2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + bxCscl[e + f*x]) " (m
+ 1)*Simp[A*(a™2 - b™2)*(m + 1) - ax(Axb - a*B + bxC)*(m + 1)*Csc[e + f*x]
+ (A*b~2 - axb*B + a~2xC)*(m + 2)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rubi steps
g Patlera [yt ,
18 = T30 (a2 — 1) d(a + besc(c + dr))? 3a (a2 — b?)
L b? cot(c + dx) B b%(8a? — 3b?) cot(c + dx)
3a(a? — b?)d(a +besc(c+dx))®  6a2 (a2 — b2)* d(a + besc(c + dx))?
6(a2—b2)2—2ab (6a2—b?) csc(c+dx)+b? (8a2—3b2) csc?(c+dx)
+ J (a+besc(ctdz))2 dx
6a2 (a2 — b?)*
_ b? cot(c + dzx) B b*(8a? — 3b?) cot(c + dx)
3a (a? — b%)d(a +besc(c +dz))®  6a2 (a2 — b2)? d(a + bese(c + dx))?
—6(a2—b2)>+3ab(6a%—2a2b2+b?) csc(c+da
B b%(26a* — 17a%b? + 6b*) cot(c + dx) B / 8 ) +3a+(l?csc(c2+dx)+ Jescletdz) gy
6a3 (a2 — b2)° d(a + besc(c + dx)) 6a3 (a2 — b?)*
T b% cot(c + dx) b*(8a* — 3b?) cot(c + dz)

"ot 3a(a?—b?)d(a+bosc(c+dr))?  6a? (a2 — b2)* d(a + besc(c + dx))?

_ b*(26a* — 17a%h® + 6b*) cot(c +dz) (b(8a’® — 8ad? + Ta?b* — 2b°)) [ afzfi(si?cdfix)

dz

6a3 (a2 — b2)° d(a + besc(c + dr)) 2a4 (a2 — b?)*
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T b cot(c + dz) B b?(8a? — 3b?) cot(c + dx)
a*  3a(a® —b?)d(a+besc(c+dx))®  6a2 (a2 — b2)° d(a + besc(c + dx))?
6 42 204 _ opb 1
| B(26a* — 1702 + 6b%) cot(c + dz) (80" — 80 + T = 20) | ey do

6a3 (a2 — b2)° d(a + besc(c + dx)) 2at (a2 — b?)*
T b% cot(c + dz)
a*  3a(a®—b%)d(a+ bese(c+ dx))?
B b%(8a* — 3b?) cot(c + dzx) _ b*(26a* — 17a°b* + 6b*) cot(c + dx)

6a2 (a2 — b2)* d(a + besc(c+ dz))? 643 (a2 — b2)° d(a + besc(c + dx))
(8a® — 8a*b? + Ta?b* — 2b%) Subst (f H%ﬁ dz, z,tan (1 (c+ dx)))

at (a2 —12)°d

T b cot(c + dz)
a*  3a(a®—b%)d(a+ bese(c+ dx))?
B b*(8a? — 3b?) cot(c + dx) _ b*(26a* — 17a°b* + 6b*) cot(c + dx)

6a2 (a2 — b2)* d(a + besc(c+ dx))? 6a3 (a2 — b2)° d(a + besc(c + dx))
(2(8a8 — 8a*b? + 7a®b* — 2b°)) Subst (f W dz,z, 2 + 2tan (3(c+ dx)))
»2 ) 7%

_|_
at (a2 — 12)°d
b(8a® — 8a'b? + Ta?b* — 2b°) aJrctaJnh(b(%thf“/r;(j_(;r dz))))
=24
o

at (a2 — b2)7/2 d
b? cot(c + dx) b%(8a® — 3b?) cot(c + dzx)
 3a(a?—b?)d(a+besc(c+dz))®  6a2 (a2 — b2)° d(a + besc(c + dx))?
b?(26a* — 17a%b? + 6b*) cot(c + dz)
 6a? (a2 — b2)* d(a + besc(c + dx))

Mathematica [A] (verified)

Time = 5.56 (sec) , antiderivative size = 279, normalized size of antiderivative = 1.17

1

(a + besc(c+ dx))4 dz

. 2ab* cot(c+d. ab3(12a%—7b2) cot(c+dx)(b+asin(c+dx)) ab? (36a*—32a2b2+11b%) cot(c
csc3(c + dzx)(b + asin(c + dx)) F_afb)(&“:_lg) ( 2a_b)2 ai)? _ (a—b))3 o

[In] Integrate[(a + b*Csc[c + d*x])~(-4),x]

[Out] (Csclc + d*x]~3*(b + a*Sin[c + d*x])*((2*xaxb~4*Cot[c + d*x])/((-a + b)*(a +
b)) + (axb”3*(12*%a~2 - 7*b"2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b))~
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2%(a + b)"2) - (a*xb"2*(36*a~4 - 32*%a"2*%b"2 + 11%b~4)*Cot[c + d*x]*(b + a*Si
nlc + d*x])"2)/((a - b)"3*(a + b)~3) + 6%(c + d*x)*Csc[c + d*x]*(b + a*Sin[
c + d*x])~3 - (6*b*(-8*a~6 + 8*a~4*b~2 - T*a"2*%b~4 + 2%b~6)*ArcTan[(a + b*T
an[(c + d*x)/2])/Sqrt[-a~2 + b~2]]1*Csclc + d*x]*(b + a*Sin[c + d*x])"3)/(-a
2 + b72)7(7/2)))/(6*xa~4*d*x(a + b*Cscl[c + d*x])~4)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 544 vs. 2(228) = 456.

Time = 2.09 (sec) , antiderivative size = 545, normalized size of antiderivative = 2.28

method result
86242 (60,472(12 b2+b4) tan(de+%)5 8ab (28a674a4b27a2b4+2b6) tan(dTI + 5)4 8a2 (52a6+44a4
2% 16a8 —48a4b244842b% 1666 1608 —48a4b244842b% 1665 + 244a6-
2 arctan (tan ( %@ + % ) )
. . o e 4 -
derivativedivides a
8b2a2 (6a4—2a2b2+b4 tan(%{—%)s 8ab (28&6—4u4b2—a2b4+2b6) tan(%-ﬁ—%)‘l 8a2 (52a6+44a4
% 16a8 —48a4b2+48a2b% —1656 16a5 —48a4b2+48a2b%—16b5 + 2448-
2 arctan (tan ( dTZ + % ) )
. _
default g
risch z  b?(—36ia”+32ia%h?—132ia5b2e? (9 +2) _204ia3bte? (4 +e) _48p qBebi(drte) 1 51p3qtedi(dnte) _18h5g2e5i(dete
z —
a

[In] int(1/(a+b*csc(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*(2/a"4*arctan(tan(1/2*xd*x+1/2*c))-2/a"4*b*(8*(1/16%b~2*xa"~2* (6*a~4-2*a"2
*b~2+b"4) / (a~6-3*a"4*b~2+3*a”~2*b~4-b"6) *tan (1/2*d*x+1/2%c) “5+1/16*a*b* (28*a
~6-4*a~4%b"2-a"2*b"4+2*b"6) / (a~6-3*a~4*b"2+3*a"2*xb"4-b"6) *tan (1/2*d*x+1/2*c
) "4+1/24%a" 2% (52*%a"6+44*%a”~4xb"2-39*a~2xb~4+18%b"6) / (a~6-3*%a~4*xb~2+3*a~2*%b~4
-b~6) *tan(1/2xd*x+1/2*c) ~3+1/8*a*xb* (38*a~6-19*%a~4*xb~2+4*a~2*%b"4+2*b"6) /(a~6
-3*a~4xb"2+3*a~2*xb"4-b"6) *tan (1/2*d*x+1/2*c) "2+1/16* (46*a~4-32*xa”~2*xb"2+11%b
~4)*xa”2*%b"2/(a"6-3*%a"4*b~2+3*a"2*%b~4-b"6) *tan (1/2*xd*x+1/2*c)+1/48*%a*xb~3* (26
*a~4-17*%a"~2xb~2+6%b~4) / (a~6-3*a~4*xb~2+3*a~2*b~4-b"6) ) / (tan(1/2*d*xx+1/2%c) "2
*xb+2*xaxtan (1/2xd*x+1/2%c)+b) ~3+4* (8*a~6-8*a~4*b~2+7*a”~2%b~4-2%b"6) / (8*a~6-2
4%a~4xb"2+24*a"2%b~4-8*b"6) / (-a~2+b"2) " (1/2) *arctan (1/2* (2*b*tan (1/2*xd*x+1/
2xc)+2xa)/(-a~2+b~2)~(1/2))))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 744 vs. 2(228) = 456.

Time = 0.34 (sec) , antiderivative size = 1554, normalized size of antiderivative = 6.50

1
(a + bese(c+ dx))*

dx = Too large to display

[In] integrate(1/(at+b*csc(d*x+c))”4,x, algorithm="fricas")

[Out] [1/12*%(36%(a”10*b - 4*a~8*b~3 + 6*a~6*xb”"5 - 4*a~4*xb~7 + a~2xb~9)*d*x*cos (dx*
X + c)72 - 2%(36*%a"9*b”"2 - 68*a~7*b"4 + 43*xa"5*b"6 - 11*a”~3*b"8)*cos(d*x +
c)"3 - 12%(3*a”~10%b - 11*a~8*b~3 + 14*a"6*b"5 - 6*xa~4*xb~7 - a~2%b"9 + b~11)
*d*xx - 3*%(24*xa”8*b~2 - 16*%a”6*b~4 + 13*%a~4*b"6 + a~2x%b"8 - 2*%b~10 - 3*(8*a”
8*%b~2 - 8*%a"6*b~4 + T*a~4*b~6 - 2*a~2*b"8)*cos(d*x + c)~2 + (8*%a"9*b + 16%*a
“T*%b"3 - 17*%a”5*%b”"5 + 19%a~3*%b~7 - 6*a*b”9 - (8*a"9%b - 8xa~T7*b~3 + T*a~b*b
~5 - 2%a”~3*b~7)*cos(d*x + c)~2)*sin(d*x + c))*sqrt(a”2 - b~2)*log(((a"2 - 2
*b~2) *kcos(d*x + c)”2 + 2*xaxb*sin(d*x + c) + a2 + b"2 + 2% (b*xcos(d*x + c)*s
in(d*x + c) + a*cos(d*x + c))*sqrt(a”2 - b72))/(a"2xcos(d*x + c)~2 - 2xaxb*
sin(d*x + ¢c) - a”2 - b72)) + 12%(6*%a"9%b"2 - 7*a"7*b"4 + 2*xa~3*%b~8 - a*b~10
Yxcos(d*x + c) + 6%(2%(a"11 - 4*a~9*b~2 + 6*a~T7*b"4 - 4*a~5*b"6 + a~3*b~8)*
dxx*cos(d*x + c)~2 - 2%(a”11 - a~9*%b"2 - 6*a~7*b~4 + 14*a~5*%b"6 - 11*%a”~3*xb~
8 + 3*axb~10)*d*x + 5*%(4*a~8*b~3 - 7*a~6xb”"5 + 4*a~4*xb”7 - a~2*xb~9)*cos(d*x
+ c))*sin(d*x + ¢))/(3*x(a"14xb - 4*a~12*b~3 + 6*a~10*%b~5 - 4*a~8*b~7 + a~6
*b~9)*d*cos(d*x + c)~2 - (3*a~14xb - 11*%a"12*%b"3 + 14*a~10*b~5 - 6*a~8*b~7
- a"6xb”9 + a~4xb"11)*d + ((a”15 - 4%a~13*b"2 + 6*a~11*b"4 - 4%xa~9*b"6 + a~
7*b~8) *d*cos(d*x + c)~2 - (a”~15 - a~13*b"2 - 6*xa~11*%b~4 + 14*%a~9*%b"6 - 11xa
“T7*%b"8 + 3*%a”~5xb"10)*d)*sin(d*x + c)), 1/6%(18%(a~10*b - 4*xa~8*b~3 + 6*a”6%
b"5 - 4%a~4xb”7 + a~2xb”9)*d*x*cos(d*x + c)~2 - (36*%a”9*b"2 - 68*a~7*b"4 +
43*%a"5*%b"6 - 11*%a~3*%b~8)*cos(d*x + c)~3 - 6%x(3*a~10%b - 11*%a"8*b~3 + 14*a”6
*b~5 - 6*%a”4*b”7 - a"2*%b"9 + b~11)*d*x - 3*%(24*a”"8*b"2 - 16*a~6*%b~4 + 13*a”
4%b”6 + a~2*%b"8 - 2*%b~10 - 3*(8*a"8*b"2 - 8*xa~6*%b~4 + T*a~4*b”"6 - 2*%a~2xb”8
Y*xcos(d*x + c)”2 + (8*xa"9*b + 16*a~7*b"3 - 17*a”~5*xb”5 + 19*a”~3*b~7 - 6*a*xb”
9 - (8*a”9%b - 8*a”~7*b"3 + 7*a"5*%b~5 - 2*xa”~3*b~7)*cos(d*x + c)~2)*sin(d*x +
c))*sqrt(-a”2 + b~2)*arctan(-sqrt(-a”2 + b~2)*(b*sin(d*x + c) + a)/((a"2 -
b~2)*cos(d*x + c))) + 6%x(6%a~9%b~2 - 7*xa~7*b~4 + 2%xa~3%b~8 - a*b~10)*cos(d
*x + c) + 3*%(2x(a”"11 - 4*xa~9*b"2 + 6*a~7*b"4 - 4xa~5*xb”"6 + a~3*b~8)*d*x*cos
(d*x + ¢)72 - 2%(a"11 - a~9%b~™2 - 6*%a~7*b"4 + 14*%a~5*b"6 - 11*a~3*b~8 + 3*a
*b~10) *d*x + 5x(4*a”8%b~3 — 7*a"6%b~5 + 4*a~4*b~7 - a”~2%b"9)*cos(d*x + c))*
sin(d*x + ¢))/(3*(a"14%b - 4*a~12%b~3 + 6*a”~10%b~5 - 4*a~8*b~7 + a~6*b~9)*d
xcos(d*x + ¢c)”2 - (3*a"14xb - 11*a~12%b"3 + 14*a”~10*b~5 - 6*a~8*b~7 - a~6*b
"9 + a”4+%b"11)*d + ((a”15 - 4*%a~13%b"2 + 6*a”~11*b"4 - 4*a~9*b~6 + a~7*b~8)*
d*cos(d*x + c)”2 - (a"15 - a”~13*b"2 - 6*xa~11*%b"4 + 14*%a~9*b"6 - 11*a”~7*b"8
+ 3*a~5xb~10) *d) *sin(d*x + c¢))]
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Sympy [F]

1 1
/ (a + bese(c+ dx))* de = / (a+besc(c+ dav))4 dz

[In] integrate(1/(at+b*csc(d*x+c))**4,x)
[Out] Integral((a + bxcsc(c + d*x))**x(-4), x)

Maxima [F(-2)]

Exception generated.

1
/ (@ + bosc(c + o)) dx = Exception raised: ValueError

[In] integrate(1/(at+b*csc(d*x+c))~4,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 535 vs. 2(228) = 456.

Time = 0.30 (sec) , antiderivative size = 535, normalized size of antiderivative = 2.24

1
(a + bese(c+ dx))

4dx:

btan 1 dz+ 1 c) “+a
3 (8ab—8a*b3+7a2b5—2b7) | 7| 924 1 |sgn(b)+arctan (2—7 ,
( ) { 2w 2J gn(b) V—a2+p2 n 18a5b3tan(%dw+% c)s—6a3b5tan(%dm+% c)5+3ab‘

(a10—3 a8b2+3 abb%—atb6)v/—a2+b2

[In] integrate(1/(at+b*csc(d*x+c))~4,x, algorithm="giac")

[Out] -1/3%(3*(8*a~6%b - 8*a~4xb~3 + 7*a~2%b~5 - 2xb~7)*(pi*floor(1/2*(d*x + c)/p
i + 1/2)*sgn(b) + arctan((b*tan(1/2*d*x + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((
a”10 - 3*%a"8%b”2 + 3*xa~6%b"4 - a~4*b”6)*sqrt(-a”2 + b~2)) + (18*%a~5*b~3*tan
(1/2*%d*x + 1/2%c)~5 - 6*a~3*b~5*tan(1/2xd*x + 1/2%c)~5 + 3xa*b~7*tan(1/2*xd*
X + 1/2%c)”5 + 84*a~6*b"2*xtan(1/2*%d*x + 1/2%c)~4 - 12*a~4*b~4*xtan(1/2xd*x +
1/2%c)~4 - 3*a”2*%b~6xtan(1/2*d*x + 1/2%c)”4 + 6xb~8*tan(1/2xd*x + 1/2xc)"4
+ 104*a”~7*bxtan(1/2xd*x + 1/2*c)”3 + 88*a~bxb~3*tan(1/2xd*x + 1/2*xc)”"3 - 7
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8*a~3*xb"5*xtan(1/2xd*x + 1/2xc)”3 + 36*axb”~7*tan(1/2xd*x + 1/2xc)”3 + 228*a”
6*%b~2xtan(1/2*d*x + 1/2%c)"2 - 114*a~4xb~4xtan(1/2*d*x + 1/2%c)~2 + 24*a~2%
b 6*xtan(1/2xd*x + 1/2*c)”2 + 12*%b~8xtan(1/2*d*x + 1/2%c)~2 + 138*a~5xb~3*ta
n(1/2*xd*x + 1/2%c) - 96*a”3*b~5xtan(1/2*d*x + 1/2%c) + 33*axb~7xtan(1/2*d*x
+ 1/2xc) + 26*a~4xb"4 - 17*a"2*xb”"6 + 6%b~8)/((a"9 - 3*a”~7*b"2 + 3*a~5*%b~4
- a~3*b”6) *(b*xtan(1/2*d*x + 1/2%c)”2 + 2*xaxtan(1/2xd*x + 1/2%c) + b)~3) - 3
*(d*x + c)/a"4)/d

Mupad [B] (verification not implemented)
Time = 32.00 (sec) , antiderivative size = 8167, normalized size of antiderivative = 34.17

1
(a + besc(c+ dx))*

dx = Too large to display

[In] int(1/(a + b/sin(c + d*x))"4,x)

[Out] (2*xatan((((8*(4*a~3*%b~14 - 24*a”~5*xb~12 + 60*a~7+*b~10 - 80*a~9*b~8 + 60*a~11
*b~6 - 24*%a”13*b"4 + 4*xa~15%b"2))/(a”20 + a”~8*%b~12 - 6*xa~10*%b~10 + 15%a~12%
b"8 - 20*a~14*b"6 + 15*xa”~16*%b~4 - 6*a~18%b~2) - (((8*(4*a~20*b + 2*xa~8*b~13
- 14%a~10%b"11 + 30*a~12*%b~9 - 30*a~14*b~7 + 20%a”~16*b~5 - 12*%a~18%b~3))/(
a”20 + a”8*b~"12 - 6*%a~10%b~10 + 15%a~12*b~"8 - 20*a~14*%b"6 + 15*%a~16*xb"4 - 6
*a~18%b"2) - (((8*(4*xa~11xb~14 - 24*a~13*%b"12 + 60*a~15%b~10 - 80*a~17*b"8
+ 60*%a~19%b~6 - 24*xa~21%b"4 + 4*a~23*xb"2))/(a"20 + a~8%b~12 - 6%a~10*xb"10 +
15%a~12%b~8 - 20*a~14*b~6 + 15%a~16*xb"4 - 6*a~18*b"2) + (8xtan(c/2 + (d*x)
/2)*(12%a~25%b - 8*a~11*b~15 + 60*a~13*%b~13 - 192*xa~15%xb~11 + 340%a~17*b~9
- 360*%a”~19%b~7 + 228*a~21%b~5 - 80*%a~23*b~3))/(a"21 + a~9%b~12 - 6*a”~11*b~1
0 + 156%a”~13*b~8 - 20*a~15%b~6 + 15%a~17*b"4 - 6*xa~19*%b~2))*1i)/a"~4 + (8*tan
(c/2 + (d*x)/2)*(8%a"~8*b~14 - 52*xa~10*%b~12 + 140%a"12*b~10 - 220*a~14xb"8 +
220%a"16%b"6 - 128*a~18*b~4 + 32*a~20%b"2))/(a"21 + a~9*b~12 - 6*a~11%b~10
+ 16%a”~13*b"8 - 20*a~15%b"6 + 15*%a~17*b"4 - 6*a~19*b~2))*1i)/a"4 + (8*tan(
c/2 + (d*x)/2)*(8*a~17+b - 8*a~3*b~15 + 60*a~5xb~13 - 189*a”~7*b~11 + 344xa"
9%b~9 - 396*%a~11%b~7 + 272*a~13*%b"5 - 116*%a~15%b~3))/(a"21 + a~9*%b~12 - 6%*a
~11%b~10 + 15%a”13*b"8 - 20*a~15%b~6 + 15%a~17*b"4 - 6*a~19*b~2))/a~4 + (((
(((8*x(4*a~11%b"14 - 24*a"13*xb"12 + 60*a~15%b~10 - 80*a~17*b"8 + 60*a~19*b"6
- 24xa~21*xb~4 + 4*xa~23*xb"2))/(a"20 + a~8*%b~12 - 6*xa~10*b~10 + 15%a~12*xb~8
- 20*a”~14*%b"6 + 15*a”~16*%b~4 - 6*a~18%b"2) + (8*tan(c/2 + (d*x)/2)*(12*a~25%
b - 8%a"11xb"15 + 60*%a~13%b"13 - 192*xa~15xb~11 + 340%a~17*%b"9 - 360*a~19%b~
7 + 228%a”21*b~5 - 80*%a~23*%b"3))/(a"21 + a~9*b"12 - 6*xa~11*%b~10 + 15*%a~13*b
~8 - 20%a”15%b"6 + 15%xa~17*b~4 - 6*a~19%b"2))*1i)/a~4 + (8*(4*a~20%b + 2%a”
8*%b~13 - 14*%a~10*%b~11 + 30*a~12*%b~9 - 30*%a~14*b"7 + 20*%a~16*xb~5 - 12*%a~18%*b
~3))/(a"20 + a~8*b~12 - 6*%a~10*b~10 + 15%a~12x%b~8 - 20*a”~14%b~6 + 15%a~16%*b
~4 - 6%a”18*b"2) + (8xtan(c/2 + (d*x)/2)*(8*a"8*b~14 - 52*xa~10*%b~12 + 140%*a
~12%b~10 - 220*%a”~14*b"8 + 220*a~16*%b"6 - 128*a”~18*b~4 + 32*xa~20*b~2))/(a~21
+ a”9*%b"12 - 6*%a”"11xb"10 + 15%a”~13*%b"8 - 20*%a”15%xb"6 + 15%a~17*b"4 - 6*a”1
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9%b~2))*1i)/a"4 + (8*x(4*a~3*%b~14 - 24*a~5%b~12 + 60*a~7*b~10 - 80*a~9*b~8 +
60*%a”~11*b"6 - 24*xa~13*b~4 + 4*a~15%b"2))/(a"20 + a~8*b~12 - 6*a~10%b~10 +
15%a~12*%b~8 - 20*a~14*xb~6 + 15*xa~16*b"4 - 6*xa”~18%b~2) + (8*tan(c/2 + (d*x)/
2)*(8*%a~17*b - 8*a~3*b~15 + 60*a~5*%b~13 - 189*a”~7*b~11 + 344*a~9%b~9 - 396x%
a~11xb~7 + 272%a~13*b"5 - 116*a~15%b~3))/(a"21 + a~9*b~12 - 6*a~11*xb~"10 + 1
5%a~13*b"8 - 20*a~15%b~6 + 15*%a~17*b"4 - 6*a~19*b~2))/a~4)/((16%(2%b~13 - 1
1*¥a~2xb~11 + 34*a~4%b"9 - 66*%a”~6*b~7 + 64*xa~8*xb~5 - 48%a~10*b~3))/(a"20 + a
“8*%b"12 - 6*%a”10*%b"10 + 15%a”12%b"8 - 20*%a~14*xb"6 + 15%a~16*%b"4 - 6*a~18*b~
2) - (((8x(4*a~3*xb~14 - 24*a~5xb~12 + 60*a”~7*b~10 - 80*a~9%b~8 + 60*a~11%b~
6 - 24*xa”13%b"4 + 4*a~15%b"2))/(a"20 + a"8*b~"12 - 6*a~10*b~10 + 15%a~12%b"8
- 20*%a"14*%b"6 + 15%a~16*%b~4 - 6*a~18*%b"2) - (((8*(4*a~20*%b + 2*a~8*b~13 -
14*xa~10*%b~11 + 30*a~12%b~9 - 30*%a”~14*xb~7 + 20*a~16*%b~5 - 12%a~18%b~3))/(a"2
0 + a™8*%b~"12 - 6*%a”10xb"10 + 15*%a”12%b"8 - 20*%a~14*xb"6 + 15%xa~16*b~"4 - 6*a”
18%b~2) - (((8*x(4*a~11x%b~14 - 24*a~13*%b~12 + 60*a~15*xb~10 - 80*a~17*b"8 + 6
0*%a~19%b~6 - 24*a”~21%b~4 + 4*a~23*b"2))/(a"20 + a"8*b~12 - 6*%a~10%b~10 + 15
%3~ 12%b"8 - 20*%a~14*b"6 + 15*xa~16%b"4 - 6*%a”~18%b~"2) + (8*tan(c/2 + (d*x)/2)
*(12%a~25%b - 8*a~11*xb~15 + 60*a~13%b~13 - 192*%a”~15%b~11 + 340*a~17*%b"9 - 3
60%a”~19%b~7 + 228%xa~21*b~5 - 80%a~23*%b~3))/(a"21 + a~9*b~12 - 6*a~11%b~10 +
15%a~13%b~8 - 20*a”15*%b~6 + 15%a~17*b~4 - 6*a~19%b~2))*1i)/a"4 + (8xtan(c/
2 + (d*x)/2)*(8*a~8%b~14 - 52*xa~10*b~12 + 140%a~12%b~10 - 220*a~14*b~8 + 22
0*a~16*%b~6 - 128*a~18*%b~4 + 32*%a~20*%b"2))/(a"21 + a~9*%b~12 - 6*a~11*%b~10 +
15%a~13*%b~8 - 20*a~15%b"6 + 15%a”~17*b~4 - 6%xa~19*%b~2))*1i)/a"~4 + (8*tan(c/2
+ (d*x)/2)*(8*%a~17*b — 8*a~3*b~15 + 60*a~5xb~13 - 189*a”~7*b~11 + 344*a~9%*b
9 - 396*a”11xb~7 + 272*%a~13*b"5 - 116*a”~15%b~3))/(a"21 + a~9*b~12 - 6*a”11
*b~10 + 15%a~13*b”"8 - 20*a~15%b"6 + 15*%a~17*%b"4 - 6*%a”~19*b~2))*1i)/a~4 + ((
(((((8*(4*a~11%b"14 - 24*a"13*b~12 + 60*a~15%b~10 - 80*a”~17*b~8 + 60*a~19%*b
6 - 24*%a”21*%b"4 + 4*xa~23*xb"2))/(a”20 + a"8*b~"12 - 6*xa~10*%b~10 + 15*%a~12%b”
8 - 20*a”14%b"6 + 15*%a”16*b~4 - 6*a~18*b~2) + (8+tan(c/2 + (d*x)/2)*(12*a"2
bxb - 8*%a~11xb~15 + 60*a~13*%b"13 - 192*%a”15xb"11 + 340*%a~17*b"9 - 360*a~19x%
b~7 + 228%a”~21*%b~5 - 80*%a~23%b~3))/(a"21 + a"9*b~12 - 6*a~11x%b~10 + 15*%a”~13
*b~8 - 20%a~15*xb”"6 + 15%a~17*b"4 - 6*xa~19*%b"2))*1i)/a"4 + (8x(4*a”20%b + 2x*
a~8xb"13 - 14xa”~10*xb~11 + 30*%a~12xb"9 - 30*a~14*xb~7 + 20*%a~16*%b"5 - 12*xa~18
*b~3))/(a"20 + a~8*xb"12 - 6*%a~10%b~10 + 15%a~12*b~8 - 20*a~14*b~6 + 15%a~16
*b~4 - 6%a”~18*b"2) + (8xtan(c/2 + (d*x)/2)*(8*a~8*xb~14 - 52*xa~10%b~12 + 140
*a~12%b~10 - 220*%a~14%b~8 + 220*a~16*b~6 - 128*a~18*b~4 + 32*%a~20*%b~2))/(a”
21 + a79%b~"12 - 6*%a”"11*b~"10 + 15%a~13*b”"8 - 20*%a~15%b"6 + 15*%a~17*b"4 - 6%*a
~19%b~2))*1i)/a"4 + (8%(4*a”3*b~14 - 24*a"5%b~12 + 60*a"7*b~10 - 80*a~9*b~8
+ 60*%a”~11*%b~6 - 24*xa~13*%b"4 + 4%a~15%xb"2))/(a"20 + a~8*b~12 - 6*%a~10*b~10
+ 15%a~12*xb"8 - 20*a~14*b"6 + 15*xa”~16*%b~4 - 6*a”~18%b~2) + (8*tan(c/2 + (d*x
)/2)*(8*%a~17+%b - 8%a~3*b~15 + 60*a~5xb~13 - 189*a~7*b~11 + 344*a~9*b~9 - 39
6*%a~11*b~7 + 272*xa”~13*%b~5 - 116*a~15%b~3))/(a"21 + a~9*b~12 - 6*a~11*%b~10 +
15%a~13*%b~8 - 20*%a~15*b"6 + 15%a~17*b~4 - 6*a~19%b~2))*1i)/a"4 + (16*tan(c
/2 + (d*x)/2)*(8*b~14 - 52*a~2%b~12 + 140*%a”~4*xb~10 - 220*a~6%b~8 + 220%*a” 8%
b~6 - 128*a~10%b"4 + 32*a”~12xb"2))/(a"21 + a~9%b"12 - 6*a~11*xb~10 + 15*xa~13
*b"8 - 20*%a~15%b”"6 + 15%a~17*b~4 - 6*%a~19%b~2))))/(a~4*d) - ((6*b~8 - 17*xa”
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2%b"6 + 26*%a~4xb~4)/(3*a"3*%(a”"6 - b"6 + 3*a~2*xb~4 - 3*xa~4xb"2)) + (tan(c/2
+ (d*x)/2)*(11*%b~7 - 32*%a~2%b"5 + 46*a~4*xb~3))/(a"2*x(a”™6 - b~6 + 3*a~2%xb~4
- 3*%a~4*xb~2)) + (tan(c/2 + (d*x)/2)"4*x(2*xb"8 - a~2*xb~6 - 4*a~4*xb~4 + 28*a”6
*b~2))/(a"3*(a"6 - b"6 + 3*a"2xb~4 - 3*a~4*%b"2)) + (2xtan(c/2 + (d*x)/2) 2%
(2%b~8 + 4*a~2%b"6 - 19*%a”~4*xb~4 + 38*a~6*%b"2))/(a"3*(a"6 - b"6 + 3*xa~2*xb~4
- 3*%a"4*b"2)) + (2xtan(c/2 + (d*x)/2)"3*(2*a"2 + 3*b~2)*(26*a~4*b + 6%b~5 -
17*xa~2*b~3))/(3*a"2%(a"6 - b"6 + 3*xa~2xb~4 - 3*a~4%b~2)) + (b~ 3*xtan(c/2 +
(d*x)/2)"5x(6*xa~4 + b~4 - 2*a~2%b~2))/(a"2*%(a”6 - b"6 + 3*xa~2*xb"4 - 3*xa~4x*b
~2)))/(d*(b"3*tan(c/2 + (d*x)/2)"6 + tan(c/2 + (d*x)/2)"3*%(12*a*b~2 + 8*a~3
) + tan(c/2 + (d*x)/2) 2% (12%a~2*b + 3*%b~3) + tan(c/2 + (d*x)/2) "4*x(12*xa”2%
b + 3*b~3) + b~3 + 6*axb"2xtan(c/2 + (d*x)/2) + 6*a*b”~2*tan(c/2 + (d*x)/2)"
5)) + (bxatan(((bx((a + b)"7*(a - b)"7)"(1/2)*((8*(4*a~3*%b~14 - 24*a"5xb~12
+ 60*%a”~7*xb~10 - 80*%a~9%b~8 + 60*a”~11*b~6 - 24*xa~13*b~4 + 4*%a~15%xb"2))/(a"2
0 + a™8*%b~"12 - 6*%a”~10xb"10 + 15*%a~12%b"8 - 20*a~14*xb"6 + 15*xa~16*b~"4 - 6*a”
18%b~2) + (8*tan(c/2 + (d*x)/2)*(8*xa”~17*b - 8*a~3*b~15 + 60*a”5*%b~13 - 189%
a~7*b~11 + 344*%a~9*b~9 - 396*a~11*%b"7 + 272*a~13*b~5 - 116*a~15%b~3))/(a"21
+ a"9*%b"12 - 6*%a”"11xb"10 + 15%a”~13*%b"8 - 20*%a”15%xb"6 + 15%xa~17*b"4 - 6*%a”1
9%b~2) - (bx((a + b)~7x(a - b)"7)"(1/2)*((8*x(4*xa~20*b + 2*a~8%b~13 - 14x*a"1
0*b~11 + 30*%a~12*xb~9 - 30*a~14xb~7 + 20*a”~16%b~5 - 12*a~18%b~3))/(a"20 + a~
8xb712 - 6*a~10*b"10 + 15*xa”~12*xb"8 - 20*a~14*b~6 + 15*%a~16*b"4 - 6*a”~18*b~2
) + (8xtan(c/2 + (d*x)/2)*(8*a~8*xb~14 - 52%a~10%b~12 + 140*%a”~12*xb~10 - 220%
a~14xb"8 + 220*a~16*b~6 - 128*%a~18*%b"4 + 32*xa~20*b~2))/(a"21 + a~9*b"12 - 6
*a~11%b~10 + 15%a”~13%b~8 - 20*a~15%b"6 + 15%a”~17*b~4 - 6*%a~19*%b"2) - (b*((8
*(4*a~11%b"14 - 24*xa”~13*b~12 + 60*a~15%b~10 - 80*a~17*b~8 + 60*a~19%b"6 - 2
4xa~21%b~4 + 4*xa~23*%b"2))/(a"20 + a~8*%b~12 - 6*a~10%b"10 + 15%a~12*b~8 - 20
*a~14%b"6 + 15%a”~16*%b"4 - 6*xa~18*b"2) + (8*tan(c/2 + (d*x)/2)*(12*xa~25%b -
8*xa~11xb~15 + 60*a~13%b"13 - 192*%a~15*xb~11 + 340*%a~17*b"9 - 360*%a~19%b”"7 +
228%a~21*b"5 - 80*%a~23*%b"3))/(a"21 + a~9*b~12 - 6*%a~11%b~10 + 15%a~13*b"8 -
20*%a~15%b"6 + 15*xa”~17*%b~4 - 6*a~19%b~2))*((a + b)~7x(a - b)~7)~(1/2)*(8*a~
6 - 2%b"6 + T*a"2xb"4 - 8*a~4x*xb~2))/(2*%(a”"18 - a~4xb~14 + T*a"6xb~12 - 21x*a
“8%b~10 + 35*%a”~10*b"8 - 35*xa~12*%b~6 + 21*a~14*%b"4 - 7*a~16*b~2)))*(8*a~6 -
2%b"6 + T*a~2*xb~4 - 8*xa~4xb"2))/(2%(a"18 - a~4*xb~14 + T*a~6*%b~12 - 21*a"8*b
~10 + 35%a”10*b"8 - 35%a~12*%b~6 + 21*a~14%b"4 - 7*a~16xb~2)))*(8*a~6 - 2%b~
6 + 7T*a"2*xb~4 - 8xa~4xb~2)*1i)/(2%(a"18 - a~4*xb~14 + T*a~6%b~12 - 21*%a”~8*xb~
10 + 35%a~10*%b~8 - 35*%a~12*%b"6 + 21*a~14*xb~4 - T7*a~16%b"2)) + (b*((a + b)"7
*(a - b)77)"(1/2)*((8*(4*a~3*xb~14 - 24*a~5*%b~12 + 60*a”~7*b~10 - 80*a~9*b~8
+ 60*%a~11*b"6 - 24*xa”~13*b"4 + 4*a~15%b"2))/(a"20 + a~8*b~12 - 6*a~10*xb~10 +
15%a~12%b~8 - 20*%a”~14*b"6 + 15%xa~16*b~4 - 6*a~18%b~2) + (8*tan(c/2 + (d*x)
/2)*(8%a”~17xb - 8*a~3*%b~15 + 60*a"~5*xb~13 - 189*%a~7*b~11 + 344*a~9*b~9 - 396
*a~11xb~7 + 272%a”~13%b”"5 - 116*a~15%b~3))/(a"21 + a~9*b~12 - 6*a~11xb~10 +
156%a~13*%b"8 - 20*a~15*xb~6 + 15*%a”~17*b"4 - 6*a~19%b~2) + (b*((a + b)~7*(a -
b)"7)"(1/2)*((8%(4*%a~20*%b + 2*a~8*b~13 - 14*a~10*%b~11 + 30*a”~12*xb~9 - 30*a”
14xb~7 + 20*a~16*%b~5 - 12%a~18*b~3))/(a"20 + a~8*b~12 - 6*%a~10*b~10 + 15*%a~
12*xb~8 - 20*a~14%b"6 + 15%a”~16*b"4 - 6*xa~18*b~2) + (8*tan(c/2 + (d*x)/2)*(8
*a"8*%b"14 - 52*%a”10*%b"12 + 140*%a~12*%b~10 - 220*%a”14xb"8 + 220*a”~16*b"6 - 12
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8*%a~18%b~4 + 32*xa~20*%b"2))/(a"21 + a~9*b~12 - 6*a~11*%b~10 + 15%a~13*b"8 - 2
0*a~15%b~6 + 15*xa~17*b~4 - 6+%a~19*%b"2) + (b*x((8*x(4*a~11%b"14 - 24*a~13*xb~12
+ 60*a”~15%b~10 - 80*a~17*b"8 + 60%a”~19*b~6 - 24*xa~21*b~4 + 4*a~23%b"2))/(a
“20 + a”8*%b"12 - 6*%a”"10*xb"10 + 15%a”12*¥b"8 - 20*a~14*xb"6 + 15*xa~16*b~"4 - 6%
a~18%b~2) + (8xtan(c/2 + (d*x)/2)*(12*a”~25*xb - 8*a~11*%b~15 + 60*a”~13*b~13 -
192%xa~15%b~11 + 340*%a”17*b"9 - 360*%a~19*b~7 + 228*a~21*b~5 - 80*a~23*b~3))
/(@21 + a”9%b~12 - 6*%a~11%b~10 + 15%a”~13*xb~8 - 20*a~15%b"6 + 15%a”~17*b"4 -
6*%a~19%b"2))*((a + b)"7*(a - b)"7)"(1/2)*(8*%a"~6 - 2*xb~6 + 7*a~2xb"4 - 8*a~
4xb~2))/(2%(a"18 - a"4xb~14 + T*a~6x%b~12 - 21*%a~8*%b~10 + 35%a~10%b~8 - 35*a
~12%b"6 + 21*%a”~14*%b”"4 - 7*a~16%b"2)))*(8*%a"6 - 2*b~6 + 7T*a"2xb~4 - 8*a~4*b”
2))/(2%(a"18 - a~4*xb~14 + T*a~6*%b~12 - 21*%a"8*b~10 + 35*%a~10%b~8 - 35*%a”~12x%
b~6 + 21*xa~14%b"4 - T*a~16*b~2)))*(8*a~6 - 2*%b~6 + T*a~2*%b~4 - 8xa~4*xb~2)*1
i)/(2%(a”18 - a~4%b"14 + 7*xa~6xb~12 - 21*a~8%b~10 + 35%a~10*b~8 - 35*xa~12%*b
“6 + 21*%a”14xb"4 - T*a~16xb"2)))/((16*x(2%b~13 - 11*xa~2%b~11 + 34*xa~4*xb~9 -
66*a~6*xb~7 + 64*xa~8*b”"5 - 48*a~10%b~3))/(a"20 + a~8*xb~12 - 6*¥a~10*b~"10 + 15
*a~12%b"8 - 20*%a”~14*b~6 + 15*xa~16%b~4 - 6*a”~18*b"2) + (16xtan(c/2 + (d*x)/2
)*x(8%b~14 - 52%a”2%b~12 + 140*a~4*xb~10 - 220*a~6*%b~8 + 220*a”~8*xb~6 - 128*a”
10xb~4 + 32%a~12%b"2))/(a"21 + a~9*b~12 - 6%a~11*%b~10 + 15%a~13*b~8 - 20*a~
15%b"6 + 15*xa~17*b~4 - 6*a~19*%b~2) - (b*((a + b)~7x(a - b)~7)~(1/2)*((8* (4%
a~3xb"14 - 24xa”5%xb"12 + 60*%a”~7*b~10 - 80*%a~9*xb"8 + 60*a”~11*b~"6 - 24*a~13%*b
~4 + 4%a~15%b"2))/(a"20 + a~8*%b~12 - 6*%a”~10*b~10 + 15%a~12*%b~8 - 20*a~14*b~
6 + 15%a”~16%b~4 - 6*a”~18%b"2) + (8*tan(c/2 + (d*x)/2)*(8*a”~17+b - 8*a~3%b~1
5 + 60*%a"5xb"13 - 189*%a"7*b"11 + 344%a”9*%b~9 - 396*a~11*xb~7 + 272*%a~13*%b~5
- 116*%a”15%xb"3))/(a"21 + a~9%b"12 - 6*a~11*xb~10 + 15*%a~13%b"8 - 20*a”~15%b~6
+ 16%a”~17*b~4 - 6*%a~19%b"2) - (b*((a + b)~7x(a - b)~7)"(1/2)*((8%(4*a~20*b
+ 2%a"8*%b"13 - 14*%a”~10*b~11 + 30*xa~12*xb~9 - 30*a~14*b~7 + 20*%a~16*%b"5 - 12
*a~18%b"3))/(a"20 + a~8*xb~12 - 6*a~10%b~10 + 15%a”~12*xb~8 - 20*a~14%b~6 + 15
*a~16%b"4 - 6*%a”~18*b~"2) + (8*tan(c/2 + (d*x)/2)*(8*a~8*xb~14 - 52*xa~10%b~12
+ 140*%a”~12*%b~10 - 220*a~14%b"8 + 220*a”~16*b~6 - 128+*a~18%b~4 + 32*a~20*xb~2)
)/(a”21 + a”9%b~12 - 6*%a”~11*%b~10 + 15%a~13%b~8 - 20*a~15%b"6 + 15*xa~17*b~4
- 6%a~19%b"2) - (b*x((8*(4*a~11%b~14 - 24%a~13%b~12 + 60*%a~15%b~10 - 80*a~17
*b~8 + 60*a”~19*%b"6 - 24*xa~21*%b~4 + 4%a~23*b"2))/(a"20 + a~8*b~12 - 6*a”~10*b
~10 + 15%a”12*b"8 - 20*a~14*b~6 + 15*%a~16%b"4 - 6*%a~18*b~2) + (8xtan(c/2 +
(d*x)/2)*(12%a~25%b - 8*a~11xb~15 + 60*a~13%b~13 - 192*a”~15%xb~11 + 340*a~17
*b"9 - 360*%a~19%b~7 + 228*a~21*b~5 - 80*%a~23*b~3))/(a"21 + a~9*b"12 - 6*xa”"1
1*¥b~10 + 15%a”13%b~8 - 20*a~15%b~6 + 15*%a~17*b"4 - 6*a~19*b~2))*((a + b)~7*
(a - b)77)"(1/2)*(8%a"6 — 2*b~6 + 7*a"2*b~4 - 8*a~4*b~2))/(2*x(a"18 - a~4x*b™
14 + 7*a"6*%b"12 - 21%xa"8xb~10 + 35*%a”~10%b"8 - 35%a"12*xb"6 + 21*a~14%b"4 - 7
*a~16%b"2))) *(8%a"6 - 2*xb~6 + T*a~2*%b"4 - 8*a~4*xb~2))/(2x(a"18 - a~4%b"14 +
T*a"6*xb"12 - 21*%a"8*%b~10 + 35*%a~10%b"8 - 35*%a”12*xb"6 + 21*a~14*b~"4 - T7*xa~1
6%b~2)))*(8*%a"6 - 2*b~6 + Txa~2*b~"4 - 8*xa~4*b~2))/(2*x(a"18 - a~4*xb~14 + T*a
“6xb712 - 21*%a"8xb"10 + 35*%a~10*%b"8 - 35*%a"12*b”"6 + 21*%a~14*%b"4 - T*a~16*b”
2)) + (bx((a + b)"7x(a - b)77)"(1/2)*((8*x(4*a~3%b~14 - 24*a~5%b~12 + 60*a”7
*b~10 - 80%a”~9*b"8 + 60*a~11*%b~6 - 24*a~13*b"4 + 4*xa~15xb~2))/(a”20 + a~8*b
~12 - 6*%a~10*%b"10 + 15*%a~12%b”"8 - 20*a~14*b"6 + 15%a~16*b~4 - 6*xa~18*b~2) +
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(8xtan(c/2 + (d*x)/2)*(8*%a~17*xb - 8*xa~3*b~15 + 60*a~5*b~13 - 189*a~7xb~11
+ 344*%a”~9%b~9 - 396*a~11%b"7 + 272*a"13*b~5 - 116*a~15%b"3))/(a"21 + a~9*b~
12 - 6%xa~11*%b~10 + 15%a”13%b"8 - 20*a~15*%b~6 + 15%a~17+%b"4 - 6*a~19*xb~2) +
(bx((a + b)"7x(a - b)"7)"(1/2)*((8*(4*a~20*xb + 2*¥a~8xb~13 - 14*xa~10*%b~11 +
30*%a~12*b~"9 - 30*a~14*b~7 + 20*a~16*%b~5 - 12*a~18*b~3))/(a”20 + a~8*%b~12 -
6*a~10%b~10 + 15%a~12*%b~8 - 20*a~14*b"6 + 15*xa~16*b~4 - 6*a~18%b~2) + (8*ta
n(c/2 + (d*x)/2)*(8%a"8%b~14 - 52*xa~10*b~12 + 140%a~12%b~10 - 220*a~14*b~8
+ 220*%a~16*%b~6 - 128*a~18%b"4 + 32*xa~20*%b~2))/(a"21 + a~9*b~12 - 6*xa~11xb~1
0 + 156%a”13*b"8 - 20*a~15%b~6 + 15%a~17*b"4 - 6*xa~19%b"2) + (b*((8*(4*a~11x%
b"14 - 24%xa”~13*xb~"12 + 60*a~15*xb"10 - 80*%a~17*b"8 + 60*a”~19*b~6 - 24*a~21*b~
4 + 4xa~23*xb"2))/(a”20 + a~8*b~12 - 6*a~10*%b~10 + 15*%a~12%b~8 - 20*%a”~14*xb~6

+ 15%a~16*b"4 - 6*xa~18*%b"2) + (8*tan(c/2 + (d*x)/2)*(12*xa"25%b - 8*a~11%b~
15 + 60*%a~13*%b"13 - 192*%a”15%b"11 + 340%a~17*b"9 - 360*%a”19%b~7 + 228*a~21x%
b~5 - 80%a~23*xb~3))/(a"21 + a~9*%b~12 - 6*xa~11*b~10 + 15*%a~13*b~8 - 20*a~15x%
b"6 + 15%a~17*b"4 - 6*xa~19*%b~2))*((a + b)~7*(a - b)"7)~(1/2)*(8*%a"6 - 2*xb~6

+ 7*a"2*xb~4 - 8*xa~4xb~2))/(2%(a"18 - a~4*xb~14 + 7*a~6%b~12 - 21*%a”~8*b~10 +

35%a~10*%b~8 - 35%a~12%b"6 + 21*%a”~14*b~4 - 7*xa~16*%b~2)))*(8%a"6 - 2*xb"6 + 7
*a~2%b"4 - 8%a~4*xb”2))/(2x(a”18 - a~4*b"14 + T*a"6%b"12 - 21*xa~8*%b~10 + 35%
a~10*%b~8 - 35*%a”~12%b"6 + 21*%a~14%b~4 - T*a~16*%b~2)))*(8*xa”~6 - 2xb"6 + T*a~2
*b~4 - 8*%a~4*xb~2))/(2*x(a”18 - a~4%b~14 + T*a"6*b"12 - 21*a~8*%b~10 + 35*%a~10
*b~8 - 35*%a”12*%b"6 + 21*a~14xb~4 - T*a~16*%b"2))))*((a + b)~7x(a - b)"7)"(1/
2)*(8*a"6 — 2*%b~6 + 7*a"2%b~4 - 8*a~4xb~2)*1i)/(d*(a”18 - a~4*b~14 + T*a~6%
b~12 - 21*%a~8%b~10 + 35%a”~10*b~8 - 35*xa~12%b"6 + 21*%a”~14*xb~4 - 7*xa~16*b~2))
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3.92 3+5 csc(c+dx) dz

Optimal result . . . . . . . . . . e [314]
Rubi [A] (verified) . . . . . . . . 314
Mathematica [B] (verified) . . . . . . . . . ... 3151
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 316!
Sympy [F] . . o 316
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 316
Giac [A] (verification not implemented) . . . . . . . .. ... L L 317
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... B17

Optimal result

Integrand size = 12, antiderivative size = 31

de —
3+ 5csc(c+ dx) N 12 6d

cos(c+dx)
/ 1 g oarctan (3+sin(c+dz) >

[Out] -1/12*x-5/6%arctan(cos(d*x+c)/(3+sin(d*x+c)))/d

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Iﬁ%ﬁ%ﬁ;ﬁé I;Iilzlgs = 0.167, Rules used = {3868,
2736}

3+ 5csc(c+ dx) do = - 6d 12

cos(c+dz)
/ 1 5arctan <sin(c+dx)+3> z

[In] Int[(3 + 5%Cscl[c + d*x])~(-1),x]
[Out] -1/12%x - (5*ArcTan[Cos[c + d*x]/(3 + Sin[c + d*x])]1)/(6%d)
Rule 2736

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{q = Rt[
a”2 - b"2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ b*Sinf[c + d*x]))], x]] /; FreeQl[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[a]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]1), x], x] /; FreeQ[{a, b, c, d}, x
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1 && NeQ[a~2 - b~2, 0]

Rubi steps

z 1 1
integral = — — - d
et = g 3/1+%sin(c—|—dx) ’

cos(c+dz)
g oarctan <3+sin(c+dx)>

12 6d

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 66 vs. 2(31) = 62.

Time = 0.16 (sec) , antiderivative size = 66, normalized size of antiderivative = 2.13

— 2(cos (% (c+dz))+sin (2 (c+dz)))
/ 1 . 2(c + dx) — 5arctan ( COS(%z(c+dx))_Sin(g(chdx)) >
3 + 5csc(c + dz) 6d

[In] Integrate[(3 + 5*Csc[c + d*x])~(-1),x]

[Out] (2x(c + d*x) - 5*xArcTan[(2%(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(Cos[(c +
d*x)/2] - Sin[(c + d*x)/2])]1)/(6%*d)

Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.10

method result size

Zarctan(tan(de+%)) 5 arctan (ﬁi

derivativedivides 3 - - ; N
5tan ( %& + % ) 5
Zarctan(tan(dTa?+%)) 5 arctan ( +3

default 5 . ] .
. z 5iln(e(42+) +3i) 5iln (ei(dw+c)+%)

risch z o N “ N

parallelrisch Siln(5tan (445 ) +3-41) ‘ZZ‘ (tan( % +5)+3+4i) +4da 2

[In] int(1/(3+5%csc(d*x+c)) ,X,method=_RETURNVERBOSE)
[Out] 1/d*(2/3*%arctan(tan(1/2*d*x+1/2%c))-5/6%arctan(5/4*xtan(1/2*xd*xx+1/2%c)+3/4))
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06

5 sin(dz+c)+3
4dx — 5 arctan (m)

1
dr —
/3+5csc(c+dm) v 12d

[In] integrate(1/(3+5*csc(d*x+c)),x, algorithm="fricas")
[Out] 1/12*%(4*d*x - 5*arctan(1/4*(5*sin(d*x + c) + 3)/cos(d*x + c)))/d

Sympy [F]

/ ! dx—/ ! dz
3+5csc(c+dzr) ) Besc(c+dz)+3

[In] integrate(1/(3+5*csc(d*x+c)),x)
[Out] Integral(1l/(5xcsc(c + dxx) + 3), x)

Maxima [A] (verification not implemented)

none
Time = 0.33 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.58

5 sin(dz+c) 3 sin(dz+c)
/ 1 de — _5 arctan (4(cos(dw+c)+1) + Z) — 4 arctan (cos(dx+c)+1)
3+5csc(c+dx) 6d

[In] integrate(1/(3+5*csc(d*x+c)),x, algorithm="maxima")
[Out] -1/6*(5*arctan(5/4*sin(d*x + c)/(cos(d*x + c) + 1) + 3/4) - 4*xarctan(sin(d*
x + c)/(cos(d*x + c) + 1)))/d



317

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.58

3 cos(dz+c)+sin(dz+c)+3
_ dz + ¢+ 10 arctan (_ cos(dz+c)—3 sin(dm+c)—9>

1
dr =
/3+5csc(c+da:) v 12d

[In] integrate(1/(3+5%csc(d*x+c)),x, algorithm="giac")
[Out] -1/12%(d*x + ¢ + 10*arctan(-(3*cos(d*x + c) + sin(d*x + c) + 3)/(cos(d*x +

c) - 3xsin(d*x + c) - 9)))/d

Mupad [B] (verification not implemented)

Time = 19.32 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.26
Ttan( S+42)-15
5 atan <2—j>
24tan ($+42 ) +20

/ 1 o L
3+5csc(c+dz) 3 6d

[In] int(1/(5/sin(c + d#*x) + 3),x)
[Out] x/3 - (5*atan((7*tan(c/2 + (d*x)/2) - 15)/(24xtan(c/2 + (d*x)/2) + 20)))/(6

*d)
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1

3.93 5+3 csc(c+dx) dz

Optimal result . . . . . . . . . . . e 318
Rubi [A] (verified) . . . . . . . . . 318
Mathematica [A] (verified) . . . . . . . . . ... 3191
Maple [A] (verified) . . . . . . . . . 320
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 320
Sympy [F] . . . 320
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 3211
Giac [A] (verification not implemented) . . . . . . ... ... Lo L B21]
Mupad [B] (verification not implemented) . . . . ... ... ... ... .. ...... 3211

Optimal result

Integrand size = 12, antiderivative size = 68

1 P 3log (3 cos (3(c+ dz)) +sin (3(c + dz)))
/5+3csc(c+dm) T=g T 20d
_ 3log (cos (3(c+dz)) +3sin (3(c + dz)))
20d

[Out] 1/5*%x+3/20%1n(3*cos(1/2*d*x+1/2%c)+sin(1/2*d*x+1/2*c))/d-3/20%1n(cos(1/2*dx*
x+1/2%c)+3*sin(1/2*%d*x+1/2%c))/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number
_ _ 4 humber of rules _ —

of steps used = 5, number of rules used = 4, integrand size 0.333, Rules used = {3868,

2739, 630, 31}

/ 1 do — 3log (sin (3(c + dz)) + 3cos (3(c + dz)))
5+ 3 csc(c + dz) 20d
_ 3log (3sin (3(c + dz)) + cos (3(c + dz))) L2
20d )

[In] Int[(5 + 3%Cscl[c + d*x])~(-1),x]

[Out] x/5 + (3*Log[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]1])/(20%xd) - (3*Log[Cos[(c
+ d*x)/2] + 3*Sin[(c + d*x)/2]])/(20%d)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rule 630

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQl{a, b, c}, x] && NeQ[b~2
- 4xa*xc, 0] && PosQ[b~2 - 4xa*c] && PerfectSquareQ[b~2 - 4*axc]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e~2xx~2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a~2 - b~2, 0]

Rubi steps
- _z_1 1
integral = 5B / I+ 2 sin(e + do) dz
oz 2Subst <f H%ﬁ dz,z,tan (3(c+ dx)))
5 5d
T 3Subst (f ﬁ dz,z,tan (3(c + dm))) N 3Subst ([ 51 dz, z, tan (5(c + dz)))
5 20d 20d
_z 3log(3+tan(5(c+dzx))) 3log(1+3tan (3(c+dx)))
57 20d - 20d

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.99

1
/ 5+ 3csc(c + dx) dz
4(c+ dz) + 3log (3 cos (3(c + dz)) +sin (3(c+ dz))) — 3log (cos (5(c + dz)) + 3sin (3(c + dz)))
20d

[In] Integrate[(5 + 3*Csc[c + d*x])~(-1),x]

[Out] (4x(c + d*x) + 3%Log[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] - 3x*Log[Cos[(c
+ d*x)/2] + 3*Sin[(c + d*x)/2]1]1)/(20%d)



320

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.60

method result size
31n(tan(%"”+§)+3) 31n(3tan(d7z+%>+1)
norman £ S0d — 50d 41
. z | 3In(E4+3qeildzte))  3In(eildete) 24 5%)
risch £+ g — T 43
. 3In(tan( 92 +¢)+3)—3In(3tan( 2E+<)+1)+In(27)+4dzx
parallelrisch (tan(( % +5)+9) <20 - (£+5)+) 43
3 ln(S tan(deJ-%)-i—l) " 2 arctan(tan(de-ﬁ-%)) 4 3 ln(tan(dTZ-i—%)-&-?»)
derivativedivides 20 e 20 48
_ 3 1n(3 tan(dTZJ-%)-i—l) " 2 arctan(tan(%ﬂ-ﬁ-%)) 4 3 ln(tan(dT‘T-i—%)-&%)
default 20 e 20 48

[In] int(1/(5+3*csc(d*x+c)) ,x,method=_ RETURNVERBOSE)
[Out] 1/5%x+3/20/d*1n(tan(1/2*d*x+1/2*c)+3)-3/20/d*1n(3*xtan(1/2*d*x+1/2*c)+1)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.76

/ ! dx

5+ 3csc(c+ dx)

_ 8dz + 3 log (4 cos (dz +¢) + 3 sin (dz + ¢) + 5) — 3 log (—4 cos (dx + c) + 3 sin (dz + c) + 5)
B 40d

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="fricas")

[Out] 1/40%(8*d*x + 3*log(4*cos(d*x + c) + 3xsin(d*x + c) + 5) - 3xlog(-4*cos(d*x
+ ¢) + 3*xsin(d*x + c) + 5))/d

Sympy [F]

/ L dm—/ 1 dz
5+3csc(c+dr) ) 3csc(c+dz)+5

[In] integrate(1/(5+3*csc(d*x+c)),x)
[Out] Integral(1/(3*csc(c + d*x) + 5), x)
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Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.04

/ L dx
5+ 3 csc(c + dzx)
sin(dz+-c)

sin(dz+c) 3 sin(dz+c)
8 arctan <m) — 3 log (m + 1) + 3 log <cos(dz+c)+1 + 3)

- 20d

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="maxima")

[Out] 1/20%(8*arctan(sin(d*x + c)/(cos(d*x + c) + 1)) - 3*log(3*sin(d*x + c)/(cos
(d*x + ¢) + 1) + 1) + 3*log(sin(d*x + c)/(cos(d*x + c) + 1) + 3))/d
Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.66

ek
5+ 3csc(c+ dx) v
_ 4dz+4c—3log (|3 tan (3dz+ 5c) +1|) + 3 log (|tan (3 dz + 3 ¢) +3|)

20d

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="giac")
[Out] 1/20%(4*d*x + 4*c - 3*log(abs(3*tan(1/2*d*x + 1/2%c) + 1)) + 3xlog(abs(tan(
1/2xd*x + 1/2xc) + 3)))/d

Mupad [B] (verification not implemented)

Time = 18.57 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.40

3atanh
9 < 200 tan

/ 1 dp = F
5+3csc(c+dr) 5 10d

[In] int(1/(3/sin(c + d#*x) + 5),x)
[Out] x/5 - (3*atanh(1/(2*x((200*tan(c/2 + (d*x)/2))/27 + 20/9)) + 41/40))/(10%d)
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3.54 [esc®(e+ fz)(a+besc(e + fx))" dx

Optimal result . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . 322
Mathematica [F] . . . . . . . . . .
Maple [F] . . . .
Fricas [F] . . . . . . o 326
Sympy [F] . . o 320
Maxima [F] . . . . . o
Giac [F] . . . o o 3261
Mupad [F(-1)] . . . o o

Optimal result

Integrand size = 21, antiderivative size = 274

_cot(e + fz)(a +besc(e + fx)) '+

/csc3(e + fz)(a+bescle + fz))"dx =

bf(2+m)
. v2a(a + b) AppellF1 (%, 2, —1—m, 2, 1(1 —csc(e + fz)), b(l*f;rfm))) cot(e + fz)(a + besc(e + fx))
b2f(2 4+ m)4/1 + csc(e + fz)
v2(a? + b*(1 + m)) AppellF1 (%, 2, —m, 3, 1(1 —csc(e + fx)), %W) cot(e + fx)(a + besc(e +
b2f(2 4+ m)4/1+ csc(e + fz)

[Out] -cot(f*x+e)*(atb*csc(f*x+e))” (1+m)/b/f/(2+m)+ax*(a+b)*AppellF1(1/2,-1-m,1/2,
3/2,bx(1-csc(f*x+e))/(a+b),1/2-1/2*csc(f*x+e)) *cot (fxx+e) * (a+tb*csc(f*x+e))”
m*x2~(1/2) /v~2/f/(2+m) / (((a+b*csc(f*x+e))/(a+b)) "m) / (1+csc(f*x+e))~(1/2)-(a”
2+b~2* (1+m) ) *AppellF1(1/2,-m,1/2,3/2,bx(1-csc(f*x+e))/(a+b) ,1/2-1/2xcsc(f*x

+e) ) *cot (f*x+e) * (a+bxcsc(f*x+e)) "m*27(1/2) /b~2/f/(2+m) / (((a+b*csc(f*x+e)) /(
a+b))"m)/(1+csc(f*x+e))~(1/2)

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 5, number of rules _ 0.238, Rules used
integrand size
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= {3925, 4092, 3919, 144, 143}

/csc3(e + fz)(a+ besc(e + fz))™ dz =

V2(a® + b*(m + 1)) cot(e + fx)(a + besc(e + fx))™ (‘MCZC—W) o AppellF1 (%, 2, —-m, 2, 1(1—cs
b2f(m +2)\/csc(e + fz) + 1
v2a(a + b) cot(e + fx)(a+ besc(e + fx))™ (%) - AppellF1 (%, 2, —m—1,3 2(1 — csc(e -
b2f(m +2)\/csc(e + fx) + 1

+

B cot(e + fz)(a + besc(e + fx))™ ™t
bf(m +2)

[In] Int[Cscl[e + f*x]~3*(a + b*Cscl[e + f*x]) "m,x]

[Out] -((Cot[e + fxx]*(a + bxCscle + fxx])~(1 + m))/(b*f*(2 + m))) + (Sqrt[2]*ax(
a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + f*x])/2, (b*(1 - Cscle

+ fxx]))/(a + b)]*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(b~2*f*(2 + m)*Sqrt[

1 + Cscle + fxx]]*((a + b*Csc[e + f*x])/(a + b))"m) - (Sqrt[2]*(a”2 + b~2%(

1 + m))*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (bx(1 - Cscle + £
*xx]))/(a + b)]*Cot[e + fxx]*(a + bxCscl[e + f*x])"m)/(b~2*f*(2 + m)*Sqrt[1 +
Cscle + f*x]]*((a + b*Cscle + f*x])/(a + b)) m)

Rule 143

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) nx*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-£)x((a + bxx)/(b*xe - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(fxc - exd), 0] &% SimplerQ[e + f*x, a + b*x])

Rule 144

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart[p]), Int[(a + b*x) m*(c + d*x) n*(b*(e
/(b*xe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 3919

Int[cscl(e_.) + (f_.)*(x_)I*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*xx]]*Sqrt[1 - Cscle + f*x
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11), Subst[Int[(a + b*x)"m/(Sqrt[1 + x]*Sqrt[1l - x]), x], x, Cscle + £*x]],
x] /; FreeQ[{a, b, e, £, m}, x] && NeQ[a~2 - b~2, 0] && !IntegerQ[2*m]

Rule 3925

Int[cscl(e_.) + (£_.)*(x_)]1"3x(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_),
x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Cscle + f*x])~(m + 1)/(b*f*(m + 2
))), x] + Dist[1/(bx(m + 2)), Int[Cscl[e + fxx]*(a + b*Cscl[e + f*x]) “m*(b*x(m
+ 1) - axCscle + f*x]), x], x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b
=2, 0] & 'LtQ[m, -1]

Rule 4092

Int[cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))~(m_)*(cs
cl(e_.) + (£_.)*(x_)1*(B_.) + (A.)), x_Symbol] :> Dist[(A*b - a*B)/b, Int[C
scle + f*x]*(a + b*Cscle + f*x])"m, x], x] + Dist[B/b, Int[Cscl[e + f*x]*(a
+ bxCscle + f*x])~(m + 1), x], x] /; FreeQ[{a, b, A, B, e, f, m}, x] && NeQ
[Axb - axB, 0] && NeQ[a"2 - b~2, 0]

Rubi steps

_cot(e+ fz)(a +besc(e + fx))Hm
bf(2+m)

[ esc(e+ fz)(b(1 + m) — acsc(e + fz))(a+ besc(e + fz))™ dx
+ b(2 + m)
_ cot(e+ fz)(a+bescle+ fz))'*™  a [csc(e+ fz)(a+ bescle + fz)) ™ dx
T bf(2 4+ m) B b2(2 +m)

(a® 4+ b*(14+m)) [csc(e+ fz)(a+ besc(e + fz))™ dz
+
b%(2+m)

__cot(e+ fz)(a+besc(e + fx))'+m
B bf(2+m)
(acot(e + fz))Subst (f %&% dz,x,csc(e + fx))

b2f(2+m)\/1 —cscle+ fz)y/1+cscle + fx)
((a® + b*(1 4+ m)) cot(e + fz)) Subst (f % dz,z,csc(e + fz))

b2f(2 4+ m)\/1 — csc(e + fz)\/1 + csc(e + fx)

integral =

+
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_ _cot(e + fz)(a+besc(e + fx))H™

bf(2+m)
(a(—a —b) cot(e + fx)(a + besc(e + fz))™ (—%ﬁh))_m) Subst (f <_i%\/2:Tbx> d
+

b2f(2+m)\/1 —csc(e + fz)/1 +cscle + fx)

((a2 + b%(1 4+ m)) cot(e + fz)(a + besc(e + fz))™ (—%W) _m) Subst (f %

b2f(2 +m)\/1— csc(e + fz)\/1+ csc(e + fx)
_ _cot(e+ fz)(a +besc(e + fx))'+m

_|_

bf(2+m)
.\ v2a(a + b) AppellF1 (%, L —1-m,3, 11— csc(e+ fz)), W) cot(e + fx)(a + besc
b2f(2+m)\/1+ cscle + fz)
v2(a? + b%(1 + m)) AppellF1 (%, 1, —m,2,1(1—csc(e + fx)), WCZC—W) cot(e + fz)(a +
b2f(2+m)\/1+ csce + fx)

Mathematica [F]

/CSC3(€ + fx)(a+besc(e + fz))" dx = /csc3(e + fx)(a+besc(e + fr))™ dx

[In] Integrate[Csc[e + f*x]~3*(a + b*Csc[e + f*x]) m,x]
[Out] Integrate[Cscl[e + f*x]~3x(a + b*Cscl[e + f*x])"m, x]
Maple [F]

/csc (fz +e)® (a+besc(fr+e)" dx

[In] int(csc(f*x+e) 3% (atb*csc(f*x+e)) "m,x)

[Out] int(csc(fxx+e) 3% (a+tb*csc(f*x+e)) "m,x)
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Fricas [F]
/csc3(e + fz)(a+bescle + fz))™dx = / (bese (fz +€) 4+ a)™csc (fz +e)’ dz

[In] integrate(csc(f*x+e) 3*(atb*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a) m*csc(f*x + e)~3, x)
Sympy [F]
/csc3(e + fz)(a + besc(e + fx))™ dz = / (a+bcesc(e+ fx))" csc® (e + fr)dx

[In] integrate(csc(f*x+e)**3*(atb*csc(f*x+e))**m,x)

[Out] Integral((a + b*csc(e + f*xx))**mkxcsc(e + f*x)**3, x)
Maxima [F]
/csc3(e + fx)(a+besc(e+ fx))™ dx = / (bese (fz +e) +a)™csc(fz+e)® dx

[In] integrate(csc(f*x+e) 3*(atb*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~3, x)

Giac [F]

/csc3(e + fz)(a+bescle + fz))™dx = / (bese (fz + €) +a)™ csc (fz +e)’ dz

[In] integrate(csc(f*x+e) 3% (atb*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~3, x)
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Mupad [F(-1)]
Timed out.

b m
(a + sin(e+f ) )

: 5— dx
sin (e + f z)

/csc3(e + fz)(a+bescle + fz))™dx = /

[In] int((a + b/sin(e + f*x))"m/sin(e + f*x)~3,x)

[Out] int((a + b/sin(e + f*x)) m/sin(e + f*x)~3, x)
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3.55 [ esc®(e+ fz)(a+ besc(e + fz))™

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 329
Mathematica [F] . . . . . . . . . 3311
Maple [F] . . . . 331
Fricas [F] . . . . o . o e 331
Sympy [F] . . o 331
Maxima [F] . . . . . o
Giac [F] . . . o o
Mupad [F(-1)] . . . o

Optimal result

Integrand size = 21, antiderivative size = 220

/csc2(e + fz)(a+ besc(e + fzr))™ dz =

v2(a + b) AppellF1 (2, 3,—1—m, 3, 1(1 - csc(e + fx)), W) cot(e + fz)(a+ besc(e + fx))"

bf\/1+ csc(e + fz)
s v2a AppellF1 <%, 3, —m, 3, 1(1 —csc(e + fz)), W) cot(e + fz)(a+ besc(e + fx))™ (%
bfy/1+ csc(e + fz)

[Out] -(a+b)*AppellF1(1/2,-1-m,1/2,3/2,bx(1-csc(f*x+e))/(a+b),1/2-1/2*csc(f*x+e))
xcot (f*x+e) * (a+bxcsc(f*x+e)) "m*2~(1/2) /b/f/(((atb*csc(f*x+e))/(a+b))"m)/(1+
csc(f*x+e))~(1/2)+axAppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(atb),1/2-1/2%
csc(fxx+e) ) *cot (fxx+e)*x (a+bxcsc(f*xx+e)) "m*x2~(1/2) /b/f/ (((a+b*csc(f*x+e))/(a

+b)) "m) / (1+csc(f*x+e)) ~(1/2)
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 4 number of rules _ 0.190, Rules used

' integrand size
= {3923, 3919, 144, 143}

/0802(6 + fz)(a+ besc(e + fx))™ dx

V2acot(e + fx)(a + besc(e + fx))™ <“H":Zc—f;rm>_m AppellF1 <%, 3, —m, 3, 1(1 —csc(e + fx)), b(l;cf;'

bfy/csc(e+ fx)+1

v2(a + b) cot(e + fz)(a + besc(e + fz))™ <“H’°Z°—J£Z+m>_m AppellF1 <%, 5, -m—1,3,1(1 —cscle+

bfy/csc(e+ fx)+1

[In] Int[Cscle + f*x] 2x(a + b*Cscl[e + f*x]) m,x]

[Out] -((Sqrt[2]*(a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + f*x])/2, (b
*(1 - Cscle + fxx]))/(a + b)]1*Cot[e + f*x]*(a + b*Cscle + fx*x])7m)/(bxf*Sqr

t[1 + Cscle + f*xx]]*((a + b*Csc[e + f*x])/(a + b))"m)) + (Sqrt[2]*axAppellF
1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle + f*x]))/(a + b)]1x*
Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(b*f*Sqrt[1 + Cscle + fxx]]*((a + b*Cs

cle + £xx])/(a + b))™m)

Rule 143

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*x(m + 1)*(b/(b*c - axd)) n*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-f)*((a + b*x)/(b*e - a*f))], x] /; FreeQl[{a, b, ¢, d, e, £, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - c
*f), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - e*xd), 0] &% SimplerQ[e + fx*x, a + b*x])

Rule 144

Int[((a)) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
~(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(bxe - a*f)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart[p]), Int[(a + b*x) m*(c + d*x) n*(b*(e
/(bxe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] && !'IntegerQ[m] && 'IntegerQ[n] && !'IntegerQ[p] && GtQ[b/(b
xc — a*xd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 3919

Int[cscl(e_.) + (f_.)*(x_)I*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*xx]]*Sqrt[1 - Cscle + f*x
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11), Subst[Int[(a + b*x)"m/(Sqrt[1 + x]*Sqrt[1l - x]), x], x, Cscle + £*x]],
x] /; FreeQ[{a, b, e, £, m}, x] && NeQ[a~2 - b~2, 0] && !IntegerQ[2*m]

Rule 3923

Int[cscl(e_.) + (£_.)*(x_)]1"2x(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_),

x_Symbol] :> Dist[-a/b, Int[Csc[e + f*x]*(a + b*Csc[e + f*x])"m, x], x] + D
ist[1/b, Int[Cscle + f*x]*(a + bxCscle + f*x])~(m + 1), x], x] /; FreeQ[{a,
b, e, f, m}, x] && NeQ[a~"2 - b2, 0]

Rubi steps

J csc(e + fz)(a+besc(e+ fz))*™dz  a [ csc(e + fz)(a+ besc(e + fz))™ dz
b b
cot(e + fz)Subst <f %&% dz,z,csc(e + fm))
bf\/1—csc(e + fz)y/1+ csc(e + fz)
(acot(e + fz))Subst (f % dz,x,csc(e + fx))

bf\/1— cscle + fr)\/1+ csc(e + fx)

integral =

—_a _ bz \™
—a—b —a-b

(acot(e + fz)(a+ besc(e + fz))™ (—%ﬁm)_m) Subst (f =i dz, 3, csc(e +

bf\/1—csc(e+ fz)\/1+ csc(e + fz)
((—a —b) cot(e + fx)(a + besc(e + fx))™ (—W) _m> Subst (f (_”3%:};”2 . dz,:

bf\/1— csc(e + fz)\/1+ csc(e + fx)

v2(a + b) AppellF1 (%, 2, —1—m, 2, 1(1 —csc(e+ fz)), %W) cot(e + fx)(a + besc(e
bf\/1+ csc(e + fz)
v2a AppellF1 (%, 2, —m,3,2(1 - csc(e + fz)), %W) cot(e + fz)(a+ besc(e + fx))™ (
bfy/1+ cscle + fz)

+




331

Mathematica [F]
/cscz(e + fz)(a+bescle + fz))"dx = /cscz(e + fz)(a+ besc(e + fz))™ dx

[In] Integrate[Cscle + f*x]~2*(a + bxCsc[e + f*x]) m,x]
[Out] Integrate[Cscl[e + fxx]~2x(a + b*Cscl[e + f*x])"m, x]

Maple [F]
/csc (fz+e)’ (a+besc(fzr +e))"dx

[In] int(csc(f*x+e) 2% (a+tb*csc(f*x+e)) "m,x)

[Out] int(csc(f*x+e) 2% (a+b*csc(f*x+e)) m,x)

Fricas [F]
/cch(e + fz)(a+bescle + fz))™dx = / (besc (fz + €) +a)™ csc (fz +e)’ dz

[In] integrate(csc(f*x+e) ~2*(atb*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a) m*csc(f*x + e)~2, x)

Sympy [F]
/csc2(e + fz)(a+bescle + fz))™dx = / (a+besc(e+ fx))"csc? (e + fr)dz

[In] integrate(csc(f*x+e)**2x(atbxcsc(f*x+e))**m,x)

[Out] Integral((a + bxcsc(e + f*xx))**mxcsc(e + f*x)**2, x)
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Maxima [F]
/csc2(e + fz)(a+bescle + fz))™dx = / (bese (fz +€) 4+ a)™csc (fz +e)’ dz

[In] integrate(csc(f*x+e) 2x(a+bxcsc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~2, x)
Giac [F]
/csc2(e + fz)(a+ besc(e + fx))™dx = / (bese (fz +€) 4+ a)™ csc (fz +e)’ dz

[In] integrate(csc(f*x+e) "2*(atb*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Mupad [F(-1)]
Timed out.

b m
(a + sin(e+f ) )

/csc2(e+fx)(a+bcsc(e—|—fx))mdx=/ (et ) dz

[In] int((a + b/sin(e + f*x)) m/sin(e + f*x)~2,x)

[Out] int((a + b/sin(e + f*x)) m/sin(e + f*x)~2, x)
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3.56 [ csc(e+ fx)(a+ besc(e + fx))™ dx

Optimal result . . . . . . . . . . . . e B33
Rubi [A] (verified) . . . . . . . .
Mathematica [F] . . . . . . . . . 3351
Maple [F] . . . .
Fricas [F] . . . . . o
Sympy [F] . . o 335
Maxima [F] . . . . . o
Giac [F] . . . o o 3361
Mupad [F(-1)] . . . oo

Optimal result

Integrand size = 19, antiderivative size = 104

/csc(e + fz)(a+bescle + fz))"dx =

V2 AppellF1 (%, 2, —m, 2, 1(1 —csc(e + fx)), W) cot(e + fz)(a + bese(e + fz))™ (mcﬁz

f/1+ cscle + fz)

[Out] -AppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(at+b),1/2-1/2*%csc(f*x+e))*cot (f*x
+e)* (a+bxcsc(fxx+e)) "m*x2~(1/2) /f/ (((atb*csc(f*x+e))/(a+b)) "m)/(1+csc(f*x+e)
)"(1/2)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 3, number of rules used = 3, integrand size 0.158, Rules used

= {3919, 144, 143}

/csc(e + fzr)(a+bescle + fx))™dx =

V2eot(e + fz)(a+bese(e + fa))™ (L) ™ AppenlFt (1,1, —m, §, 1(1 — escle + f)), 1=
f/csc(e+ fz) +1

[In] Int[Cscl[e + f*x]*(a + bxCscl[e + f*x]) m,x]

[Out] -((Sqrt[2]*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle
+ fxx]))/(a + b)]*Cot[e + f*x]*(a + b*Cscl[e + f*x])"m)/(f*Sqrt[1 + Cscle +
f*x]]*((a + bxCsc[e + fxx])/(a + b))"m))
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Rule 143

Int[((a_) + (b_D)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*x(b/(b*c - axd)) n*(b
/(b*xe - a*f))~p))*AppellFli[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
*f), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - e*xd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 144

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
~“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(b*e - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 3919

Int[cscl(e_.) + (£_.)*x(x_)]*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*xx]]*Sqrt[1 - Cscle + fx*x
11), Subst[Int[(a + b*x) m/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Cscle + f*x]],
x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b~2, 0] && !IntegerQ[2+*m]

Rubi steps

cot(e + fz)Subst (f % dz,z,csc(e + fx))

f/1—csc(e+ fr)y/1+csc(e+ fx)

integral =

—-m __a _ bz \™
(cot(e + fz)(a+ bescle + fz))™ (—%ﬁm) ) Subst (f ( 7%\/_1‘%’) dz,x,csce + fz)

f/1—csc(e+ fx)\/1+csce+ fx)

V2 AppellF1 <%, 3,—m, 3, 1(1 — csc(e + fx)), WCT—W) cot(e + fz)(a+ besc(e + fz))™ (5
f1/1+ cscle + fz)
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Mathematica [F]

/csc(e + fz)(a+bescle + fz))"dx = /csc(e + fz)(a+bescle+ fz))™ dx

[In] Integrate[Csc[e + f*x]*(a + b*Cscle + f*x]) m,x]

[Out] Integrate[Cscl[e + fxx]*(a + bxCsc[e + f*x])"m, x]

Maple [F]
/csc (fr+e)(a+bese(fr+e))™dx

[In] int(csc(f*x+e)*(a+tb*csc(f*x+e)) "m,x)

[Out] int(csc(f*x+e)*(a+b*csc(f*x+e)) "m,x)

Fricas [F]
/csc(e + fz)(a+bescle + fz))™dx = / (bese (fx+e)+a)" csc(fr+e) do

[In] integrate(csc(f*x+e)*(atbxcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a) ~m*csc(f*x + e), x)

Sympy [F]
/csc(e + fz)(a+bescle + fz))™dx = / (a+besc(e+ fz))"csc(e+ fx)dx

[In] integrate(csc(f*x+e)*(atb*csc(f*x+e))**m,x)

[Out] Integral((a + b*csc(e + f*x))x*mxcsc(e + f*x), x)
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Maxima [F]
/csc(e + fz)(a+bescle + fz))™dx = / (bese (fx+e)+a)" csc(fr+e) do

[In] integrate(csc(f*x+e)*(atb*xcsc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a) m*csc(f*x + e), x)

Giac [F]
/csc(e + fz)(a+ besc(e + fx))™dx = / (bese (fx+e)+a)" cse(fr+€) dz

[In] integrate(csc(f*x+e)*(atb*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a) m*csc(f*x + e), x)

Mupad [F(-1)]
Timed out.

. m
(a + sin(e+f ) )

/csc(e—l—fx)(a+bcsc(e+fm))m dx =/ Sn(et/z) dx

[In] int((a + b/sin(e + f*x)) m/sin(e + f*x),x)

[Out] int((a + b/sin(e + f*x))"m/sin(e + f*x), x)
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3.57 [(a+besc(e + fz))"dx

Optimal result . . . . . . . . . . . . e B37
Rubi [N/A] .« . 337
Mathematica [N/A] . . . . . . . 338
Maple [N/A] (verified) . . . . . . . ...
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . 339
Giac [N/A] .« . o o 3391
Mupad [N/A] . . oo

Optimal result

Integrand size = 12, antiderivative size = 12
/(a +besc(e+ fx))™ dz = Int((a + bese(e + fz)™, )
[Out] Unintegrable((atb*csc(f*x+e)) m,x)

Rubi [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

_ _ o humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

/(a +besc(e + fx))™dx = /(a + besc(e + fx)™dx

[In] Int[(a + b*Cscl[e + f*x]) "m,x]
[Out] Defer[Int] [(a + b*Cscl[e + f*x]) m, x]
Rubi steps

integral = /(a +besc(e + fx))" dx
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Mathematica [N/A]

Not integrable
Time = 3.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a +bescle + fz))" dx = /(a +besc(e + fx))" dx

[In] Integrate[(a + b*Csc[e + f*x]) m,x]
[Out] Integratel[(a + b*Cscl[e + f*x])"m, x]

Maple [N/A] (verified)

Not integrable
Time = 0.61 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/(a+ bese (fz +e€)™ dx

[In] int((at+b*csc(f*x+e)) "m,x)

[Out] int((at+b*csc(f*x+e)) m,x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a-l—bcsc(e—l—fx))m dx =/(bcsc (fz+e)+a)"dx

[In] integrate((a+b*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a)’m, x)

Sympy [N/A]

Not integrable
Time = 0.50 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/(a—l— besc(e + fx))™ dx = / (a+besc(e+ fz))™ dx

[In] integrate((a+b*csc(f*x+e))**m,x)

[Out] Integral((a + bx*csc(e + f*x))**m, x)
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Maxima [N/A]

Not integrable
Time = 1.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a-l—bcsc(e—i—fx))m dz :/(bcsc (fr+e)+a)"dz

[In] integrate((a+b*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a)’m, x)

Giac [N/A]

Not integrable
Time = 0.32 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a +besc(e+ fz))" dx = / (bese (fr+e)+a)™dx
[In] integrate((a+b*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcsc(f*x + e) + a)’m, x)

Mupad [N/A]

Not integrable
Time = 18.73 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

/(a—l—bcsc(e—l—fx))mdx:/<a+m)mdax

[In] int((a + b/sin(e + f*x)) m,x)

[Out] int((a + b/sin(e + f*x))“"m, x)
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3.58 [(a+besc(e + fz))"sin(e + fx)dx

Optimal result . . . . . . . . . . . e
Rubi [N/A] . . 340
Mathematica [N/A] . . . . . . o 3411
Maple [N/A] (verified) . . . . . . . ... 341]
Fricas [N/A] . . . . . o e 341
Sympy [N/A] . . 341]
Maxima [N/A] . . . . 342
Giac [N/A] .« . o 3421
Mupad [N/A] . . o oo 342

Optimal result

Integrand size = 19, antiderivative size = 19
/(a + besc(e + fx))™sin(e + fx) dxr = Int((a + besc(e + fz))" sin(e + fz), )

[Out] Unintegrable((atb*csc(f*x+e)) m*sin(f*x+e),x)

Rubi [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

_ _  humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

/(a +besc(e+ fz))"sin(e + fx)dx = /(a +besc(e+ fx))"sin(e + fz) dx

[In] Int[(a + b*Csc[e + f*x]) m*Sin[e + fx*x],x]
[Out] Defer[Int] [(a + b*Csc[e + f*x]) m*Sin[e + f*xx], x]

Rubi steps

integral = /(a +besc(e+ fx))"sin(e + fz) dx
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Mathematica [N/A]

Not integrable
Time = 8.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a +besc(e+ fx))"sin(e + fx)dx = /(a +besc(e+ fx))"sin(e + fz) dx

[In] Integrate[(a + b*Cscl[e + f*x]) m*Sin[e + f*x],x]

[Out] Integratel[(a + b*Csc[e + f*x]) m*Sin[e + f*x], x]

Maple [N/A] (verified)

Not integrable
Time = 0.68 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/(a—i—bcsc(fx—i—e))msin(fx+e) dz

[In] int((at+b*csc(f*x+e)) m*sin(f*x+e),x)

[Out] int((atb*csc(f*x+e)) “m*sin(f*xx+e),x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a + besc(e + fx))™sin(e + fx)dz = / (bese (fr+e)+a)"sin(fz +e) dz

[In] integrate((a+b*csc(f*x+e)) m*sin(f*x+e),x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a) m*sin(f*x + e), x)

Sympy [N/A]

Not integrable
Time = 4.48 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/(a +besc(e+ fx))"sin(e + fz)dx = / (a+besc(e+ fz))"sin (e + fz)dx

[In] integrate((a+b*csc(f*x+e))**m*sin(f*x+e),x)

[Out] Integral((a + b*csc(e + f*x))**m*sin(e + f*x), x)
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Maxima [N/A]

Not integrable
Time = 1.65 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a +besc(e+ fx))"sin(e + fz)dx = / (bese (fx+e)+a)"sin(fz +e) dx

[In] integrate((a+b*csc(f*x+e)) m*sin(f*x+e),x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a) m*sin(f*x + e), x)

Giac [N/A]

Not integrable
Time = 0.40 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(a +besc(e+ fx))"sin(e + fz)dx = / (bese (fx+e)+a)"sin(fz +e) dx

[In] integrate((a+b*csc(f*x+e)) m*sin(f*x+e),x, algorithm="giac")

[Out] integrate((bxcsc(f*x + e) + a) " m*sin(f*x + e), x)

Mupad [N/A]

Not integrable
Time = 18.43 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

/(a—l—bcsc(e—i—f:c))m sin(e + fz)dz = /sin (e+ fx) (a—i— myndx

[In] int(sin(e + f*x)*(a + b/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)*(a + b/sin(e + f*x))"m, x)



3.59 [(a+besc(e + fz))™sin?(e + fz) dz

Optimal result . .
Rubi [N/A] . . ..
Mathematica [N/A]

Maple [N/A] (verified) . . . . . . . . . .

Fricas [N/A] . ..
Sympy [N/A] . . .
Maxima [N/A] . .
Giac [N/A] .. ..
Mupad [N/A] . . .

Optimal result

Integrand size = 21,

antiderivative size = 21

/(a + besc(e + fz))™sin’(e + fz) dz = Int((a + besc(e + fz))" sin’(e + fz), z)

[Out] Unintegrable((atb*csc(f*x+e)) m*sin(f*x+e)~2,x)

Rubi [N/A]
Not integrable

343

Time = 0.04 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number
of steps used = 0, number of rules used = 0 number of rules _ 0.000, Rules used = {}

’ integrand size

/(a + besc(e + fx))™sin?(e + fr) dr = /(a + besc(e + fr))™sin’(e + fr) dz

[In] Int[(a + b*Csc[e + f*x]) m*Sin[e + f*xx]~2,x]
[Out] Defer[Int] [(a + b*Csc[e + f*x]) m*Sin[e + f*xx]~2, x]

Rubi steps

integral = /(a + besc(e + fx))™sin®(e + fz) dz
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Mathematica [N/A]

Not integrable
Time = 6.53 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(a-l—bcsc(e—i—fx))m sin’(e + fz)dz = /(a+bcsc(e+ fx))™sin’(e + fr)dz

[In] Integrate[(a + b*Csc[e + f*x]) m*Sin[e + fx*x]~2,x]

[Out] Integratel[(a + b*Cscl[e + f*x]) m*Sin[e + f*x]~2, x]

Maple [N/A] (verified)

Not integrable
Time = 1.04 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/(a+bcsc (fz + €)™ sin (fz + €)* dz

[In] int((at+b*csc(f*x+e)) m*sin(f*x+e)~2,x)

[Out] int((at+b*csc(f*x+e)) m*sin(f*x+e)~2,x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.24

/(a + besc(e + fr))™sin®(e + fz)dr = / (bese (fz +e) +a)™sin (fz +e)” d

[In] integrate((a+b*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(b*csc(f*x + e) + a)”m, x)

Sympy [N/A]

Not integrable
Time = 21.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

/(a + besc(e + fr))™sin’(e + fr)dz = / (a+besc(e+ fx))"sin® (e + fz)dzx

[In] integrate((a+b*csc(f*x+e))**m*ksin(f*x+e)**2,x)

[Out] Integral((a + bxcsc(e + f*x))**m*sin(e + f£*x)**2, x)
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Maxima [N/A]

Not integrable
Time = 2.10 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(a + besc(e + fr))™sin’(e + fr)dz = / (besc (fz +€) 4+ a)™sin (fz +e)® do

[In] integrate((at+b*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a) mxsin(f*x + e)~2, x)

Giac [N/A]

Not integrable
Time = 0.40 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(a + besc(e + fr))™sin’(e + fr)dz = / (bese (fz +€) 4+ a)™sin (fz + €)® d

[In] integrate((a+b*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="giac")

[Out] integrate((bxcsc(f*x + e) + a) mxsin(f*x + e)~2, x)

Mupad [N/A]

Not integrable
Time = 19.49 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

/(a + besc(e + fx))™sin®(e + fz) dr = /sin (e + fz)’ (a + myndx

[In] int(sin(e + f*x)~2*(a + b/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)~2%(a + b/sin(e + f*x))“m, x)
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CHAPTER 4

4.1 Listing of Grading functions

APPENDIX

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII

IIAII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)




362

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢
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	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  a+b (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  a+b (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  a+b (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  a+b (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  a+b (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(x)  a+b (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(x)  a+b (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+b (c+d x))^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+b (c+d x))^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (a+b (c+d x))^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  3+5 (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  5+3 (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(e+f x) (a+b (e+f x))^m  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F] 
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^2(e+f x) (a+b (e+f x))^m  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F] 
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x) (a+b (e+f x))^m  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F] 
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (e+f x))^m  dx
	Optimal result
	Rubi [N/A] 
	Mathematica [N/A] 
	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^m (e+f x)  dx
	Optimal result
	Rubi [N/A] 
	Mathematica [N/A] 
	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^m ^2(e+f x)  dx
	Optimal result
	Rubi [N/A] 
	Mathematica [N/A] 
	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
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